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AUTHOR’S PREFACE 


This book contains, with slight variations, the material given in. 
my course at the University of Paris. I have modified somewhat 
the order followed in the lectures for the sake of uniting in a single 
volume all that has to do with functions of real variables, except 
the theory of differential equations. The differential notation not 
being treated in the “ Classe de Mathematiques speciales,” # I have 
treated this notation from the beginning, and have presupposed only 
a knowledge of the formal rules for calculating derivatives. 

Since mathematical analysis is essentially the science of the con- 
tinuum, it would seem that every course in analysis should begin, 
logically, with the study of irrational numbers. I have supposed, 
however, that the student is already familiar with that subject. The 
theory of incommensurable numbers is treated in so many excellent 
well-known works t that I have thought it useless to enter upon such 
a discussion. As for the other fundamental notions which lie at the 
basis of analysis, — such as the upper limit, the definite integral, the 
double integral, etc., — I have endeavored to treat them with all 
desirable rigor, seeking to retain the elementary character of the 
work, and to avoid generalizations which would be superfluous in a 
book intended for purposes of instruction. 

Certain paragraphs which are printed in smaller type than the 
body of the book contain either problems solved in detail or else 


*An interesting account of French methods of instruction in mathematics will 
be found in an article by Pierpout, Bulletin Amer . Math. Society, Vol. VI, 2d series 
(1900), p. 225.— Trans. 

f Such books are not common in English. The reader is referred to Pierpont, 
Theory of Functions of Beal Variables, Ginn & Company, Boston, 1905 ; Tannery, 
Lemons cV arithmetique, 1900, and other foreign works on arithmetic and on real 
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the chapter. Most of these examples have been set; in examina- 
tions. Certain others, which are designated by an asterisk, are 
somewhat more difficult. The latter are taken, for tlm most part , 
from original memoirs to which references are made. 

Two of my old students at the Ecole Norm ale, M.. Emile Cotton 
and M. Jean Clairin, have kindly assisted in the correction of proofs ; 
I take this occasion to tender them my hearty thanks. 


January 27, 1902 
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TRANSLATOR’S PREFACE 


The translation of this Course was undertaken at the suggestion 
of Professor W. F. Osgood, whose review of the original appeared 
in the July number of the Bulletin of the American Mathematical 
Society in 1903. The lack of standard texts on mathematical sub- 
jects in the English language is too well known to require insistence. 
I earnestly hope that this book will help to fill the need so generally 
felt throughout the American mathematical world. It may be used 
conveniently in our system of instruction as a text for a second course 
in calculus , and as a book of reference it will be found valuable to 
an American student throughout his work. 

Few alterations have been made from the French text. Slight 
changes of notation have been introduced occasionally for conven- 
ience, and several changes and additions have been made at the sug- 
gestion of Professor Goursat, who has very kindly interested himself 
in the work of translation. To him is due all the .additional matter 
not to be found in the French text, except the footnotes which are 
signed, and even these, though not of his initiative, were always 
edited by him. I take this opportunity to express my gratitude to 
the author for the permission to translate the work and for the 
sympathetic attitude which he has consistently assumed. I am also 
indebted to Professor Osgood for counsel as the work progressed 
and for aid in doubtful matters pertaining to the translation. 

The publishers, Messrs. Ginn & Company, have spared no pains to 
make the typography excellent. Their spirit has been far from com- 
mercial in the whole enterprise, and it is their hope, as it is mine, 
that the publication of this book will contribute to the advance of 
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ANALYSIS 


CHAPTER I 

DERIVATIVES AND DIFFERENTIALS 

I. FUNCTIONS OF A SINGLE VARIABLE 

1. Limits. When the successive values of a variable x approach 
nearer and nearer a constant quantity a, in such a way that the 
absolute value of the difference x — a finally becomes and remains 
less than any preassigned number, the constant a is called the 
limit of the variable x. This definition furnishes a criterion for 
determining whether a is the limit of the variable x. The neces- 
sary and sufficient condition that it should be, is that, given any 
positive number e, no matter how small, the absolute value of x — a 
should remain less than e for all values which the variable x can 
assume, after a certain instant. 

Numerous examples of limits are to be found in Geometry 
and Algebra. For example, the limit of the variable quantity 
x = (a 2 — m 2 ) / (re- — ra), as m approaches a, is 2 a ; for x — 2 a will 
be less than e whenever m — a is taken less than e. Likewise, the 
variable x = a — 1 /n, where n is a positive integer, approaches the 
limit a when n increases indefinitely; for a — x is less than e when- 
ever n is greater than 1 /e. It is apparent from these examples that 
the successive values of the variable x , as it approaches its limit, may 
form a continuous or a discontinuous sequence. 

It is in general very difficult to determine the limit of a variable 
quantity. The following proposition, which we will assume as self- 
evident, enables us, in many cases, to establish the existence of a limit. 

Any variable, quantity which never decreases , and which ahvays 
remains less than a constant quantity L } approaches a limit l, which 
is less than or at most equal to L. 

Similarly, any variable quantity which never increases , and which 
always remains greater than a constant quantity L\ approaches a 
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less, respectively, than the corresponding term of another infinite 
series of positive terms which is known to converge, then the first 
series converges also ; for the sum S n of the first n terms evidently 
increases with n, and this sum is constantly less than the total sum 
£ of the second series. 

2. Functions. When two variable quantities are so related that 
the value of one of them depends upon the value of the other, they 
are said to be functions of each other. If one of them be sup- 
posed to vary arbitrarily, it is called the independent variable . Let 
this variable be denoted by x, and let us suppose, for example, 
that it can assume all values between two given numbers a and b 
(a < b). Let y be another variable, such that to each value of x 
between a and b, and also for the values- a and b themselves, there 
corresponds one definitely determined value of y. Then y is called 
a function of x, defined in the interval (a., b) ; and this dependence 
is indicated by writing the equation y —f(x). For instance, it may 
happen that y is the result of certain arithmetical operations per- 
formed upon x. Such is the case for the very simplest functions 
studied in elementary mathematics, e.g. polynomials, rational func- 
tions, radicals, etc. 

A function may also he defined graphically. Let two coordinate 
axes Ox, Oy be taken in a plane j and let us join any two points A 
and B of this plane by a curvilinear arc A CB , of any shape, which 
is not cut in more than one point by any parallel to the axis Oy . 
Then the ordinate of a point of this curve will be a function of the 
abscissa. The arc ACB may be composed of several distinct por- 
tions which belong to different curves, such as segments of straight 
lines, arcs of circles, etc. 

In short, any absolutely arbitrary law may be assumed for finding 
the value of y from that of x. The word function , in its most gen- 
eral sense, means nothing more nor less than this : to every value of 
x corresponds a value of y. 

3. Continuity. The definition of functions to which the infini- 
tesimal calculus applies does not admit of such broad generality. 
Let y —f(x) be a function defined in a certain interval (a, b ), and 
let x 0 and x 0 4- h be two values of x in that interval. If the differ- 



jwsttivr number e, no matter how small, we can find a positive num- 
ber ij, such that 

l/(*o + A) ~f(*o)\<* 

for every mine of h less than 7] in absolute value* We shall say that 
a function /(.r) is continuous in an interval (a, b) if it is continuous 
for every value, of x lying in that interval, and if the differences 

/(« + /*)-/(«), f(b — h)—f(l)) 

(^aeli approach zero when h, which is now to be taken only positive, 
approaches zero. 

In elementary text-books it is usually shown that polynomials, 
rational functions, the exponential and the logarithmic function, 
the trigonometric functions, and the inverse trigonometric functions 
are continuous functions, except for certain particular values of 
the variable. It follows directly from the definition of continuity 
that the sum or -the product of any number of continuous functions 
is itself a continuous function ; and this holds for the quotient of 
two continuous functions also, except for the values of the variable 
for which the denominator vanishes. 

It seems superfluous to explain here the reasons which lead ns to 
assume that functions which are defined by physical conditions are, 
at least in general, continuous. 

Among the properties of continuous functions we shall now state 
only the two following, which one might be tempted to think were 
self-evident, but which really amount to actual theorems, of which 
rigorous demonstrations will be given later, f 

I. If the function y=f(x) is continuous in the interval (a, b ), and 
if N is a number between f(a) andf(b ), then the equation f(x) = N 
has at least one root between a and b. 

II. There exists at least one value of x belonging to the interval 
(1 a , U), inclusive of its end points, for which y takes on a value M 
which is greater than , or at least equal to, the value of the function at 
any other point in the interval . Likeivise, there exists a value of x 
for which y takes on a value m, than ivhich the function assumes no 
smaller value in the interval. 

The numbers M and m are called the maximum and the minimum 


the value of x for which f(x) assumes its maximum value M, or 1,1 in 
value of x corresponding to the minimum in, may Ik 1 , at one of 1.1 k? 
end points, a or b. It follows at once from the two theorems above, 
that if N is a number between M and in, the equation J\x) .V has 
at least one root which lies between a and b. 


A Examples of discontinuities. The functions which we shall study 
will be in general continuous, but they may cense to he so for 
certain exceptional values of the variable. We proceed to give, 
several examples of the kinds of discontinuity which occur most 
frequently. 

The function y = l/(x — a) is continuous for every value of 
x except a. The operation necessary to determine the. value of y 
from that of x ceases to have a meaning when x is assigned the 
value a ; but we note that when a; is very near to a the absolute 


value of y is very large, and y is positive or negative with a* <t. 
As the difference x — a diminishes, the absolute value of // increases 
indefinitely, so as eventually to become and remain greater than any 
preassigned number. This phenomenon is described by saying that 
V becomes infinite when x = a. Discontinuity of this kind is of 
great importance in Analysis. 

Let us consider next the function y = sin 1 /x. As ;r approaches 
zero, 1/x increases indefinitely, and y does not approach any limit 
whatever, although it remains between -f 1 and — 1. The equation 
sin l /x = A, where M | < 1, has an infinite number of solutions 
which lie between 0 and e, no matter how small e be taken. What- 
erer value be assigned to y when x = Q, the function under con- 
sideration cannot be made continuous for x — 0 

An example of a still different kind of discontinuity is given by 
the convergent infinite series 


s(*) = * 2 + ? ^- i + ... + — i-_ + 

1+X 2 (1 + **)’> r 


When , approaches ze„, s (a) approve, the limit 1, a ,tl >0 „ B , 
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5. Derivatives. Let f(x) be a continuous function. Then the two 
terms of the quotient 

f(x + h)-f(x) 
h 

approach zero simultaneously, as the absolute value of h approaches 
zero, while x remains fixed. If this quotient approaches a limit, 
this limit is called the derivative of the function f(x ), and is denoted 
by y', or by f (x), in the notation due to Lagrange. 

An important geometrical concept is associated with this analytic 
notion of derivative. Let us consider, in a plane XOY, the curve 
AMB, which represents the function y = f(x), which we shall assume 
to be continuous in the interval {a, b ). Let M and M' be two points 
on this curve, in the interval ( a , b), and let their abscissae be x and 
x + h , respectively. The slope of the straight line MM' is then 
precisely the quotient above. ISTow as h ai^proaches zero the point 
M' approaches the point M ; and, if the function has a derivative, 
the slope of the line MM' approaches the limit y'. The straight line 
MM', therefore, approaches a limiting position, which is called the 
tangent to the curve. It follows that the equation of the tangent is 

Y-y = y'(X-x), 

where X and Y are the running coordinates. 

To generalize, let us consider any curve in space, and let 

* =/(*)> y = 00 > * = iKO 

be the coordinates of a point on the curve, expressed as functions of 
a variable parameter t. Let M and M' be two points of the curve 
corresponding to two values, t and t -f h, of the parameter. The 
equations of the chord MM' are then 

X-f(t) __ Y-cjy(t) = 
f(t + h) -f(f) $ (t + h) - $ (t) f (t + h) - ^ (t) ’ 

If we divide each denominator by h and then let h approach zero, 
the chord MM' evidently approaches a limiting position, which is 
given by the equations 



possesses a derivative. The determination oi uw - - — ' ” 

thus reduces, analytically, to the calculation oi derivatives. 

Every function which possesses a derivative is necessarily con- 
tinuous, but the converse is not true. It is easy to give, examples 
of continuous functions which do not possess derivatives lor par- 
ticular values of the variable. The function y ^ x sin 1 /a lor 
example, is a perfectly continuous function of x, for a: : -* »,* »n«l U 
approaches zero as x approaches zero. But the ratio y/x sin 1 / •* 
does not approach any limit whatever, as we have already seen. 


Let ns next consider the function y — xf. Hero // is etmtinunm 


for every value of x\ and y = 0 when x = 0. But the. ratio // / s j 
increases indefinitely as x approaches zero. For abbreviation tin 
derivative is said to be infinite for cc = 0; tin*, curve which repre 
sents the function is tangent to the axis of y at the origin. 

Finally, the function 


V : 
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xe x 


14 - 6 * 


is continuous at x = 0* but the ratio y /x approaches two ditTeren 
limits according as x is always positive or always negative whil 
it is approaching zero. When x is positive and small, v) /jr is posi 
tive and very large, and the ratio y /x approaches 1. Hut. if . 
is negative and very small in absolute value, <>} /x is very small, am 
the ratio y /x approaches zero. There exist then two values of th 
derivative according to the manner in which x approaches zero : t h 
curve which represents this function has a corner at the origin. 

It is clear from these examples that there exist continuous fum 
tions which do not. possess derivatives for particular values of th 
variable. But the discoverers of the infinitesimal calculus coni 
dently believed that a continuous function had a derivative in yei 
eral Attempts at proof were even made, but these were, of eours 
fallacious. Finally, Weierstrass succeeded in settling the quest.it; 
conclusively by giving examples of continuous functions which do in 
possess derivatives for any values of the variable whatever. t Hi 
as these functions have not as yet been employed in any application 

* Alter the value zero lias been assigned to ?/ for x = 0. — Thanklatou. 

t Note read at the Academy of Scienop.fi of Rovlm .Tnlv i« rwi«»« i 


a iunction j {x) lias a derivative m the interval (a, b) } we shall mean 
that it has an unique finite derivative for every value of x between 
a and b and also for x = a (h being positive) and for x = b (h being 
negative), unless an explicit statement is made to the contrary. 

6. Successive derivatives. The derivative of a function / (x) is in 
general another function of x,f(x). If f(x) in turn has a deriva- 
tive, the new function is called the second derivative of f(x ), and is 
represented by y n or by /"(#). In the same way the third deriva- 
tive t/'", or / m (sc), is defined to be the derivative of the second, and 
so on. In general, the nth. derivative i/ n \ or / (H) (as), is the deriva- 
tive of the derivative of order ( n — 1). If, in thus forming the 
successive derivatives, we never obtain a function which has no 
derivative, we may imagine the process carried on indefinitely. In 
this way we obtain an unlimited sequence of derivatives of the func- 
tion/^) with which we started. Such is the case for all functions 
which have found any considerable application up to the present 
time. 

The above notation is due to Lagrange. The notation D n y , or 
D n f(z c), due to Cauchy, is also used occasionally to represent the 
nth. derivative. Leibniz’ notation will be given presently, 

7. Rolle’s theorem. The use of derivatives in the study of equa- 
tions depends upon the following proposition, which is known as 
Rollers Theorem: 

Let a and b be two roots of the equation f (x) = 0. If the function 
f(x) is continuous and possesses a derivative in the interval (a } b ), 
the equation f' (x) = 0 has at least one root which lies between a and b. 

Tor the function f(x ) vanishes, by hypothesis, for x = a and x — b. 
If it vanishes at every point of the interval (a, b) ) its derivative also 
vanishes at every point of the interval, and the theorem is evidently 
fulfilled. If the function f(x) does not vanish throughout the inter- 
val, it will assume either positive or negative values at some points. 
Suppose, for instance, that it has positive values. Then it will have 
a maximum value M for some value of cr, say x 1} which lies between 
a and b (§ 3, Theorem II). The ratio 



/(*! ~ ?') 

— h 

where h is positive, it follows in the same manner that f(x i) > 0. 
From these two results it is evident that /'(c^) = 0. 

8. Law of the mean. It is now easy to deduce from the above 
theorem the important law of the mean:* 

Let f(x) he a continuous f miction which has a derivative in the 
interval (a> b). Then 

(1) m-f{a) = (b-a)f(o), 

where e is a number between a and b. 

In order to prove this formula, let <£ (x) be another function which 
has the same properties as f(x), i.e. it is continuous and possesses a 
derivative in the interval (a, 6). Let us determine three constants, 
A, B, C, such that the auxiliary function 

</r (a?) = Af(x) + B <jf» (x) -fi C 

vanishes for x = a and for x = b. The necessary and sufficient 
conditions for this are 

4f(a) + B^(a)+ 0 = 0, Af(b) + B <#> (b) + C = 0 ; 
and these are satisfied if we set 

A = * (a) - * (6), B = /(&) - /(a), C = /(a) (6) - /(&) * (a). 

The new function ip(x) thus defined is continuous and has a derivative 
in the interval (a, &). The derivative i//(#) = /l /'(a?) + B there- 
fore vanishes for some value c which lies between a and b , whence, 
replacing A and B by their values, we find a relation of the form * 

(i') o (6) - <*> (»)] /'(c ) = im - mi <#>'(«)• 

It is merely necessary to take <f> (x) = x in order to obtain the equality 
which was to he proved. It is to be noticed that this demonstration 
does not presuppose the continuity of the derivative /'(rc). 

*“Formule des accroissements finis.” The French also use “ Formule de la 
moyenne" as a synonym. Other English synonyms are “Average value theorem" 
and “Mftan vnlim tliarvrnm *»_ 'Pn * vc 


non ox xne iurmuia xo two values x lf x 2 , oetonging to tne interval 
(a, b), gives f(x 1 )~f(x 2 ). Hence, if two functions have the same 
derivative, their difference is a constant; and the converse is evi- 
dently true also. If a function F(x) be given whose derivative is 
f(x ), all other functions which have the same derivative are found by 
adding to F(x) an arbitrary constant* 

The geometrical interpretation of the equation (1) is very simple. 
Let us draw the curve A MB which represents the function y = f(x ) 
in the interval (a, b). Then the ratio \_f(b)—f(a)~\/(b — a) is the 
slope of the chord AB, while f\c ) is the slope of the tangent at a 
point C of the curve whose abscissa is c. Hence the equation (1) 
expresses the fact that there exists a point C on the curve A MB, 
between A and B, ivhere the tangent is parallel to the chord AB. 

If the derivative /'(sc) is continuous, and if we let a and b approach 
the same limit x 0 according to any law whatever, the number c, 
which lies between a and b, also approaches x 0 , and the equation (I) 
shows that the limit of the ratio 

m-m 

b ■— a 

is /'(sc o). The geometrical interpretation is as follows. Let us 
consider upon the curve 2 /=/(x) a point M whose abscissa is x 0 , 
and two points A and B whose abscissae are a and b , respectively. 
The ratio [/(&) — /(a)] /(Z> — a) is equal to the slope of the chord 
AB, while /'(sc 0 ) is the slope of the tangent at M. Hence, when 
the two points A and B approach the point M according to any law 
whatever, the secant AB approaches, as its limiting position, the 
tangent at the point M. 

* This theorem is sometimes applied without due regard to the conditions imposed in 
its statement. Let/(a) and 0(a), for example, be two continuous functions which have 
derivatives /'(*), in an interval (a, b) . If the relation f'(x) — <p'(x) = 0 

is satisfied by these four functions, it is sometimes accepted as proved that the deriva- 
tive of the function // 0, or [f'{x) <j>{x) - / (x) 0'(a)] / 0 2 , is zero, and that accordingly 
f / 4> is constant in the interval (a, &). But this conclusion is not absolutely rigorous 
unless the function 0 (ai) does not vanish in the interval (a, b). Suppose, for instance, 
that 0 (x) and 0'(a) both vanish for a value c between a and &. A function/ (a) equal 
to Ci 0(a) between a and c, and to C 2 4>(x) between c and b, where Ci and C' 2 are dif- 
ferent constants, is continuous and has a derivative in the interval (a, 6), and we have 
f'(x) 0 (k) —/(a) 0'(x) = 0 for every value of x in the interval. The geometrical 
intfirnrtttfltion is armarent. 



that the direction of the secant joining them can be made to approach 
any arbitrarily assigned limiting value by causing the two points to 
approach, the origin according to a suitably chosen law. 

The equation (l 1 ) is sometimes called the generalized law of the 
mean. Prom it de ^Hospital’s theorem on indeterminate forms fol- 
lows at once. For, suppose f(a ) = 0 and = 0. Replacing b 
by x in (1'). we find 

f(x) _f(x,) 

<K» 0 

where x Y lies between a and x. This equation shows that if the 
ratio f'(x)/<l>'(x) approaches a limit as x approaches a , the ratio 
f(x)/cf>(x) approaches the same limit , if f (a) = 0 and <£(ct) = 0. 

9. Generalizations of the law of the mean. Various generalizations of the law 
of the mean have hcen suggested. The following one is due to Stieltjes (Bulletin 
dela Soci6t6 Mathdmaiique, Vol. XVI, p. 100). For the sake of definiteness con- 
sider three functions, /(x), fir(x), /i(x), each of which has derivatives of the first 
and second orders. Let a, b , c bo three particular values of the variable (a < b < c). 
Let A be a number defined by the equation 

f(a) g(a) h(a) 1 a a 2 

f(b) g(b) h(b) -A 1 b b 2 = 0, 

/(c) g(c) h(c) 1 c c 2 

f(a) g(a) h(a) 1 a a 2 

f(b) g(b) h (b) - A lb b 2 

f(x) g(x) h(x) 1 x x 2 

be an auxiliary function. Since this function vanishes when x = b and when 
x = c, its derivative must vanish for some value between b and c. Hence 


/(«) 

S' (a) 

h {a) 

1 a a 2 

f(b) 

S' (6) 

h(b) 

-A lb b 2 

/'(f) 

/(f) 

/(f) 

0 1 2f 


If b be replaced by x in the left-hand side of this equation, we obtain a function 
of x which vanishes when x = a and when x — b. Its derivative therefore van- 
ishes for some value of x between a and 6, which we shall call £. The new 
equation thus obtained is 


/(a) 

0 (a) 

h(a) 

1 

a 

a 2 

/'(?) 

✓(«) 

/(I) 

-A0 

1 

2£ 

/'(f) 

/(f) 

/(f) 

0 

1 



Finally, replacing f by x in the left-hand side of this equation, we obtain a func- 
tion of x which vanishes when x = £ and when x = h Its derivative vanishes 


and let 

<fi(x) = 





uou uoivc one; v aiuo 
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/ (a) . gr (a) A (a) 
/'(« *'(*) *'(*) 
/» ft"(*) 


where £ lies between a and 6, and 17 lies between a and c. 

This proof does not presuppose the continuity of the second derivatives 
/"(x), £p"(x), ft"(x). If these derivatives are continuous, and if the values a, 6, c 
approach the same limit xo, we have, in the limit, 


lim A = - 


1.2 


/ (®o) 9 (xo) A (cc 0 ) 

/'(»<>) 0'(»o) ^ (xo) 
/"(xo) 0"(®o) ft"(x 0 ) 


Analogous expressions exist for n functions and the proof follows the same 
lines. If only two functions /(x) and g (x) are taken, the formulae reduce to the 
law of the mean if we set g (x) = 1. 

An analogous generalization has been given by Schwarz (Annali di Mathe- 
matical 2d series, Yol. X). 


II. FUNCTIONS OF SEVERAL VARIABLES 

10. Introduction. A variable quantity o> whose value depends on 
the values of several other variables, y, z, t, which are in- 
dependent of each other, is called a function of the independ- 
ent variables x, y, z } •••, tj and this relation is denoted by writing 
(o = f(x , y } z, • • - j i). For definiteness, let us suppose that w = /(*> y) 
is a function of the two independent variables x and y. If we think 
of x and y as the Cartesian coordinates of a point in the plane, 
each pair of values (x, y) determines a point of the plane, and con- 
versely. If to each point of a certain region A in the xy plane, 
bounded by one or more contours of any form whatever, there 
corresponds a value of <0, the function f(x , y) is said to be defined 
in the region A. 

Let (x 0 , y 0 ) be the coordinates of a point M 0 lying in this region. 
The function f(x, y) is said to be continuous for the pair of values 
(x 0 , y 0 ) if corresponding to any preassigned positive number c, another 
positive number 77 exists such that 

|/(*0 + h, Vo + *)-/(* o> V*)\ < £ 

ivhenever | h | < 77 and | h | < 77. 

This definition of continuity may be interpreted as follows. Let 


sufficiently small we can make the difference between the value of 
the function at ilf 0 and its value at any other point of the square less 
than e in absolute value. 

It is evident that we may replace the square by a circle about 
(x Q) y Q ) as center. For, if the above condition is satisfied for all 
points inside a square, it will evidently be satisfied for all points 
inside the inscribed circle. And, conversely, if the condition is 
satisfied for all points inside a circle, it will also be satisfied for all 
points inside the square inscribed in that circle. We might then 
define conti nuity by saying that an rj exists for every e, such that 
whenever V A 2 -j- k 2 < q we also have ■ 

| f(x 0 + h, ijq + k) -f(x Q , y 0 ) | < e. 

The definition of continuity for a function of 3, 4, • • • , n inde- 
pendent variables is similar to the above. 

It is clear that any continuous function of the two independent 
variables x and y is a continuous function of each of the variables 
taken separately. However, the converse does not always hold.* 

11. Partial derivatives. If any constant value whatever be substi- 
tuted for for example, in a continuous function f(x, y), there 
results a continuous function of the single variable x. The deriva- 
tive of this function of x 9 if it exists, is denoted by f x (x, y) or by <o K . 
Likewise the symbol eo y , or f y (x, y) y is used to denote the derivative 
of the function f(x } y) when x is regarded as constant and y as the 
independent variable. The functions f x (x y y) and f y (as, y) are called 
the partial derivatives of the function f(x , ?/). They are themselves, 
in general, functions of the two variables x and y. If we form their 
partial derivatives in turn, we get the partial derivatives of the sec- 
ond order of the given function /(x, y). Thus there are four partial 
derivatives of the second order, fa (x, y),f x „(x, y),f vx (x, y), f v ,(x, y). 
The partial derivatives of the third, fourth, and higher orders are 


* Consider, for instance, the function f(x, y), which is equal to 2 xy ( (a: 2 4- ?/ 2 ) when 
the two variables x and y are not both zero, and which is zero when a = y = 0 . It is 
evident that this is a continuous function of x when y is constant, and vice versa. 
Nevertheless it is not a continuous function of the two independent variables x and y 
for the pair of values x = 0 , y = o. For, if the point (cc, ?/) approaches the origin upon 
the line x = y, the function/ (an ?/) aiiproaches the limit 1, and not zero. Such functions 


of any number of independent variables, a partial derivative of the 
nth order is the result of n successive differentiations of the function 
/, in a certain order, with respect to any of the variables which occur 
in / We will now show that the result does not depend upon the 
order in which the differentiations are carried out. 

Let us first prove the following lemma : 

Let o> = /(x, y) be a function of the two variables x and y. Then 
fxu ~ fyxy provided that these two derivatives are continuous . 

To prove this let us first write the expression 

u =f( x + Ax, y + Ay) -fix, y + Ay) -f{x + Ax, y) +/(», V) 

in two different forms, where we suppose that x, y , Ax, Ay have 
definite values. Let us introduce the auxiliary function 

4> 0) =/(® + Ax, v) - fix - , v ), 
where v is an auxiliary variable. Then we may write 
U=<$>(y + 

Applying £he law of the mean to the function <£ (vf we have 

U = Ay cj> y (y -f- 0A y), where 0 < 0 < 1 ; 

or, replacing by its value, 

U = Ay [/„(* + A X,y + 6 Ay) -/„(*, y + 0Ay)]. 

If we now apply the law of the mean to the function f y (it, y 4- 0Ay), 
regarding u as the independent variable, we find 

U = Ax A yf yx (x + ff Ax, y 4- 0Ay), 0 < 0’ < 1. 

From the symmetry of the expression U in x , y, Ax, Ay, we see that 
we would also have, interchanging x and y, 

U = Ay &xf xy (x + Ax, y 4- ^Ay), 

where <9 X and Q[ are again positive constants less than unity. Equat- 
ing these two values of U and dividing by Ax Ay, we have 

f xy (x + 0J As, y 4- Ay) =f yx (x 4- 0' Ax, y + ®Ay). 

Since the derivatives (x, y) and / yx (x, y) are supposed continuous, 

n-P f li qVihvp ftrma.fi nn F (cr.. n.nd 


wnaLever is maue uuncyiiLiiii; oat; uuiur ukjli vabivf.s ui out; stjuuuu. uruer, 
f x z and f u 2. The proof applies also to the case where the function 
f(x, y ) depends upon any number of other independent variables 
besides x- and y, since these other variables would merely have to 
be regarded as constants in the preceding developments. 

Let us now consider a function of any number of independent 
variables, 

w =/W V>*>" *; 

and let O be a partial derivative of order n of this function. Any 
permutation in the order of the differentiations which leads to O 
can be effected by a series of interchanges between two successive 
differentiations ; and, since these interchanges do not alter the 
result, as we have just seen, the same will be true of the permuta- 
tion considered. It follows that in order to have a notation which 
is not ambiguous for the partial derivatives of the nth order, it is 
sufficient to indicate the number of differentiations performed with 
respect to each of the independent variables. Lor instance, any nth 
derivative of a function of three variables, w = f(x, y, z), will be 
represented by one or the other of the notations 

fxPy'!z r (*J y? Z), D£p u q z rf(X } y, #), 

where p 4- <7 + r = n.* Either of these notations represents the 
result of differentiating / successively p times with respect to x, 
q times with respect to y ) and r times with respect to z, these oper- 
ations being carried out in any order whatever. There are three 
distinct derivatives of the first order, f xJ f y} f 8 ; six of the second 
order, fa, fa, fa 

) «/jw> fa fxz ; and so on. 

In general, a function of p independent variables has just as many 
distinct derivatives of order n as there are distinct terms in a homo- 
geneous polynomial of order n in p independent variables ; that is, 

O + 1) (n + 2) • • • (n + p — 1) 

T 1.2. ...(*-2)Cp-l) ? 

as is shown in the theory of combinations. 

Practical rules. A certain number of practical rules for the cal- 
culation of derivatives are usually derived in elementary books on 


y = Ci x , y' = a* log a, 

where the symbol log denotes the natural logarithm ; 


V = log x, 

y = sin x, 
y = cos x, 

y — arc sin x, 

y = arc tan x , 

V = 

u 

y = -, 

U V 

y=A u )> 
y =/(«> « 0 > 



y ' = cos X] 
y' = — sin x; 


y' = 


y’ = 


± vT" 
1 


■ x * 


1 + 

y' = it'v -f 5 

. u'v — tov 1 . 

y' = i — > 

= «*/« + «*/,, + wJr 


The last two rules enable us to find the derivative of a function 
of a function and that of a composite function if f u jfv>fw are con- 
tinuous. Hence we can find the successive derivatives of the func- 
tions studied in elementary mathematics, — polynomials, rational 
and irrational functions, exponential and logarithmic functions, 
trigonometric functions and their inverses, and the functions deriv- 
able from all of these by combination. 

For functions of several variables there exist certain formulae 
analogous to the law of the mean. Let us consider, for definite- 
ness, a function f(x , y) of the two independent variables x and y. 
The difference f(x + h } y + k) —f(x, y) may be written in the form 

f(x + 7i,y + 7c) -f(x, y) = [/(* + h,y + 7c) -f(x, y + *)] 

+ [/(*> V + 7c)— f(x, y) ], 

to each part of which we may apply the law of the mean. We 
thus find 

f(x + 7i,y + 7c) -f(x, y) = hf x (x + 97i, y + 7c) + 7c f s (x, y + 6'Tc), 

where 6 and O' each lie between zero and unity. 

This formula holds whether the derivatives f x and/ y are continu- 
ous or not. If these derivatives are continuous, another formula. 


and 1c have determinate values and t denotes an auxiliary variable. 
Applying the law of the mean to this function, we find 

<#> (1) - <#> (0) == c O<0<1. 

Now <£ ( t ) is a composite function of and its derivative <£'(£) is 
equal to hf x (x + ht, y + &£) + k / y (a? 4* M £/ + &0 ; lienee the pre- 
ceding formula may be written in the form 

f(x + h,y + k)-f{x, y) = hf x (x + Qh,yArdl<) + lif y (x + 6h,y-\-8k). 

12. Tangent plane to a surface. We have seen that the derivative 
of a function of a single variable gives the tangent to a plane curve. 
Similarly, the partial derivatives of a function of two variables occur 
in the determination of the tangent plane to a surface. Let 

( 2 ) * = F(x, y) 

be the equation of a surface S , and suppose that the function F(x , ?/), 
together with its first partial derivatives, is continuous at a point 
(x 0} yo) of the xy plane. Let z 0 be the corresponding value of.#, 
and M 0 (x 0 , y 0} z Q ) the corresponding point on the surface S. If 
the equations 

(3) x y=<j>(t), « = vK0 

represent a curve C on the surface S through the point M 0 , the 
three functions f(t), \ which we shall suppose continuous 

and differentiable, must reduce to x 0} y 0> z 0) respectively, for some 
value t 0 of the parameter t. The tangent to this curve at the point 
M 0 is given by the equations (§ 5) 

X - x Q _ Y — y 0 _ Z Zq 
K ; f'(t 0 ) Wo) W Q ) * 

Since the curve C lies on the surface S, the equation ^(jf)=F[/(tf), <£(£)] 
must hold for all values of t ; that is, this relation must be an identity 

* Another formula may he obtained which involves only one undetermined number 6, 
and which holds even when tlio derivatives/.,. and/ ?/ are discontinuous. For the applica- 
tion of the law of the mean to the auxiliary function <p{t) =f{x-\-ht, y + k) -f f(x, y -f kt) 
gives 

0(1) - 0(0) = 0'(0), O<0<1, 

or 

/ {*■ + h,y-\- k) — f{x , y) = hf x (x + 9h t y + k) + kf y (x, y + 9k), 0<9< 1. 
The operations performed, and hence the final formula, all hold provided the deriva- 


w r w = */ w 9 w ^ 0 . 

We can now eliminate f'(t 0 ), <£'(£o)> ^(to) between the equations (4) 
and (5), and the result of this elimination is 

(6) Z - H = (X - x 0 ) F^ + ( F - y 0 ) F v , 

This is the equation of a plane which is the locus of the tangents to 
all curves on the surface through the point M 0 . It is called the tan- 
gent plane to the surface . 

13. Passage from increments to derivatives. We have defined the successive 
derivatives in terms of each other, the derivatives of order n being derived from 
those of order (n — 1), and so forth. kt is natural to inquire whether we may 
not define a derivative of any order as the limit of a certain ratio directly, with- 
out the intervention of derivatives of lower order. We have already done some- 
thing of this kind for f X} , (§ 11); for the demonstration given above shows that 
is the limit of the ratio 

f(x -f Ax, y + Ay) -f{x 4- Ax, y)-f(x, y + A y) 4 -/(a, y) 

Ax A y 

as Ax and Ay both approach zero. It can be shown in like manner that the 
second derivative f" of a function f(x) of a single variable is the limit of the 
ratio 

/(x + hi + h 2 ) -f(x + h) -f(x + kj) +f(x) 
h\ll2 

as hi and /i 2 both approach zero. 

For, let us set 

/i(*) =/(» + h) *-/(£)> 

and then write the above ratio in the form 

fi(x + h 2 ) ~/i(x) __ /f(x + eh 2 ) 0 <0<1* 

hfo h ’ ’ 

or 

± h ± ±£M = r{x + e'hi + eh*), o«r<i. 

Ill 

The limit of this ratio is therefore the second derivative /", provided that 
derivative is continuous. 

Passing now to the general case, let us consider, for definiteness, a function of 
three independent variables, w =/(x, y, z). Let us set 

A h x u=f(x + h,y,z)-f(x,y,z), 

Ajw =/(*, y + k, z) -/(*, y, z), 

A'w =/( x, y, z + l) -fix, y, z), 

•where A*«, Ajw, A* « are the first increments of w. If we consider h, lc , l as given, 
constants, then these three first increments are themselves functions of x, y , z, 



■ouiuu vvc mtij' xuvcjlo uuu uiucj. ui tiijj uwu ux lue&y uptuituuns, iu will ue SUul- 

cient to indicate the successive increments given to each of the variables. An 
increment of order n would be indicated by some such notation as the following: 

AW c = a£ A*». • • A> A*'-.. A*’ A'i • • • A'/f(x, y, z), 

where p 4- q + r = ?i, and where the increments h t k, l may be either equal or 
unequal. This increment may be expressed in terms of a partial derivative of 
order », being equal to the product 

fa\ /l2 * * * fa p A'l • * • k q * * • !)• 

X fxPiflz r {p + 01 Al + • • • + QphjJi y -¥ 6{lc 1 -f~ ■ • • + SqlCqy Z 4“ h -f- • * • 4" Q'r'lr), 
where every 0 lies between 0 and 1. This formula has already been proved for 
first and for second increments. In order to prove it in general, let us assume 
that it holds for an increment o£ order ( n — 1), and let 

, <j>(x,y,z) = A> • • • A*'' A * 1 • • • A£’A'> • • • A'”/. 

Then, by hypothesis, 

0 ( x , y, z) = 7i 2 • • • /ipfci • • * * • Z, •/«.•/>- W (x+0 2 h 2 - f f/9^, y 4- • • •, *4- • • •). 

But the nth increment considered is equal to 0(x 4- /ij, y, z) — 0(x, y, z) ; and if we 
apply the law of the mean to this increment, we finally obtain the formula sought. 
Conversely, the partial derivative f x v y q z r is the limit of the ratio 

A 7 h A ;, 2 • • • A 7lp A* * • • ♦ A*? a • • • A lr f 

X X X }/ >j z J 

fa\ ll 2 4 • • faj) /C]_ k 2 4 4 4 kq Zi 4 4 4 
as all the increments h, Jc , Z ai^proach zero. 

It is interesting to notice that this definition is sometimes more general than 
the usual definition. Suppose, for example, that =/(x, y) ~ 4> (x) 4- 0(y) is a 
function of # and y, where neither 0 nor 0 has a derivative. Then w also has 
no first derivative, and consequently second derivatives are out of the question, 
in the ordinary sense. Nevertheless, if we adopt the new definition, the deriva- 
tive fxy is the limit of the fraction 

f(x 4 - A. y 4- k) -/(£ + A, V) -/(». 2/ + &) + /(&. 2/) 

~ « ’ 

Which is equal to 

0 (x 4- fa) 4- 0 (?/ 4- k) — 0 (s 4- A) — 0 (?/) — 0 (%) — 0 (?/ -h ft) 4- W + 0 (y) 

“ . hlc 

But the numerator of this ratio is identically zero. Hence the ratio approaches 
zero as a limit, and we find f xv = 0.* 

*A similar remark maybe made regarding functions of a single variable. For 
example, the function f(x) = a 3 cos 1/x has the derivative 

f'(z) = 3 x 2 cos ~ 4- x sin ^ , 

and f'(x) has no derivative for a; = 0. But the ratio 
/(2 o') — 2/ (nr) 4-/(0) 


x i i . x ix i'j mi r r Vj xial inuiax i uin 


The differential notation, which has been in use longer than any 
other,* is due to Leibniz. Although it is by no means indispensable, 
it possesses certain advantages of symmetry and of generality which 
are convenient, especially in the study of functions of several varia- 
bles. This notation is founded upon the use of infinitesimals. 

14. Differentials. Any variable quantity which approaches zero as 
a limit is called an infinitely small quantity , or simply an infinitesi- 
mal. The condition that the quantity be variable is essential, for 
a constant, however small, is not an infinitesimal unless it is zero. 

Ordinarily several quantities are considered which approach zero 
simultaneously. One of them is chosen as the standard of compari- 
son, and is called the principal infinitesimal. Let a be the principal 
infinitesimal, and f3 another infinitesimal. Then 13 is said to be an 
infinitesimal of higher order with respect to a, if the ratio (3 / a 
approaches zero with a. On the other hand, (3 is called an infini- 
tesimal of the first order with respect to tr, if the ratio (3 J a 
approaches a limit K different from zero as a approaches zero. In 
this case 

V- = K + „ 

a 

where e is another infinitesimal with respect to a. Hence 
' f3 = a. ( K + e) = Kcc + ere, 

and Kcc is called the principal part of /?. The complementary term 
ere is an infinitesimal of higher order with respect to er. In general, 
if we can find a positive power of a, say er n , such that (3 / a n 
approaches a finite limit K different from zero as a approaches 
zero, 0 is called an infinitesimal of order n with respect to a . Then 
we have 


or 


0 = a: 71 (K + e) = Ka n + a n e. 


The term Ka n is again called the principal part of (3. 

Having given these definitions, let us consider a continuous func- 



•where £ approaches zero with Ax. If Ax be taken as the principal 
infinitesimal, Ay is itself an infinitesimal whose principal part is 
f(x) Ax * This principal part is called the differential of y and is 
denoted by dy. 

dy —f'(x)Ax. 


When f(x) reduces to x itself, the above formula becomes dx — Ax; 
and hence we shall write, for symmetry, 


dy —f(x) dx , 

where the increment dx of the independent variable x is to be given 
the same fixed value, which is otherwise arbitrary and of course 
variable, for all of the several dependent 
functions of x which may be under consid- 
eration at the same time. 

Let us take a curve C whose equation is 
y =f(x) ? and consider two points on it, M 
and M\ whose abscissae are x and x + dx, 
respectively. In the triangle MTN we have 

NT = MN tan Z TMN = dxf\x ). 

Hence NT represents the differential dy, 
while Ay is equal to NM\ It is evident from the figure that M'T 
is an infinitesimal of higher order, in general, with respect to NT, 
as M* approaches M, unless MT is parallel to the x axis. 

Successive differentials may be defined, as were successive deriv- 
atives, each in terms of the preceding. Thus we call the differ- 
ential of the differential of the first order the differential of the 
second order, where dx is given the same value in both cases, as 
above. It is denoted by d 2 y : 

dHj = d(dy) = [/"(a) tto] dx = /''(*) (< dx ) 2 . 

Similarly, the third differential is 



d^y — cl (< i 2 y ) = [/"'(x) dx 2 ~\ dx = f w (x) (dxf, 


* Strictly speaking, we should here exclude the case where f'(x) = 0. It is, how- 
ever, convenient to retain the same definition of dy =/'(cc) Ax in this case also, 


The derivatives /'(*), ■■■, f n \x), ■ . . can be expressed, on 

the other hand, in terms of differentials, and we have a new nota- 
tion for the derivatives : 




To each of the rules for the calculation of a derivative corresponds 
a rule for the calculation of a differential. Tor example, we have 


d x m — mx m ~ l dx 3 

li 

^3 

a x log a dx 

, , dx 

d log x = — > 

X 

d sin x = 

cos x dx ; 

, . dx 

(l n.ro. Rvn <r. = — » 

cL fl.TP. ■fcn.n * — 

dx 

± Vl — a; 2 

w Oil \J UU/U \Aj ***—*• 

1 4* x 2 


Let us consider for a moment the case of a function of a function. 
Let y = /(«), where u is a function of the independent variable x. 
Then 

Vx =/ 0 ) 

whence, multiplying both sides by dx, we get 
y x dx =/( m ) X u x dx) 

that is, 

dy = f'(u) du . 

The formula for dy is therefore the same as if u were the inde- 
pendent variable. This is one of the advantages of the differential 
notation. In the derivative notation there are two distinct formulae, 

Vx =/'(»)> y x =f(u)y x > 

to represent the derivative of y with respect to x, according as y is 
given directly as a function of x or is given as a function of x by 
means of an auxiliary function u. In the differential notation the 
same formula applies in each case.* 

If y —/(ii, v , w) is a composite function, we have 

1/x ^ ^Xtfv Vvfwi 

at least if f u ,f v ,f w are continuous, or, multiplying by dx, 

Vx ~ fv, H” <fv ”f“ fw J 


* nn-p+inniav nrl vnnta o*r is slight. however : for the last formula above is ecmallv 


Thus we have, for example, 

h(\ *' '!h ,f ' f »' 

d(uv) = udo + v (/it, "xr) 

The same rules enable us to calculate tin* • m ’ 1 
Let us seek to calculate the siioeoshvc diUn • ’ **’ 

y=/(tt), for instance. Wo have already 
f7// - ' fill) till. 

In order to calculate fP/y, it must he. uni ed that »/>/ * 

as fixed, since i* is not the independent. vanaS-V. \\ *■ 
calculate the differential of the. r funot;u: 5 / v - - 

and du are the auxiliary functions. We 1 hu find 

tfyz=zf"(u)ihr | . 

To calculated 8 ^ we must consider <i'y as a ontnpM i?»- i;;r: 
n, du, rfhi as auxiliary functions, which lead- i«» tie- * - y 

cPt/ —f n, (;u)du n + !>/"( */) (/c u { t M e •' ; 

and so on. It should be noticed that t lu- ;»• tWiun!.*' P 
etc., are not the same as if u wore the. indrpmdrji? *, 
account of the terms d 2 u, d n u, etc. * 

A similar notation is used for the pari ial d*‘i iv;u is*- *•: 
of several variables. Thus tins partial »d 

f(x : y y ») } which is represented by j] } , l/r , in mir }»r* % t<»:; 
is represented by 

3" f 

todfd? I' + 'l + r «• 

in the differential notation.! This notal.iim is jmn-lv \ i 
in no sense represents a quotient, as it dws in tin- m >• *. 
of a single variable. 


15. Total differentials. Let w=/(.r ( ?/, -■) |„. ;i futn-t :< *ri >>f t 
three independent variables r, The <-x pr.-nsi. -u 

7 <>f , ('f 7 i 

d<» - f-dx + •.;'(/»/ -) • • ,h 
ox (hj ' f - 

*This disadvantage would sewn rompletolv In ..ITsrt th. ,t,» , ... 

above. Strictly speaking, we should distinguish bnlurwi and .; ■ . ■ ) i , 


are called partial differentials. 

Tlie total differential of the second order d 2 u is the total differ- 
ential of the total differential of the first order, the increments 
dx , dy, dz remaining the same as we pass from one differential to 
the next higher. Hence 


or, expanding, 
d 2 o> = 


72 J/7 \ 7 I 7 , dd(x) 

d 2 o) = d (did) = — — c&b + — — « y + — — : 

V 7 0£ 03 


4“ 

4- 


ay 

asc 2 

a 2 / 


ay 


ay 


yy dy + o V dz ) dx 


dx dy 


ox oz 


£2 -j? q2 £ 

dx + tc7j dy + da 
ox Oy Gy 2 oy Oz 


ay 

dx dz 


7 Pf 7 , d2 f 1 

dx .+ — 7- dy + wr, (fo 
Oy Oz dz 2 




= ^dx* + ^-d,f + -^d; 


dx* 




+ 2 dx dy + 2 dx dz + 2 


dy 

dz 

ay 


dy dz. 


dx dy * ' Ox dz oy Oz 

If ay be replaced by a/ 2 , the right-hand side of this equation 
becomes the square of 

df 7 df 7 , df _ 

“ f/x + ~ dy 4- 7T~ ^3. 

0 a; ay 03 


We may then write, symbolically, 


d 2 (0 = 



a?/ 


a y 

c?y 4- — dz 
oz 


( 2 ) 


it being agreed that df 2 is to be replaced by ay after expansion. 

In general, if we call the total differential of the total differential 
of order ( n — 1) the total differential of order n, and denote it by 
d n a), we may write, in the same symbolism, 


d n (D = 


|f*+§^+ 

Ox Oy 



where df n is to be replaced by d n f after expansion ; that is, in our 
ordinary notation, 



J J p\q\ri 

is the coefficient of the term a p ¥ c r in the development of (a + b-\-c) n . 
Tor, suppose this formula holds for d n o). We will show that it then 
holds for d n+l o', and this will prove it in general, since we have 
already proved it for n = 2. From the definition, we find 


d n+1 w = d (d n co) 


= ^U„ 


fin+lf d n + l f 

. — — 0 — dx" + 1 dif dz r + q wQ Q , dx p dy q + 1 dz r 

dx p + l dy q dz r J dx p dy q + l dz r J 


d n + l f 

+ r — r — ^ — —7 dx p dip di 
dx p difdz r + l J 


:,?'•+ 1 5 


whence, replacing d” + 1 /by df n + l , the right-hand side becomes 


df* 


^ dXl ‘ thf d " \tx dX + ty Chj + tz dx ) ’ 


Xf , 


■df , , 8/ 


or 


dz 


d £ dx + % d,j + 8 £ ds ) ( d £ dx + % dy + ^ dz 

Hence, using the same symbolism, we may write 

(df df df V” + ! > 

d n+l w = ( dx + ~~ dy -f- dz 
\dx dy dz 


Note. Let us suppose that the expression for do), obtained in any 
way whatever, is 

(7) do> === P dx -f- Q dy -f- R dz , 

where P, Q, R are any functions x, y, z. Since by definition 

do) do) do) 

d»=-^ dx + -^dy + Tz dz, 

we must have 


ox 


— P ) dx + 


(dw 

W 


Q ) dy + ( — R ) dz = 0, 


where dx, dy, dz are any constants. Hence 

(3) 


do) do 

— P ) w" — Qj 


d co 

di~ R ' 


dx * dy 

The single equation (7) is therefore equivalent to the three separate 
equations (8) ; and it determines all three partial derivatives at once. 


then the coefficients C pqr are respectively equal to the corresponding 
nth derivatives multiplied by certain numerical factors. Thus all 
these derivatives are determined at once. We shall have occasion 
to use these facts presently. 


16. Successive differentials of composite functions. Let w = F(u, v, ic) 
be a composite function, u, v, w being themselves functions of the 
independent variables x , y, z, t. The partial derivatives may then be 
written down as follows : 


dw _ dF du dF d o ^ cF dw 
dx du dx do ox dw dx 
dw __ dF du ^ dF dv ^ oF diu 
dy du dy do dy dw dy 
dw __ dF du dF do dF dw 
dz du dz do dz dw dz* 
dw ^ dF dv. dF dv dF dw 
dt ou dt do dt dw dt 


If these four equations be multiplied by dx, dy, dz, 
and added, the left-hand side becomes 


J _L 0(0 7 d w j .dw 

dx 4* 7T- dy 4* dz + -r- dt, 
dy dz dy 


dx dy J d, 

that is, dw ; and the coefficients of 


d_F IE 

die 9 du 9 dw 


dt, respectively, 


on the right-hand side are die, dv, dw, respectively. Hence 


( 9 ) 


7 8F A -1- dF 7 _L dF 1 

dw = tt- die -f- — dv + -v- dw, 

OU OV 010 


and we see that the expression of the total differential of the frst 
order of a composite function is the same as if the auxiliary functions 
were the independent variables . This is one of the main advantages 
of the differential notation. The equation (9) does not depend, in 
form, either upon the number or upon the choice of the independent 
variables ; and it is equivalent to as many separate equations as 
there are independent variables. 

To calculate d?w, let us apply the rule just found for dw, noting 
that the second member of (9) involves the six auxiliary functions 



d 2 F ■ 7 7 , d 2 F _ 7 , 

4* n du aw 4- 0 r\ ~ dv div + w-t 

GUOW OU&IO GW * 


dm 2 


p 7 ? 

+ d7o d * w ’ 


or, simplifying and using the same symbolism as above, 

70 l-S 7 , . , dF _ \< 2 > dF 72 , ^ 72 , - 7*2 

^2 co =z[ — du+ — dv + -z— dw ) ~b tt - » W 4 “ o“ d 2 v + — <x 2 w. 


dF 


This formula is somewhat complicated on account of the terms in 
d 2 u, d 2 v, d 2 io, which drop out when u , v, w are the independent 
variables. This limitation of the differential notation should be 
borne in mind, and the distinction between d 2 u in the two cases 
carefully noted. To determine d 3 o>, we would apply the same rule 
to d 2 a, noting that d 2 co depends upon the nine auxiliary functions 
u, v, w , dn , dv , div, d 2 u, d 2 v , d 2 w\ and so forth. The general expres- 
sions for these differentials become more and more complicated; 
d n oi is an integral function of du, dv , dw, d 2 u, • ♦ •, d n u, d ,l v , d n w, and 
the terms containing d u u, d n v, d n iv are 

dF 7 dF 7 dF 7 

■5— d n u 4- — d n v 4- — d n io. 
mi dv dw 


If, in the expression for d n w, u, v, w, du } dv, div, • • • be replaced by 
their values in terms of the independent variables, d n u becomes an 
integral polynomial in dx, dy , dz, • • ♦ whose coefficients are equal 
(cf. Note, § 15 ) to the partial derivatives of w of order n, multiplied 
by certain numerical factors. We thus obtain all these derivatives 
at once. 

Suppose, for example, that we wished to calculate the first and 
second derivatives of a composite function a >=/(%), where u is a 
function of two independent variables u = <£ (x, y). If we calculate 
these derivatives separately, we find for the two partial derivatives 
of the first order 


( 10 ) 


day da) du da) __ do) du 

dx du dx dy du dy 


Again, taking the derivatives of these two equations with respect 
to x, and then with respect to y , we find only the three following 


Jf -*■ ' J 


-A lilJJ Ai V-/ J- AX JL AvXl 


AJ j 


( 11 ) 


d 2 w 

d\, 

/ a?A 2 

+ 

d w 

d 2 u 

dx 2 


) 

da 

dx 2 ’ 

d 2 w 

_ a 2 o) 

dud v 

i 

dw 

d 2 U 

dx dy 

du 2 

dx dy 


du 

dx dy 

G 1 <jD 

d 2 co 

/du\ 2 

+ 

d w 

8 2 u 

W 

OH 2 

V!/) 

du 

W 


The second of these equations is obtained by differentiating the 
first of equations (10) with respect to y, or the second of them with 
respect to x. In the differential notation these five relations (10) 
and (11) may be written in the form 


( 12 ) 


dw = ~ du. 
on 

70 d 2 (x) da) 2 

d l 0 )= ttt dvr H- — dru. 

O'tr du 


If du and d 2 xi in these formulae be replaced by 


du du 

— dx -j- -Q- dy and 


dx 


d 2 u 
dx 2 


d 2 x + 2 


o 2 u 
dx dy 


7 7 . ^ U 72 

dx dy + -^- 2 dry, 


respectively, the coefficients of dx and dy in the first give the first 
partial derivatives of w, while the coefficients of d 2 x , 2 dx dy, and 
d 2 y in the second give the second partial derivatives of w. 


17. Differentials of a product. The formula for the total differential 
of order n of a composite function becomes considerably simpler 
in certain special cases which often arise in practical applications. 
Thus, let us seek the differential of order n of the product of two 
functions a> = uv. For the first values of n we have 

dw = v du + u dv, d 2 w = v d 2 u + 2 du dv + u d 2 v, • • • ; 

and, in general, it is evident from the law of formation that 

d n w = v d 1l u -f- Ci dv d n ~ l u + C 2 d 2 v d n ~ 2 u + h ud n v, 

where C x , C 2 , • • • are positive integers. It might be shown by alge- 
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DERIVATIVES AND DIFFERENTIALS 


[I, §17 


special functions u = (?, v = e y , where x and y are the two inde- 
pendent variables, and determine the coefficients for this case. We 
thus hud 

oj = e x ' hu y civ = e x+y (dx 4- dy), • • •, d n ui = + y (cZx + fZy) n , 

du = c?‘ T c£r, = e x dx 2 } • • •, 

cZt; = c ?/ cZy, cZ 2 /; = e v dy 2 , •••; 

and the general formula, after division by c 3:+ - / , becomes 

(<Zx + tZy)" = rZx n -f C x tZy cZx n_1 + C 2 dy*dx n ~ 2 4- b cZ?/ n . 

Since cZx and cZy are arbitrary, it follows that 

Cl- l’ 1.2 ’ ■■■’ 1.2...^ ’ 

and consequently the general formula may be written 

(13) d n (icv) — v d >l u 4- j do d n ~ 1 u 4- cZ 2 <Z M ~ 2 w 4 f- u d n v. 

This formula applies for any number of independent variables. 
In particular, if u and v are functions of a single variable x, we 
have, after division by cZx”, the expression for the ?zth derivative of 
the product of two functions of a single variable. 

It is easy to prove in a similar manner formulae analogous to 
(13) for a product of any number of functions. 

Another special case in which the general formula reduces to a 
simpler form is that in which u f v } w are integral linear functions 
of the independent variables x y y, z. 

u= ax 4- by 4- o» +f , 
v = a’x 4- b ] y 4- c'z - {-/ f , 
w = a u x 4- b”y + c n z 4 -f n 9 

where the coefficients a, a', a”, 5, b', • • • are constants. Tor then we 
have 

cZ?6 = arZx-|- bdy-i - cc? 2 , 



Homogeneous or degree m , it the equation 


V, 20 )=t m cj>(x, y , z) 
is identically satisfied when we set 

u = tx, v = ty, w — tz. 

Let us equate the differentials of order n of the two sides of this 
equation with respect to t, noting that u } v, w are linear in t, and that 

die — x dt , dv — y dt , div — z dt. 

The remark just made shows that 

3 + v ^ + 3 Y’° 

X du + J »» + 


dv 


7 ^J —m (in — 1) • • * (in — n + 1) t m ~ n <j> (cc, y ) z ) . 

If we now set t = 1, u , w reduce to x, y , z , and any term of 

the development of the first member, 


c n <t> 


becomes 


A 


pqr du v dv q dio' 


z r ) 


pqr dx p dif dz 1 
whence we may write, symbolically, 


■ x p y q z r ; 


Q i Q i Q # \ (^) 

+ + = m ( m _1 ) " • ( m - «• +i)^(^ v> z )> 


which reduces, for w = 1, to the well-known formula 

. N defy defy defy 

m^(x, y t *) = z —+y-+ K -. 


Various notations . We have then, altogether, three systems of nota- 
tion for the partial derivatives of a function of several variables, — 
that of Leibniz, that of Lagrange, and that of Cauchy. Each of 
these is somewhat inconveniently long, especially in a complicated 
calculation. For this reason various shorter notations have been 
devised. Among these one first used by Monge for the first and 



use. It z be the junction or the two variables x and ?/, we set 

dz dz d 2 z d-z d 2 z 

P = - 5 - > ( 1 ~ r = s = ~ — — ? £=— > 

ox otj ox 1 ox oy 0\J~ 

and the total differentials dz and d 2 z are given by the formulae 

dz = p dx + q dfj y 
d z z — r dx 2 2 s dx dy -f- t dy 2 . 

Another notation which is now coining into general use is the 
following. Let 2 be a function of any number of independent vari- 
ables x u x 2 , x n l then the notation 

C a 1 + a 2 4 hCLn Z 

is used ; where some of the indices a u a 2 , •••, n 7i may be zeros. 


19. Applications. Let y~f(x) be the equation of a plane curve C with 
respect to a set of rectangular axes. The equation of the tangent at a point 
M (x 1 y) is 

Y -y = y'(X - x). 

The slope of the normal, which is perpendicular to the tangent at the point of 
tangency, is — 1/7/'; and the equation of the normal is, therefore, 


(T-y)y'+{X-z)=0. 

Let P he the foot of the ordinate of the point jlf, and let T and N he the 
points of intersection of the x axis with the tangent and the normal, respectively. 

The distance PN is called the subnormal; 
Pr, the subtangent; MN, the normal; and 
MT, the tangent. 

Prom the equation of the normal the ab- 
scissa of the point JV is x + yy\ whence the 
subnormal is ± yif. If we agree to call the 
length PN the subnormal, and to attach the 
sign -f or the sign — according as the direc- 
tion PN is positive or negative, the subnormal 
will always be yy' for any position of the curve 
G. Likewise the subtangent is — yfy'. 

The lengths MN and MT are given by the triangles MPN and MPT : 



MN= Vjlfp a + PN 2 = y vT+V 2 , 

MT = Vj/p 2 + W ¥ 2 = -Vl + y'K 
V' 

Various problems may be given regarding these lines. Let us find, for 


y 2 = 2 ax + C, 

which is the equation of a parabola along the x axis. Again, if we seek the 
curves for which the subtangent is constant, we are led to write down the equa- 
tion y' /y = 1/a; whence 

log?/ = + log C, or y = Ce«, 

a 

which is the equation of a transcendental curve to which the x axis is an asymp- 
tote. To find the curves for which the normal is constant, we have the equation 


V v'l + y ' 2 = a, 

V V' = x 
V a- - ?/“ 


The first member is the derivative of — Va- — ?/‘ 2 ; hence 


— V a 2 - y 2 = » + 0, 
or 

(& + C ) 2 + y 2 = a 2 , 

which is the equation of a circle of radius a, whose center lies on the x axis. 

The curves for which the tangent is constant are transcendental curves, which 
we shall study later. 

Let y —f(x) and Y = F(x) be the equations of two curves G and C", and let 
M, M' be the two points which correspond to the same value of x. In order that 
the two subnormals should have equal lengths it is necessary and sufficient that 

YY' = ±yy'; 

that is, that Y 2 = ± y 2 + C, where the double sign admits of the normals’ being 
directed in like or in opposite senses. This relation is satisfied by the curves 


and also by the curves 
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y2 = (x 2„ a 2 h 

a A 


Y 2 = 


b 2 x 2 


which gives an easy construction for the normal to the ellipse and to the hyperbola. 


EXERCISES 

1. Let p —f(0) be the equation of a plane curve in polar coordinates. Through 
the pole 0 draw a line perpendicular to the radius 
vector OAT, and let T and N be the points where this 
line cuts the tangent and the normal. Find expres- 
sions for the distances OT , ON, MN , and MT in 
terms of f(6) and f'(Q). 

Find the curves for which each of these distances, 
in turn, is constant. 


\N 


\ 

s// 

ox. 


M 


[Note. These curves lie on paraboloids of revolution or on spheres.] 

3. Determine an integral polynomial f(x) of the seventh degree in x, given 
that f{x) + 1 is divisible by (x - l) 4 and f(x) - 1 by (z-j-l) 4 . Generalize the 
problem. 

4. Show that if the two integral polynomials P and Q satisfy the relation 

vT - P- = Q Vi - X 2 , 

then 

cl P _ ndx 

Vl - P- Vl 

where n is a positive integer. 

[. Note . From the relation 

(a) 1 -P* = Q 2 (l-x 2 ) 
it follows that 

(b) - 2 PP' = Q [2 Q'(l - a*) _ 2 Qaj]. 

The equation (a) shows that Q is prime to P; and (b) shows that P' is divisible 
by Q-] 


5*. Let R(x) be a polynomial of the fourth degree whose roots are all dif- 
ferent, and let x = U/V be a rational function of £, such that 


Vi (x) = Vjit it), 
Q(t) 


where Pi (£) is a polynomial of the fourth degree and P / Q is a rational function. 
Show that the function U/V satisfies a relation of the form 


where k is a constant. 


[Jacobi. 


[Note. Each root of the equation R ( U / V) = 0, since it cannot cause R'(t) 
to vanish, must cause TJV' — VU', and hence also dx/dt , to vanish.] 


6*. Show that the ?ztli derivative of a function y = <p (it), where u is a func- 
tion of the independent variable x , may be written in the form 


+ fh + ' ' ' + O.V.'n 0W(M) ’ 


A d n u k k d n u fr_l 7c (7c — 1) „d >l u k - 2 

A k = — ~u — + — i . 

dx n 1 dz n 1 . 2 dx 11 




(* = 1, 2, — , n). 


[First notice that the nth derivative may be written in the form (a), where the 
coefficients A\, Ai , ■ • •, A n are independent of the form of the function <p(u). 



d ,l (p(x 2 ) 

dx il 


= (2 x) n 4>W(x 2 ) + n(n — 1) (2x) w_2 0(' l -O(x 2 ) H 


+ 


where p varies from zero to the last positive integer not greater than ?i/2, and 
where 0<O(x 2 ) denotes the ith derivative with respect to x. 

Apply this result to the functions e - ^, arc sin x, arc tan x. 


8*. If x = cos iq show that 

1 (1 -x 
dx ” 1 - 1 


d'“-Ul -x' 2 )" 1 -* , , 1 . 3 . 5 • • • (2 m - 1) . 

V L _ — (_ l)m-l 1 L sill mu. 


[Olinde Rodrigue.] 


9. Show that Legendre’s polynomial, 

1 


■X» = 


d n 


2 . 4 . G • • • 2 n dx n 


(x 2 - 1)», 


satisfies the differential equation 

(1 - *») - 2*^5 + n(n + 1) -2T, ( = 0. 

dx 2 d?i 

Hence deduce the coefficients of the polynomial. 


10. Show that the four functions 

yi = sin (n arc sin x), y* — sin (n arc cos x), 

y 2 — cos (n arc sin x), V\ — cos (?i arc cos x), 

satisfy the differential equation 

(1 - x 2 ) y" - xy' + n 2 y = 0. 

Hence deduce the developments of these functions when they reduce to poly- 
nomials. 


11* Prove the formula 


dP_ 

dx n 


i 

1 ez 


[Halptien.] 


12. Every function of the form % = x <f> (y /x) + 0 {y / x) satisfies the equation 

rx 2 -4- 2 sxy + iy 2 = 0, 
whatever he the functions <f> and f. 

13. The function z = x 0(x + 2/) H- 2/ + 2/) satisfies the equation 

r — 2s-M = 0, 


whatever he the functions 0 and 0. 



whatever be the functions 0 and 0. 


16. Show that the function 

y = | x - ai 1 0i (x) + | x — a* ] 02 (x) 4 + ]»-««) <Pn (»), 

where 0 i (x), 0 2 (x), ■ • * , 0 >» (a?), together with their derivatives, <f>i (x), 02 (x), • • • , 
0'(a), are continuous functions of x, has a derivative which is discontinuous 
for x = ai, a 3 , • • • , a n . 

17. Find a relation between the first and second derivatives of the function 
2 =f(Xi, u), where u = 0(x 2) x^); Xi, x 2 , x 3 being three independent variables, 
and /and 0 two arbitrary functions. 


18. Let f{x) be the derivative of an arbitrary function /(x). Show that 

1 d 2 u _ 1 d 2 v 
u clx 2 v dy 2 

where u = [/'(x)]“* and v =/(x) [/'(x)] - *. 


19*. The nth derivative of a function of a function u = (p (y), where y = SE' (x), 
may he written in the form 


^=s 


nl 

i\J\ • ••*! 





where the sign of summation extends over all the positive integral solutions of 
the equation i -f 2 j -f 3 h + * • • -f- Ik = n, and where $ = i -f-j + • . • + 7c. 

[Faa de Biiuno, Quarterly Journal of Mathematics, Vol. I, p. 359.] 


CHAPTER II 


IMPLICIT FUNCTIONS FUNCTIONAL DETERMINANTS 
CHANGE OF VARIABLE 

I. IMPLICIT FUNCTIONS 

20. A particular case. We frequently have to study functions for 
which no explicit expressions are known, but which are given by 
means of unsolved equations. Let us consider, for instance, an 
equation between the three variables x, y 9 z, 

(1) F(x, y, «)= 0. 

This equation defines, under certain conditions which we are about 
to investigate, a function of the two independent variables x and y. 
We shall prove the following theorem : 

Let x = x 0 , y = y 0 , z — z 0 be a set of values which satisfy the equa- 
tion (1), and let us suppose that the function F, together with its first 
derivatives , is continuous in the neighborhood of this set of values 
If the derivative F z does not vanish for x = x 0) y = y 0 , z = z 0 , there 
exists one and only one continuous function of the independent variables 
x and y which satisfies the equation (1), and which assumes the value z 0 
when x and y assume the values x 0 and y 0 , respectively . 

The derivative F z not being zero for x — x 0j y = y 0 , z = z 0 , let us 
suppose, for definiteness, that it is positive. Since F , F x) F y , F z are 
supposed continuous in the neighborhood, let us choose a positive 
number l so small that these four functions are continuous for all 
sets of values x , y, z which satisfy the relations 

(2) \x-x 0 \<l, \y-yo\il, ]*-*o| izh 

and that, for these sets of values of x, y, z, 

F z(x, y, «) > p, 


*In a recent article ( Bulletin de la Socidte Mathdmatique de France , Vol. XXXI, 
1903, pp. 184-192) Goursat has shown, by a method of successive approximations, that 



F xJ F u in tlie same region. 

Giving x : y, z values which satisfy the relations (2), we may then 
write down the following identity : 

F(x, y, «) - F(x 0 , y 0 , *,) = F(x, y, s) - F(x 0 , y, s) + F(x 0 , y, ») 

— F (x 0 , y 0 , a) + F (x 0) y 0 , £)—F(x 0 , y 0 , s 0 ) 5 

or, applying the law of the mean to each of these differences, and 
observing that F(x 0 , y 0 , z o ) = 0, 

F(x } y, z) = (x — x 0 ) F x [x 0 + 0 (x — x 0 ), y ) s] 

+ (u - Vo) Vo + - Vo), «] 

+ (z — -vo) O*o, 2/oj -'0 H~ «o)]. 

Hence P(a, y, s) is of the form 

,o* { 2/; *) = ^ ft «) (« - *o) 

U \ + B(x,y, z) (y — y Q ) + C (x, y, s) (s - * 0 ), 

where the absolute values of the functions A (x, y, z), B(x, y, z), 
C( x, y, s) satisfy the inequalities 

\A\<Q, \B\<Q, \C\>P 

for all sets of values of x } y ) a which satisfy (2). How let e be a 
positive number less than Z, and rj the smaller of the two numbers 
l and Pe/2Q. Suppose that x and y in the equation (1) are given 
definite values which satisfy the conditions 

\ x — x o\ < V> \V ~~ Vq\ < V) 

and that we seek the number of roots of that equation, z being 
regarded as the unknown, which lie between z 0 — e and z 0 -f- e. In 
the expression (3), for F(x , y, z) the sum of the first two terms is 
always less than 2Q,y in absolute value, while the absolute value of 
the third term is greater than Pe when z is replaced by z 0 ± c. Prom 
the manner in which rf was chosen it is evident that this last term 
determines the sign of F. It follows, therefore, that F(x y y, z 0 — e) < 0 
and F(x, y, z 0 + e) > 0 ; hence the equation (1) has at least one root 
which lies between z 0 — e and z 0 + e. Moreover this root is unique, 
since the derivative F z is positive for all values of z between z Q — e 
and z 0 + e. It is therefore clear that the equation (1) has one and 


the smaller of the two numbers l and PI/2Q-, the foregoing reason- 
ing shows that if the values of the variables x and y satisfy the 
inequalities \x — x 0 \ < h, | y — y {) | < h, the equation (1) will have one 
and only one root which lies between z 0 — l and z Q + 1. Let R be a 
square of side 2 h, about the point il/ 0 (x 0 , y 0 ), with its sides parallel 
to the axes. As long as the point (x, y) lies inside this square, 
the equation (1) uniquely determines a function of x and y, which 
remains between z 0 — l and z 0 + l. This function is continuous, by 
the above, at the point M 0 , and this is likewise true for any other 
point M x of 11 ; for, by the hypotheses made regarding the func- 
tion F and its derivatives, the derivative F z (x x , y x , z x ) will be posi- 
tive at the point M x , since \x x — x 0 \ < l, |yi--yo|<^ \#i — l- 
The condition of things at M x is then exactly the same as at iJ/ 0 , 
and hence the root under consideration will be continuous for 
x = x 1} y = y x . 

Since the root considered is defined only in the interior of the 
region 11, we have thus far only an element of an implicit function. 
In order to define this function out- 
side of R , we proceed by successive 
steps, as follows. Let L be a con- 
tinuous path starting at the point 
(x 0 , ?/ 0 ) and ending at a point (A, Y) 
outside of R,. Let us suppose that 
the variables x and y vary simul- 
taneously in such a way that the 
point ( x , y) describes the path L. 

If we start at (x^ y 0 ) with the value 
z 0 of z, we have a definite value of this root as long as we remain 
inside the region R. Let M x (x x , y x ) be a point of the path inside R, 
and z x the corresponding value of z. The conditions of the theorem 
being satisfied for x = x u y = y x , z — z x , there exists another region 
R x , about the point M x , inside which the root which reduces to z x for 
x = x x , y — y x is uniquely determined. This new region R x will 
have, in general, points outside of R. Taking then such a point M 2 
on the path L, inside R x but outside R, we may repeat the same con- 
struction and determine a new region R 3i inside of which the solu- 
tion of the equation (1) is defined; and this process could be 




treat certain analogous problems in detail. 


21. Derivatives of implicit functions. Let us return to tlie region 
R } and to the solution z — y ) of the equation (1), which is a 
continuous function of the two variables x and y in this region. 
This function possesses derivatives of the first order. For, keeping 
y fixed, let us give x an increment Ax, Then z will have an incre- 
ment A z } and we find, by the formula derived in § 20, 

F(x + Ax } y,» + A z) — F(x } y } z) 

= Ax F x (x + 6Ax, y, z + A z) + AzF z (x } y, z + 6'Az) = 0. 

Hence 

Az _ F x (x+6Ax, y,z + Az) . 

Ax~~ F z (x, y, z + 0'As) ? 

and whence approaches zero does also, since z is a continuous 
function of x. The right-hand side therefore approaches a limit, 
and z has a derivative with respect to x : 

dx F z 

In a similar manner we find 

% F z 

Note. If the equation F = 0 is of degree m in z } it defines m 
functions of the variables x and y, and the partial derivatives dz/dx , 
dz jdy also have m values for each set of values of the variables 
x and y. The preceding formulae give these derivatives without 
ambiguity, if the variable % in the second member be replaced by 
the value of that function whose derivative is sought. 

For example, the equation 

x 2 + y 2 + £ 2 — 1 = 0 
defines the two continuous functions 

4- Vl — x 2 — y 2 and — Vl — x 2 — y 2 

for values of a and y which satisfy the inequality x 2 + y 2 < 1. 
The first partial derivatives of the first are 



dz m 

dx 


dy z 


replacing z by its two values, successively. 

22 . Applications to surfaces. If we interpret x, y, z as the Cartesian 
coordinates of a point in space, any equation of the form 

(4) F(x,y,x)= 0 

represents a surface S. Let ( x 0 , ?/ 0 , .t' u ) be the coordinates of a point 
A of this surface. If the function F, together with its first deriva- 
tives, is continuous in the neighborhood of the set of values cc 0 , Vw z o> 
and if all three of these derivatives do not vanish simultaneously 
at the point A ) the surface £ has a tangent plane at A. Suppose, 
for instance, that F z is not zero for x = cc 0 , y = y 0 , z = z Q . Accord- 
ing to the general theorem we may think of the equation solved 
for z near the point A , and we may write the equation of the surface 
in the form 

where <£ (sc, y) is a continuous function ; and the equation of the 
tangent plane at A is 

(dz\ N , /dz' 


Z — z o “ 




■y«)- 


Replacing dz /dx and dz /dy by the values found above, the equation 
of the tangent plane becomes 


( 5 ) 


4 (z x ^ + \fy/v 




r 


(Z - z 0 ) = 0. 


If F z = 0, but F x =£ 0, at A, we would consider y and z as inde- 
pendent variables and x as a function of them. We would then 
find the same equation (5) for the tangent plane, which is also evi- 
dent a priori from the symmetry of the left-hand side. Likewise 
the tangent to a plane curve F(x, y) = 0, at a point (x Q , y 0 ), is 






If the three first derivatives vanish simultaneously at the point A , 



not a plane. 

In tlie demonstration of the general theorem on implicit functions 
we assumed that the derivative F Zq did not vanish. Our geometrical 
intuition explains the necessity of this condition in general. I 1 or, 
if F s = 0 but F Xo 1= 0, the tangent plane is parallel to the z axis, 
and a line parallel to the z axis and near the line x — x 0 , y = y Q 
meets the surface, in general, in two points near the point of 
tangency. Hence, in general, the equation (4) would have two 
roots which both approach z 0 when x and y approach x 0 and y 0 , 
respectively. 

If the sphere x 2 + if + * 2 — 1 = 0, for instance, be cut by the line 
y = 0, x = 1 + e, we find two values of z, which both approach zero 
with e; they are real if e is negative, and imaginary if e is positive. 

23. Successive derivatives. In tlie formulae for the first derivatives, 
ax " fJ dy fJ 

we may consider the second members as composite functions, z being 
an auxiliary function. We might then calculate the successive deriv- 
atives, one after another, by the rules for composite functions. The 
existence of these partial derivatives depends, of course, upon the 
existence of the successive partial derivatives of F(x, y, z). 

The following proposition leads to a simpler method of determin- 
ing these derivatives. 

If several functions of an independent variable satisfy a relation 
F — 0, their derivatives satisfy the equation obtained by equating to 
zero the derivative of the left-hand side formed by the rule for differ- 
entiating composite functions. For it is clear that if F vanishes 
identically when the variables which occur are replaced by func- 
tions of the independent variable, then the derivative will also van- 
ish identically. The same theorem holds even when the functions 
which satisfy the relation F — 0 depend upon several independent 
variables. 

How suppose that we wished to calculate the successive derivatives 
of an implicit function y of a single independent variable x defined 
by the relation 




CrF 

o 2 F , , d*F 

dF 




77 + 2 
ox 1 

Gxoy° dy 2J 

V-y" 

Oy J 

= 0, 

a 3 / 

0 o s F , 

„ o z F lo 

a- 7^ a s a 7 


~ 7 + 
OX 3 

° dx 1 dy V 

+ 3 &^' 2+3 

dxdy J ^ a/ J 







dF 





+3 df yy + 

— y'" 
dy V 

= 0, 


; 

from which we could calculate successively y\ y" : y"\ .... 


Example. Given a function y = /(x), we may, inversely, consider y as the 
independent variable and x as an implicit function of y defined by the equation 
y~f(x). If the derivative f'(x) does not vanish for the value Xq , where 
Vo ~ f (£o)? there exists, by the general theorem proved above, one and only one 
function of y which satisfies the relation y = / (x) and which takes on the value 
x 0 for y = v/o- This function is called the inverse of the function /(x). To cal- 
culate the successive derivatives x lh x y 2, xy*, . • . of this function, we need merely 
differentiate, regarding y as the independent variable, and we get 


whence 


Xy 


1 

/'(*) 


1 — f'{X) Xy , 

0 ~ f (%) (*%) 2 ~h f'( x ) x iri 

0 = f"'(X ) (Xy) 3 + 3 f"(x) XyXyZ + /'(x) Xy3, 


t/'wp * [/w 


It should be noticed that these formulae are not altered if we exchange x y and 
/'(x), Xyz and/"(x), x y s and f'"(x), ■ * - , for it is evident that the relation between 
the two functions y = f(x) and x = <p (y) is a reciprocal one. 

As an application of these formula?, let us determine all those functions 
V = /(*) which satisfy the equation 


y'y"' - 3?/' 2 = 0. 

Taking y as the independent variable and x as the function, this equation 
becomes 

Xfp — 0 . 

But the only functions whose third derivatives are zero are polynomials of at 
most the second degree. Hence x must be of the for in 


x = Ci?/ 4- C 2 y + C 3| 

where Ci, C2, C : $ are three arbitrary constants. Solving this equation for y, 
we see that the only functions y =f(x) which satisfy the given equation are 
of the form 


of two variables, defined by the equation 

(6) F(x,y,s) = 0. 

The partial derivatives of the first order are given, as we have seen, 
by the equations 

( 7 ) = 0 , 

v ' cx cz ox dy oz oy 

To determine the partial derivatives of the second order we need 
only differentiate the two equations (7) again with respect to x and 
with respect to y. This gives, however, only three new equations, 
for the derivative of the first of the equations (7) with respect to y 
is identical with the derivative of the second with respect to x. 
The new equations are the following: 

d 2 F d 2 F dz d 2 F f dz \ 2 dF d 2 z _ 

Ox 2 gx dz dx dz 2 \dx) dz dx 2 7 

i!^ + i!ZA’ + + f + ^Zf. = 0 

dx oy dx dz dy dy dz ox dz 1 dx dy dz dxdy 7 

d 2 F n o 2 F dz d 2 F fdz \ 2 dF d 2 z 

oy 2 ^ dy dz dy dz 2 \dy) dz dy 2 ~ 

The third and higher derivatives may be found in a similar manner. 

By the use of total differentials we can find all the partial deriva- 
tives of a given order at the same time. This depends upon the 
following theorem : 

If several functions u, v, zo , ••• of any number of independent vari- 
ables x , y, Zj • • ♦ satisfy a relation F = 0, the total differentials satisfy 
the relation dF — 0, 'which is obtained by forming the total differential 
of F as if all the variables which occur in F were independent variables. 

In order to prove this let F(zc } v , w) = 0 be the given relation between 
the three functions u } v : zo of the independent variables x , y, z, t. The 
first partial derivatives of u> v, zo satisfy the four equations 

cF du dF dv dF dw __ ^ 

du dx do dx dw dx 7 

dF dF dv ^ dF dzo _ ^ 

du du do du dw du 7 



lYiuiupiymg rnese equations uy ax, ay, az, at, respectively, ana 
adding, we find 

3 F cF c F 

-z- die + — do 4- — dw — dF = 0. 

ou CO (jW 


This shows again the advantage of the differential notation, for the 
preceding equation is independent of the choice and of the number 
of independent variables. To find a relation between the second 
total differentials, we need merely apply the general theorem to the 
equation dF = 0, considered as an equation between u, v, to, du, 
do, dw, and so forth. The differentials of higher order than the 
first of those variables which are chosen for independent variables 
must, of course, be replaced by zeros. 

Let us apply this theorem to calculate the successive total differ- 
entials of the implicit function defined by the equation (6), where 
x and y are regarded as the independent variables. We find 


. r ■- ~dx + ~dy + dz = 0, 
ox dy ex 


dF 7 . dF 7 , dF 7 

-dx + ^dy + ^d, 


(2) 

4-^<P* = 0, 


and the first two of these equations may be used instead of the five 
equations (7) and (8) ; from the expression for dz we may find the 
two first derivatives, from that for d 2 z the three of the second order, 
etc. Consider for example, the equation 


Ax 2 + A t y* + A"*P = l, 


which gives, after two differentiations, 


Ax dx 4* A by dy 4* A " z dz — 0, 
A dx 2 4- A 1 1 dy 2 + A"dz* + /I " s cPe = 0, 
whence 



and, introducing this value of dz in the second equation, we find 

A (A x 2 4- A n z 2 ) dx 2 4* 2 A A 'xy dx dy 4* A '(A L/ 2 -f A "z 2 ) dy 2 
dz- I'dfLf 


This method is evidently general, whatever be the number of the 
independent variables or the order of the partial derivatives which 
it is desired to calculate. 

Exam-pie. Let z = f(x, y) be a function of x and y. Let us try to calculate 
the differentials of the first and second orders dx and d-x, regarding y and z as 
the independent variables, and x as an implicit function of them. First of all, 
we have 

7 f / 7 , 7 

dz = — dx 4 dy. 

ex cy 

Since y and z are now the independent variables, we must set 

d 2 y = d 2 z = Q, 

and consequently a second differentiation gives 

0 = lx? + 2 C d. dxdy + — dy 2 + ^cPx. 
dz 2 dx dy dy 2 ex 

In Monge’s notation, using p, r, s , t for the derivatives of /(x, y), these 
equations may be written in the form 

dz = p dx 4- q dy , 

0 ~ v dx 2 + 2 s dxdy + tdy 2 4- p d 2 x. 

From the first we find 

<n = a ±-A^L, 

P 

and, substituting this value of dx in the second equation, 

__ rdz 2 +2 (ps — qr)dydz 4- (q n -r —2 pqs 4- p 2 t)dy 2 

p ~ 

The first and second partial derivatives of x, regarded as a function of y and 
z, therefore, have the following values : 

dx _ 1 dx __ q 

..dz p dy p 

? 2 x ___ r d 2 x j, qr — ps c 2 x _2pq s — p 2 t — q 2 r 
dz 2 p 3 , ?y<?z p 3 C7/ 2 p 3 

As an application of these formulae, let us find all those functions /(x, y) 
which satisfy the equation 

q 2 r 4- pH = 2pgs. 

If, in the equation z = /(x, y), x be considered as a function of the two inde- 
pendent variables y and z, the given equation reduces to x,a = 0* This means 



iunction oi z. I ms, in turn, may Do written m tlie lonn 


- fl [x-y0(s)] = O, 
dy 

which shows that x — y $(z) is independent of y. Hence we may write 
x = y (p{z) + ^ (z), 

where \p (z) is another arbitrary function of z. It is clear, therefore, that all the 
functions 2 ~f(x, y) which satisfy the given equation, except those for which f x 
vanishes, are found by solving this last equation for 2 . This equation represents 
a surface generated by a straight line which is always parallel to the xy plane. 


25. The general theorem. Let us consider a system of % equations 


(E) 


/ Fi (»i, *2, • 

■ ) x p j 

Ui, lt 2 , • 

■ ■> «») = 

1 I 1 2 (% 1 ; * 

"> x v 5 

Uli U2, • 


^ E n (x x , x 2 , 

•*> 

U U l-hi * 

0 = 


between the n + p variables u u u 2 , u n ; x ly x 2) x p . Svj)pose 
that these equations are satisfied for the values x 1 — a’J, • * x p — x° p) 
u x = u° l} • • - ; u n = ; that the functions F ( are continuous and qwssess 

first partial derivatives ivhich are continuous, in the neighborhood of 
this system of values; and, finally, that the determinant 



8F t 

dF x 

8F } 


du x 

du 2 

dUn 


dP 2 

8F 2 

8F 2 

A = 

du x 

dll 2 

du n 


SF n 

SF, .. 

71 S 


da, 

cu 2 


does not vanish for 




= *i, % = ul, 

0 

= 1 , 2 , . 



Under these conditions there exists one and only one system of con- 
tinuous functions u x = <j> x (x 1} x 2 , * • x p ), • • •, u n = <p n (x X} x 2) * • xf) 
'which satisfy the equations (E) and which reduce to u\, u$, •••, 
for x x = x a v ■■■, x p = x° p * 


*In his paper quoted above (ftn., p. 35) Goursat proves that the same conclusion 
may he reached without making any hypotheses whatever regarding the derivatives 


tlOUir.UCt) Ul ljuc / 6 .1 J \7 J 2> > • tl . >viun /t- vn,j.x- 

ables u l} u 2y •, It is reimesentcd by tlie notation 

HF u F*, n ) 

^ 

We will begin by proving the theorem in the special case of a 
system of two equations in three independent variables x, y, z and 
two unknowns u and v. 

(9) F 1 (x, y, a, u, v) - 0, 

(10) F, (x, y, z, v, v) = 0. 

These equations are satisfied, by hypothesis, for x~x^y=y^z~ r: 0 , 
u =z u oy v = r 0 ; and the determinant 

dF 1 cF 2 dF L dF 2 
die do do da 

does not vanish for this set of values. It follows that at least one 
of the derivatives dF 1 /dn, dF 2 /dv does not vanish for these same 
values. Suppose, for definiteness, that dF 1 /do does not vanish. 
According to the theorem proved above for a single equation, the 
relation (9) defines a function o of the variables x, y, z, u, 

v =/ Oh V> *, u), 

which reduces to v 0 for x = x t}J y = y„, % — z (]} u = u 0 . Replacing v 
in the equation (10) by this function, we obtain an equation between 
x , y, 2 , and u, 

v> ? 0 = y> *} % f( x > y> «)] = 


lemma: £ef ••,««)» *••,/„ foi, k 2 , ?t ll z< 2 , •••, %,) ben 

functions of the n -f- p variables and uj. , which , together with the n 2 partial deriva- 
tives cfj/ctUk, (ire continuous near aq = 0, ic 2 = 0, ••• , x p = 0, u x = 0, • ••, = 0. I/* 

ZAe n functions fi and the n 2 derivatives ?fi/tu k all vanish for this system of value's, 
then the n equations 

«i=/u « 2 =/a» — » «,!=/» 

cuZ/m'f o?ze «/wZ o?*Zy o??e system of solutions of the form 

Ul = 0l(^l, ^2> ^/j)i ?Z 2 = 0n(^i, a’ 2 , '*•, ^j), •••, Zf„ = ^n(^l, #2) 

w:/iere 0i, <f> 2 , 0 n are continuous functions of the p variables itq, x 2) •••, ^ zy/izcA 

aZZ approach zero as «/ic variable# a?/ approach zero. The lemma is proved by means of 
asuitoof functions =f,-(x ly x 2 , •••, x p \ ttf"” 1 *, u^ n ~ l \ ?4 W-1) ) (j = l, 2, ?z), 
where ?4 l,) = 0. It is shown that the suite of functions u\ m) thus defined approaches a 
limiting 1 function* U h which 1) satisfies the given equations, and 2) constitutes the only 


and from equation (9), 


9J\ , SF\ df =0 . 

Gil do GU ? 

whence, replacing df/du by this value in the expression for d$ Jdu, 
we obtain 

/>(*!, gO 

d<f> __ v) 

fa ~ ~ 02 ^ 

dv 


It is evident that this derivative does not vanish for the values 3 * 0 , 
2/o? Hence the equation <f> = 0 is satisfied when u is replaced 

by a certain continuous function u= <£ (x , y, z), which is equal to 
when x = x 0 , y = y 0 , z = ,v 0 ; and, replacing u by 4> (x, y, 2 ) in 
f(x, y , z, v), we obtain for v also a certain continuous function. 
The proposition is then proved for a system of two equations. 

We can show, as in § 21, that these functions possess partial 
derivatives of the first order. Keeping y and z constant, let us 
give x an increment Ax, and let Ah and Av be the corresponding 
increments of the functions u and v. The equations (9) and (10) 
then give us the equations 


Ax 


dj\ 

dx 


+ e ) + An 


dj\ 

du 


4 - e' ) + Av 


' d J± 

dv 


+ £' 


Ax 


d£ \ 
dx 


+ + + V) + Ay (T7 +V r ) = °) 


d h 

dv 


where e, e', e”, rj, r)\ 7j n approach, zero with Ax, An, Av. It follow 
that 


An 

Ax 



When Ax approaches zero. An and Av also approach zero ; and hence 
e, e', e n , y, 7}’, 7] n do so at the same time. The ratio Ah / Ax therefore 


dx db\ dfj _ 'dF x 0 F 2 
du dv do du 

It follows in like manner that the ratio A?; /A# approaches a finite 
limit do /dx, which is given by an analogous formula. Practically, 
these derivatives may be calculated by means of the two equations 

dF L dF x dn dj\ dv _ 

dx du dx dv dx 7 

d Jj . <t!t . d Jj h = 0 . 

dx do dx dv dx 7 

and the partial derivatives with respect to y and z may be found in 
a similar manner. 

In order to prove the general theorem it will be sufficient to show 
that if the proposition holds for a system of (n — 1) equations, it 
will hold also for a system of n equations. Since, by hypothesis, 
the functional determinant A does not vanish for the initial values 
of the variables, at least one of the first minors corresponding to the 
elements of the last row is different from zero for these same values. 
Suppose, for definiteness, that it is the minor which corresponds to 
dF n /du n which is not zero. This minor is precisely 

d(f 1} f 2 , 

« 8 , •••, «*_,) ’ 

and, since the theorem is assumed to hold for a system of (n — 1) 
equations, it is clear that we may obtain solutions of the first (n — 1) 
of the equations (E) in the form 

U x = <f>i (Xu X 2P • • *, X p j U n ) } • • • f U n _i = fyli-l (Fu X 2 j • • ' ) Wp j 

where the functions <j>i are continuous. Then, replacing u 1} • • •, u tl _ x 
by the functions 4> h • • •, in the last of equations (E), we obtain 
a new equation for the determination of u n9 

^(^ 1 , x 2: ♦ • *, x p *, ?*■„) — F u (cn 1} x 2} • • •, x p ; 4> l) <fi 2 , • • •, 4*n-v == 0. 

It only remains for us to show that the derivative d&/du n does 
not vanish for the given set of values xf, srg, • • x ( /„ for, if so, we 

can solve this last equation in the form 

^ »■/,), 



^■lj thy * * * j also. In order to show that the derivative in ques- 
tion does not vanish, let us consider the equation 


( 11 ) 


^ du n -\ ^ fan 


The derivatives d^/dii^ d<j> 2 /du n} • ••, /du n are given by the 
(?i — 1) equations 


( 12 ) 


dF x 

dt( l 

Mi i 

| dFl 

Mi-1 OV-n 

8F n . 

du x 

-i , 

Mi 

+ SF n _, d<f,„ 
Mi 



+ 


OR,. 


ou„ 


= 0, 




= 0; 


and we may consider the equations (11) and (12) as n linear equa- 
tions for dcj> L /di(. n , d<t> n ^/dit n , d$/du Hi from which we find 


= RjEiiiiiiiiiiA 

du n 1) (« 1; • • ■ , i) D (*q, i«a, ■ • • , u n ) ’ 

It follows that the derivative d$/du n does not vanish for the initial 
values, and hence the general theorem is proved. ’ 

The successive derivatives of implicit functions defined by several 
equations may be calculated in a manner analogous to that used in 
the case of a single equation. When there are several independent 
variables it is advantageous to form the total differentials, from 
which the partial derivatives of the same order may be found. 
Consider the case of two functions u and v of the three variables 
x, y , z defined by the two equations 

F(x, y, z, u } v) = 0, 

&(x,y } z,u,v) = 0. 


The total differentials of the first order clu and dv are given by the 
two equations 


( 0 & 
{ ox 


dx + 


c<$ T 
+ To dv 


d-u + — d-v = 0, 
0v 


and so forth. In the equations -which give d' l u and d ,l v the deter- 
minant of the coefficients of those differentials is equal for all values 
of n to the Jacobian D (F, $) / D (?q r), which, by hypothesis, does not 
vanish. 


26. Inversion. Let u\, u 2 , • , it n be n functions of the n independent vari- 

ables xi, x«, • • • , x n , suck that the Jacobian 1) (U\, u 2 , • • * , u„) fJ) (xi, • • • , x n ) 
does not vanish identically. The n equations 

(131 j ^1 = %2: * * ' j ®h)i ^2 = ^ 2(^1 j Xo 7 • •} * * *j 

define, inversely, Xi, x®, • • •, x /t as functions of ?*i, u», • * • , «*. For, taking any 
system of values z’j, x[ !, •••, x||, for which the Jacobian does not vanish, and 
denoting the corresponding values of Ui, by itf, ?«J, • • •, tij, there 

exists, according to the general theorem, a system of functions 

Xi = $l(Uu «2, • • * , W«)» ^2 = ?i 2, * • * 1 w #1 ), • • • , X u = ^a{U i, W 2 , • • • , tt«), 

which satisfy (13), and which take on the values x”, ad, x£, respectively, 
when iti = ?ij, . . • , u tl — mJ. These functions are called the inverses of the func- 
tions 0i, 0 2l • • • » 0«, and the process of actually determining them is called 
an inversion . 

In order to compute the derivatives of these inverse functions we need merely 
apply the general rule. Thus, in the case of two functions 

u=f(x , y), v = 0(x, y), 

if we consider u and v as the independent variables and x and y as inverse 


functions, we have the two equations 



du = — dx + dy, 

dv = 

00 00 7 
— dx A dy, 

cx dy 


dx dy 

whence 



00 7 df 7 

— du dv 


00 0/ 

r du -f — dv 

d r - dV ZV , 

dy = 

dx dx 



of 00 df o0 


dfd<p 8 fd</> ' 

dx dy dy dx 


dx cy dy dx 

AYe have then, finally, the formulae 



00 


_ 0/ 

dx _ cy 

dx _ 

dy 

du cf 00 of o0 

cv 

Cf 00 0/ 00 


dx dy c y dx 


ex c y ? y ex 


27. Tangents to skew curves. Let us consider a curve C repre- 
sented by the two equations 


(14) 


{F l (x,y,z)= 0, 
( F 2 (x, y,z)= 0; 


and let x 0 , y 0J z 0 be the coordinates of a point Af 0 of this curve, such 
that at least one of the three Jacobians 


dF x dF 2 dF x dF 2 dF x dF 2 dF x dF 2 dF x dF 2 dF l cF 2 

dy dz dz dy dz dx dx dz dx dy dy dx 

does not vanish when x, y, z are replaced by x 0f y 0 , respectively. 
Suppose, for definiteness, that D(F Xi F 2 ) / D (?/, z) is one which does 
not vanish at the point M {) . Then the equations (14) may be solved 
in the form 

y = 4> ( x )> z = if/ (a;), 

where and f are continuous functions of x which reduce to ?/„ and 
z Q j respectively, when x = x 0 . The tangent to the curve C at the 
point A I 0 is therefore represented by the two equations 


X - x o = Y-Vo = £ ~ gp 
1 *'(*,) ^ f (^o) 


where the derivatives <jb'(cc) and $'(x) may be found from the two 
equations 


dx dy 


<£'(a) + 


dF x 

dz 


= 0 , 




In these two equations let us set x = x Q , y = y 0 , z = z 0 , and replace 
S and xj/ f (x Q ) by (7- y Q )/(X - ® 0 ) and (Z — z n ) / (X — x 
respectively. The equations of the tangent then become 


( 15 ) 


f (W)s x - *•> + (w), (r - *> + ^ - °- 




Tlie geometrical interpretation of this result is very easy. The 
two equations (14) represent, respectively, two surfaces S x and S 2) of 
which C is the line of intersection. The equations (15) represent 
the two tangent planes to these two surfaces at the point M 0 j and 
the tangent to C is the intersection of these two planes. 

The formulae become illusory when the three Jacobians above all 
vanish at the point M {) . In this case the two equations (15) reduce 
to a single equation, and the surfaces S x and S 2 are tangent at the 
point il/ 0 . Tlie intersection of the two surfaces will then consist, in 
general, as we shall see, of several distinct branches through the 
point il/ 0 . 


II. FUNCTIONAL DETERMINANTS 

28. Fundamental property. We have just seen what an important 
role functional determinants play in the theory of implicit functions. 
All the above demonstrations expressly presuppose that a certain 
Jacobian does not vanish for the assumed set of initial values. 
Omitting the case in which the Jacobian vanishes only for certain 
particular values of the variables, we shall proceed to examine the 
very important case in which the Jacobian vanishes identically. 
The following theorem is fundamental. 

Let u 1} u 2J • • • , u n be n functions of the n independent variables 
x X) x 2) x n . In order that there exist betiueen these n functions 

a relation II (ic u u 2) • • u n ) = 0, ivhich does not involve explicitly any 
of the variables x ly x 2 , * • • , x n , it is necessary and sufficient that the 
functional determinant 

D (Xi) • • ' j 

should vanish identically , 

In the first place this condition is necessary. For, if such a rela- 
tion H (u x , n 2 , • • •, u„) = 0 exists between the n functions u Xy u 2 , • * •, u„, 
the following n equations, deduced by differentiating with respect to 
each of the x’s in order, must hold : 



dn dui an a?^ ^ an a % n _ ^ 

c« 2 &r„ du n dx n ~ ’ 

and, since we cannot have, at the same time, 

an = an_ _an _ 0 

bill dic 2 du n ’ 

since the relation considered would in that case reduce to a trivial 
identity, it is clear that the determinant of the coefficients, which is 
precisely the Jacobian of the theorem, must vanish. * 

The condition is also sufficient. To prove this, we shall make 
use of certain facts which follow immediately from the general 
theorems. 

1) Let u, v , w be three functions of the three independent variables 
x , y , z, such that the functional determinant D(u , v , w ) jD{x, y , z) 
is not zero. Then no relation of the form 

A clu + p dv + v dw = 0 

can exist between the total differentials du , dv, dw , except for 
A = y = v = 0. For, equating the coefficients of cfa, Jy, dz in the 
foregoing equation to zero, there result three equations for A, /a, v 
which have no other solutions than A = [x = v = 0. 

2) Let a), w be four functions of the three independent 
variables x, y , z, such that the determinant D(u , v, w) / (a, y, s) 
is not zero. We can then express x, y, s inversely as functions of 
u, v , w; and substituting these values for x, y , 2 in o>, we obtain 
a function 

a) = <J> (U, V, to) 

of the three variables u, v, uk If by any process whatever we can 
obtain a relation of the form 

(16) do) = P du J - Qdv + R dw 


* As Professor Osgood lias pointed out, the reasoning here supposes that the 
partial derivatives 531 / , c\\/cu 2i ■ • ♦ , 511 / 5 u n do not. all vanish simultaneously 

for any system of valnes which cause II («i» , ?<„) to vanish. This supposition 



2 <£> 
R = — 
oio 


P = ~ } Q = T7~> 

For, by the rule for the total differential of a composite function 
(§ 16), we have 

C?w = 7r~ G??.A + -r— + o &W > 

010 

and there cannot exist any other relation of the form (16) between 
do), clu , <&;, cZi 4 / ? for that would lead to a relation of the form 

A clu + p do + v dio = 0, 

where A, //., v do not all vanish. We have just seen that this is 
impossible. 

It is clear that these remarks apply to the general case of any 
number of independent variables. 

Let us then consider, for definiteness, a system of four functions 
of four independent variables 

x = Fi(x, y, z> t), 

Y=F 2 (x , y, 2 , t), 

Z ~ F $ (x } y , z } £), 

T=Fi(x, y, z, t), 

where the Jacobian D(F U F 2 , F s , F i )/D(x, y, z ) t) is identically 
zero by hypothesis ; and let us suppose, first, that one of the first 
minors, say l)(F x , F 2 , F 3 )/D(x } y y z), is not zero. We may then 
think of the first three of equations (17) as solved for x, y, z as 
functions of X, F, Z, t ; and, substituting these values ‘for x, y , z in 
the last of equations (17), we obtain T as a function of X y F, Z,t: 

(18) T = *(: X, Y,Z,t). 

We proceed to show that this function <I> does not contain the vari- 
able t y that is, that d$/dt vanishes identically. For this purpose 
let us consider the determinant 
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If ; in this determinant; dX, dY, dZ, dT be replaced by their values 


dX = 


dx 


. CL'' 

• ax + -q— dy + — 
dy cz 


dt 


and if the determinant be developed in terms of dx, dy, dz, dt, it turns 
out that the coefficients of these four differentials are each zero ; the 
first three being determinants with two identical columns, while the 
last is precisely the functional determinant. Hence A = 0. But if 
we develop this determinant with respect to the elements of the last 
column, the coefficient of dT is not zero, and we obtain a relation of 
the form 

dT=PdX+QdY+RdZ. 


By the remark made above, the coefficient of dt in the right-hand 
side is equal to d®/dt. But this right-hand side does not contain 
dt, hence d<b/dt = 0. It follows that the relation (18) is of the form 

T = $(X, Y, Z), 

which proves the theorem stated. 

It can be shown that there exists no other relation, distinct from 
that just found, between the four functions X , Y, Z , T, independent 
of x, y, z, t. For, if one existed, and if we replaced T by $ ( X , Y, Z) 
in it, we would obtain a relation between X , Y, Z of the form 
II ( X , Y , Z) = 0, which is a contradiction of the hypothesis that 
D( X, Y, Z) / D(x, ?/, z) does not vanish. 

Let us now pass to the case in which all the first minors of the 
Jacobian vanish identically, but where at least one of the second 
minors, say D(F U F 2 ) jD(x , ?/), is not zero. Then the first two of 
equations (17) may be solved for x and y as functions of X, Y, z, t, 
and the last two become 


dFn 


dY 

dx 

% 

dF 3 

8F 3 

dZ 


ox Gy 


vanishes identically ; and, developing it -with respect to the elements 
of the last column, we find a relation of the form 

dZ = PdX + Q dY, 

whence it follows that 


dz 


= 0 , 


^i = o. 

Ot 


In like manner it can be shown that 



g $ 2 

dt 


= 0 ; 


and there exist in this case two distinct relations between the four 
functions X, Y, Z, T, of the form 

Z = $ 1 (X, Y), T = <S> 2 (X, Y). 

There exists, however, no third relation distinct from these two ; 
for, if there were, we could find a relation between X and Y, which 
would be in contradiction with the hypothesis that D( X, Y ) /D (x, y ) 
is not zero. 

Finally, if all the second minors of the Jacobian are zeros, but 
not all four functions X, Z, Y, T are constants, three of them are 
functions of the fourth. The above reasoning is evidently general." 
If the Jacobian of the n functions F u F 2 , • •, F n of the n independ- 
ent variables x 1} x 2 , • • •, x n , together with all its (n — r -j- 1) -rowed 
minors, vanishes identically, but at least one of the (n — r ) -rowed 
minors is not zero, there exist precisely r distinct relations between 
the n functions ; and certain r of them can be expressed in terms 
of the remaining (n — r), between which there exists no relation. 

The proof of the following proposition, which is similar to the 
above demonstration, will be left to the reader. The necessary and 
sufficient condition that n functions of n + p independent variables be 
connected by a relation which does not involve these variables is that 
every one of the Jacobians of these n functions , with respect to any n 


ticnlar, the necessary and sufficient condition that two functions 
F L (x u x 2 , x n ) and F 2 (x. u x n ) should he functions of each 

other is that the corresponding partial derivatives dF l /dx i and 
dF 2 /dx t should be proportional. 

Note. The functions F lt j P 2 , • • •, F n in the foregoing theorems may 
involve certain other variables y 1} y 2 , •••? y m , besides x l7 x 2 , •••, x n . 
If the Jacobian D{F U F 2 , •••, Fj/Dfa, x 2} •••, x H ) is zero, the 
functions F u F z , • are connected by one or more relations 

which do not involve explicitly the variables x 1} x 2? •••, x n9 but 
which may involve the other variables y u y 2 , *, y„ r 


Applications. The preceding theorem is of great importance. The funda- 
mental property of the logarithm, for instance, can he demonstrated by means 
of it, without using the arithmetic definition of the logarithm. Tor it is proved 
at the beginning of the Integral Calculus that there exists a function which is 
defined for all positive values of the variable, which is zero when x = 1, and 
whose derivative is l/x. Let f(x) he this function, and let 


Then 


u =/(*)+ f(v), v = xy. 


D(u , v) 

N&7y) 


1 1 

x y 
y » 



Hence there exists a relation of the form 

/(») +f{v) = <P(w) ; 

and to determine 0 we need only set y = 1, which gives f(z) = <p (x). Hence, 
since x is arbitrary, 

/(*) +f(y) ~f(xy)- 

It is clear that the preceding definition might have led to the discovery of 
the fundamental properties of the logarithm had they not been known before the 
Integral Calculus. 

As another application let ns consider a system of n equations in n unknowns 
uu « 2 » 


F 1 (u u u 2 , ■ ■ 

' i — Hi : 

T 2 pti, Ua, • ■ 

♦ , = -H 2 , 

.F n (u u m 2 , •• 

• , W«) = Rn i 


where R u H 2 , • R n are constants or functions of certain other variables 
Xu x 2l • ••, x m , which may also occur in the functions If the Jacobian 
7 ?_ ... \ / T) in., . uA vanishes identically, there exist between 


jr k+l =Ih(II 1 , * • ' , Hk)) " Hn = Titi-k {Hu • • • , H)b), 

and, if this be true, the n equations (19) reduce to k distinct equations. We 
have then the same cases as in the discussion of a system of linear equations. 

29. Another property of the Jacobian. The Jacobian of a system of n 
functions of n variables possesses properties analogous to those of 
the derivative of a function of a single variable. Thus the preceding 
theorem may be regarded as a generalization of the theorem of § 8. 

The formula for the derivative of a function of a function may be 
extended to Jacobians. Let F u F 2} •••, F n be a system of n func- 
tions of the variables u u u 2) • • u nJ and let us suppose that u 1} u 2y 

♦ u n themselves are functions of the n independent variables x u 
x 2) •) x n • Then the formula 

-P (F 1 ? F 2 ; * • ' > jjt) F 2 ) •••; F„) ' D ('Up ?Q 

D(x u x 2) • • •, x n ) ~ D(u u u 2) u n ) D(x x , x 2) • • x n ) 

follows at once from the rule for the multiplication of determinants 
and the formula for the derivative of a composite function. For, 
let us write down the two functional determinants 
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dj\ 

dFx 
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8u n 


dx ± 

dx x 
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d Jn 

dF n 

f-fi* 

? 

d u x 

du 2 


du t 

du 2 

du n 


dx n 

fan 

dx„ 


where the rows and the columns in the second have been inter- 
changed. The first element of the product is equal to 

dF x du x dF x du 2 dFt du n . 

du x dx x du 2 dx x du n dx x ? 

that is, to dF x /dx u and similarly for the other elements. 

30 . Hessians . Let / (; x , y, z) be a function of the three variables x, y, z. Then 
the fimctional determinant of the three first partial derivatives df/dx, df/dy , 
e//az, 


pf 

JV 

a 2 / 

dx 2 

cxdy 

dxdz 

d 2 f 

C 2 / 

c 2 f 


invariant property of this determinant. Let us suppose the independent vari- 
ables transformed by the linear substitution 

cx~ <x X -f- p Y y Z, 

W i 2/ = a'x+ /rr+ yz, 

[z = a"X+p"Y+y"Z, 

where X, F, Z are the transformed variables, and a, /?, y, • . • , 7 " are constants 
such that the determinant of the substitution, 

a p y 

A = a' p' y' , 

a" p" y" 

is not zero. This substitution carries the function /(x, y, z) over into a new 
function F(X, Y, Z) of the three variables X, Y, Z. Let II (X, Y, Z) be the 
Hessian of this new function. We shall show that we have identically 

H (X, y, Z) = A 2 /j (x, y, 0 ), 

where x, y, 2 are supposed replaced in ft(x, y, z) by their expressions from (19"). 
Lor we have 

JD^— , — d(— — —) 

„ lax’ er’ a z \sx' by’ bz) d(x,v,z) 


\BX BY BZ/ _ \BX BY SZ j D(x,y,z) 

D (X, Y, Z) D (x, y, z) ' D (X, Y, Z) ' 

and if we consider 5//5x, df/dy , 5// 52, for a moment, as auxiliary variables, 
we may write 

££, d l\ D ( d l V d l\ 

\5X’ ST"’ dZ J \5x’ 5y’ 52/ L(x, y, 2 ) 

~ ^/V V a/\ D (x, y, 2 ) *L(X, L, Z)’ 

\5x’ 5y’ 52/ 

But from the relation L(X, Y \ Z) =/(x, y, 2 ), we find 

0 X 5x 5y 02 

rWjlr'W 

5F cx cy 52 

5F 5/ f , 5/ „ 5/ 

— = 7r + 7 rt) — 1 


whence 


'dF dF dF' 

ax’ 5r’ £z, 
/V V V\ 

\5x 1 5y ’ dz) 


7 7" 7^ 


X = Ml L _ 

J3(x, r, z) 


and hence, finally, 



oc a given Dinary cuoic rorm wnose coemciems a , o, c, a are any constants. 
Then, neglecting a numerical factor, 

h _\ax + by bx 4 cy I _ _ ^ (((d _ + (6d _ c2 ) ^2 

| bx + cy cx + dy | v 

and the Hessian is seen to he a binary quadratic form. First, discarding the 
case in which the Ilessian is a perfect square, we may write it as the product of 
two linear factors : 

h - {mx + ny) (px -f qy)- 
If, now, we perforin the linear substitution 

mx + ny = X, px + qy = F, 
the form/(x, y) goes over into a new form, 

F(X, F) = AX 3 + 3 BX" Y + 3 CXY 2 + BY\ 
whose Hessian is 


JT(X, 7) = (id- B 2 ) X 2 + (HD - BO) J7 + (DD - C 2 ) F 2 , 

and this must reduce, by the invariant property proved above, to a product of 
the form KXY. Hence the coefficients A, B, G , D must satisfy the relations 

£ 2 -HC = 0, BB-C 2 =0. 


If one of the two coefficients D, C be different from zero, the other must he so, 
and we shall have 


A = 


B 2 


B = 


91 

B 1 


F(X, T) = -L(tf>XS + SB2CX*Y+ZBC>Xr2 + C 3 T*) = X* , 


whence F(X, F), and hence /(x, y), will be a perfect cube. Discarding this 
particular case, it is evident that we shall have B — C = 0 ; and the polynomial 
F (X, F) will be of the canonical form 

AX* + BY 3 . 


Hence the reduction of the form /(x, y) to its canonical form only involves the 
solution of an equation of the second degree, obtained by equating the Hessian 
of the given form to zero. The canonical variables X, F are precisely the two 
factors of the Hessian. 

It is easy to see, in like manner, that the form/(x, y) is reducible to the form 
AX 3 -f BX 2 Y when the Hessian is a perfect square. When the Hessian van- 
ishes identically /(x, y) is a perfect cube : 


Analysis, that we are led to change the independent variables. It 
therefore becomes necessary to be able to express the derivatives 
with respect to the old variables in terms of the derivatives with 
respect to the new variables. We have already considered a problem 
of this kind in the case of inversion. Let ns now consider the 
question from a general point of view, and treat those problems 
which occur most frequently. 


31. Problem I. Let y be a function of the independent variable x, 
and let t be a new independent variable connected with x by the relation 
x = <£ (f). It is required to express the successive derivatives of y with 
respect to x in terms of t and the successive derivatives of y with 
respect to t. 

Let y = f(x) be the given function, and F(t) = /[<£(£)] the func- 
tion obtained by replacing x by <£ (£) in the given function. By the 
rule for the derivative of a function of a function, we find 


whence 


dy __dy 
dt dx 




dy 

dt _ Vt 

m “ *'(*)’ 


This result may be stated as follows: To find the derivative of y 
with respect to x, take the derivative of that function with respect to t 
and divide it by the derivative of x with respect to t. 

The second derivative d 2 y / dx 2 may be found by applying this 
rule to the expression just found for the first derivative. We find : 


d*y _ dt ^ 

dx* W(t)J ’ 

and another application of the same rule gives the third derivative 


d?y 



The remaining derivatives may be calculated in succession by 
repeated applications of the same rule. In general, the nth deriva- 
tive of y with respect to x may be expressed in terms of <£'(£), <£"(£), 
. . . ; and the first n successive derivatives of y with respect to 

t. These formulae may be arranged in more symmetrical form. 
Denoting the successive differentials of x and y with respect to t by 
dx, cly , d 2 x, d 2 y, •••, d n x, d n y, and the successive derivatives of y 
with respect to x by y\ y", y {n \ we may write the preceding 
formulae in the form 


( 20 ) { 


V = 


V = 


y"' = 


dy 

dx’ 

dx <Py — dy drx 
dx 3 

d z y dx 2 — 3 d 2 y dx d 2 x + 3 dy (d 2 x) 2 — dy d z x dx 
dx r ° 


The independent variable t, with respect to which the differentials 
on the right-hand sides of these formulae are formed, is entirely 
arbitrary; and we pass from one derivative to the next by the 
recurrent formula 

dx 

the second member being regarded as the quotient of two differen- 
tials. 

32. Applications. These formulae are used in the study of plane 
curves, when the coordinates of a point of the curve is expressed in 
terms of an auxiliary variable t. 

y = 4>(f). 

In order to study this curve in the neighborhood of one of its points 
it is necessary to calculate the successive derivatives y\ y", • • • of y 
with respect to x at the given point. But the preceding formulae 
give us precisely these derivatives, expressed in terms of the succes- 


which it might be very clmicuit, practically, to obtain. Thus the 
first formula 

„/ _ <kL = 

J dx f(t ) 

gives the slope of the tangent. The value of y" occurs in an impor- 
tant geometrical concept, the radius of curvature , which is given by 
the formula 

R = (±±Jtl, 

\y"\ 

which we shall derive later. In order to find the value of R, when 
the coordinates x and y are given as functions of a parameter t 9 we 
need only replace y' and y u by the preceding expressions, and we 
find 


where the second member contains only the first and second deriva- 
tives of x and y with respect to t. 

The following interesting remark is taken from M. Bertrand’s Traite de 
Calcul differentiel et integral (Yol. I, p. 170). Suppose that, in calculating some 
geometrical concept allied to a given plane curve whose coordinates x and y are 
supposed given in terms of a parameter t , we had obtained the expression 

F(x, y , dx , dy , d 2 x, d-y, • • • , d n x, d n ij), 

where all the differentials are taken with respect to t. Since, by hypothesis, 
this concept has a geometrical significance, its value cannot depend upon the 
choice of the independent variable t. But, if we take x = £, we shall have 
dx = dt, d 2 x = d 3 x = • • • = d n x = 0, and the preceding expression becomes 

. f(x, y, y (u) ) ] 

which is the same as the expression we would have obtained by supposing at the 
start that the equation of the given curve was solved with respect to y in the 
form y — d? (x). To return from this particular case to the case where the inde- 
pendent variable is arbitrary, we need only replace y% y", • • • by their values 
from the formulae (20). Performing this substitution in 

/(» i V: V\ V", • • • * y 00 ), 

we should get back to the expression F(x, y, dx, dy, d 2 x, d 2 y , ■ • •) with which 
we started. If we do not, we can assert that the result obtained is incorrect. 


(dx*+ dy*)* 


\dx cl 2 y — dy d 2 x\ 



33. The formulae (20) are also used frequently in the study of 
differential equations. Suppose, for example, that we wished to 
determine all the functions y of the independent variable x , which 
satisfy tlie equation 

( 21 ) {l-x^-xf x +nhj=°, 


where n is a constant. Let us introduce a new independent variable 
t } where x = cos t. Then we have 

d]/ 

dy . dt , 

dx — sin t 


<Py 
dx 2 


. dry ^ dy 
sm t —r~ — cos t ~ 
dr dt m 

sin 3 1 


and the equation (21) becomes, after the substitution, 


( 22 ) 


d 2 y „ n 

— 2 +n-y = Q. 


It is easy to find all the functions of t which satisfy this equation, 
for it may be written, after multiplication by 2 dy /dt, 


whence 


2^^+ 2 „.y^: 
dt dt 2 J dt 




-f* n^y 2 = n 2 a 2 , 


where a is an arbitrary constant. Consequently 


1.1/ OJLii -J- U J, 


u 

which may also be written in the form 

y = A sin nt + B cos nt 

Beturnifig to the original variable x, we see that all the functions of 
x which satisfy the given equation (21) are given by the formula 

y = A sin (n arc cos x) -f B cos (n arc cos x ), 

where A and B are two arbitrary constants. 


34. Problem II. To every relation between x and y there corresponds , 
by means of the transformation x = f(t , uf y = <j>(t, u), a relation 
between t and u. It is required to express the derivatives of y with 
respect to x in terms of t, it, and the derivatives of u with respect to t. 

This problem is seen to depend upon the preceding when it is 
noticed that the formulae of transformation; 

x=f(t } u), y = 4>(t, u), 

give us the expressions for the original variables x and y as func- 
tions of the variable t, if we imagine that n has been replaced in 
these formulae by its value as a function of t. We need merely 
apply the general method, therefore, always regarding x and y as 
composite functions of t , and u as an auxiliary function of t. We 
find then, first, 

dt p d<j> du 

dy dy dx dt du dt 

dx dt dt df df du 

dt + du dt 


and then 


d 2 y __ d ( dy\ . dx 
dx 2 dt\dx) * dt 


or, performing the operations indicated, 

(df dfdu\fd 2 4 b c 2 (f> du gWjfoA 2 d(j>d 2 u~\ (d4> dtp <hi\ a 2 f } *1 

dhy + duFtdt du 2 \dtj ^du dt 2 J \ct cu dt)\_dt 2 J 



wie tier jlv a. Lives aa / u, a, j m } u,/ . 

Suppose, for instance, that the equation of a curve be given in 
polar coordinates p = /(w). The formulae for the rectangular coor- 
dinates of a point are then the following : 


x = p cos a;, y = p sin to. 

Let p, p" , • * • be the successive derivatives of p with respect to o>, 
considered as the independent variable. From the preceding formulae 
we find 

dec = cos oj dp — p sin oj do, 
dy = sinw dp p coso do, 
d 2 x ~ cos 03 d 2 p — 2 sin 03 do dp — p COS03 do) 2 , 
d 2 y = sin 03 d 2 p -j- 2 coso do) dp — p sino) do) 2 , 

whence 

dec 2 + dy~ — dp 2 + p 2 do) 2 , 
dec d 2 ?/ — dy d 2 x = 2 do) dp 2 — p do) d 2 p -f- p 2 do) 3 . 


The expression found above for the radius of curvature becomes 


E = ± 


(p 2 +p ,2 > 3 

P 2 + 2 p ri — pp" 


35. Transformations of plane curves. Let us suppose that to every 
point m of a plane we make another point M of the same plane cor- 
respond by some known construction. If we denote the coordinates 
of the point m by (x> y) and those of M by (X, Y) } there will exist, 
in general, two relations between these coordinates of the form 

(23) X =f(x, y), Y = (x, y). 

These formulae define a point transformation of which numerous 
examples arise in G-eometry, such as projective transformations, the 
transformation of reciprocal radii, etc. When the point m describes 
a curve c } the corresponding point M describes another curve C, whose 
properties may be deduced from those of the curve c and from the 
nature of the transformation employed. Let y ", • • • be the suc- 
cessive derivatives of y with respect to x : and Y\ Y", • • • the succes- 
sive derivatives of Y with respect to X. To study the curve C it 
is necessary to be able to express Y ! , Y ", • • • in terms of x , y : y\ 
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and so forth. It is seen that Y' depends only on x, y, ?/. Hence, 
if tiie transformation (2.3) be applied to two curves c, c\ which are 
tangent at the point (x, y), the transformed curves C, C 1 will also 
be tangent at the corresponding point ( X , Y). This remark enables 
us to replace the curve o by any other curve which is tangent to it 
in questions which involve only the tangent to the transformed 
curve C. 

Let us consider, for example, the transformation defined by the 
formulae 




h 2 x 

-r 


Y = 


h*y 

a* + y 2 ’ 


which is the transformation of reciprocal radii, or inversion , with 
the origin as pole. Let m be a point of a curve c and M the cor- 
responding point of the curve C. In 
order to find the tangent to this curve 
C we need only apply the result of 
ordinary Geometry, that an inversion 
carries a straight line into a circle 
through the pole. 

Let us replace the curve c by its 
tangent mt. The inverse of mt is a 
circle through the two points M and 0, 
whose center lies on the perpendicular 

Ot let fall from the origin upon mt The tangent MT to this circle 
is perpendicular to AM, and the angles Mmt and mMT are equal, 



to the curve c at this point. The tonnuise which clehne the trans- 
formation are then of the form 


(24) X =f(x, y, y'), Y = <f> (x, y, y ') ; 

and the slope Y' of the tangent to the transformed curve is given 
by the formula 

d _± + d A v < + d Jk v „ 

dx 

** ar+£f ,.+££/ 

dx dy ^ dy 1 ** 


In general, Y' depends on the four variables x, y, y\ y" ; and if we 
apply the transformation (24) to two curves c, o' which are tangent 
at a point (x, y), the transformed curves C, C l will have a point 
(X Y) in common, but they will not be tangent, in general, unless 
y u happens to have the same value for each of the curves c and c 
In order that the two curves C and C" should always be tangent, it 
is necessary and sufficient that Y 1 should not depend on y"\ that is, 
that the two functions fix, y, y[ ) and <j> (x, y, y 1 ) should satisfy the 
condition 

V 

dy 1 


d d> d 
te + Jy y 


= H( M. 


,9f 

dy'\dx^dy V 


In case this condition is satisfied, the transformation is called a 
contact transformation. It is clear that a point transformation is a 
particular case of a contact transformation * 

Let us consider, for example, Legendre's transformation, in which 
the point M 3 which corresponds to a point (x, y) of a curve c, is given 
by the equations 

X = ?/', Y^xf-y) 


from which we find 

Y’ 


dY x y ,f 

dX ~~ ~y" 




which shows that the transformation is a contact transformation. 
In like manner we find 


Y u = 


dr 

dX 

dY" 


dX 


dx ^ 1 
y n dx y n 

yW 


ana so lortli. brom the preceding iormulse it tollows that 

z = F', y = X Y'-Y, y' = X, 

which shows that the transformation is involutory.* All these prop- 
erties are explained by the remark that the point whose coordinates 
are X = y\ Y = xy* — y is the pole of the tangent to the curve c at 
the point (x, y) with respect to the parabola x 2 — 2 y = 0. But, in 
general, if M denote the pole of the tangent at m to a curve c with 
respect to a directing conic 2, then the locus of the point M is a 
curve C whose tangent at M is precisely the polar of the point m 
with respect to 2. The relation between the two curves c and C is 
therefore a reciprocal one ; and, further, if we replace the curve c by 
another curve o', tangent to c at the point m, the reciprocal curve C 1 
will be tangent to the curve C at the point M. 

Pedal carves. If, from a fixed point O in the plane of a curve c, a perpen- 
dicular OM be let fall upon the tangent to the curve at the point m, the locus of 
the foot M of this perpendicular is a curve ( 7 , which is called the pedal of the 
given curve . It would be easy to obtain, by a direct calculation, the coordinates 
of the point M, and to show that the trans- 
formation thus defined is a contact transfor- 
mation, but it is simpler to proceed as follows. 

Let us consider a circle 7 of radius B, de- 
scribed about the point Oas center; and let mi 
be a point on OM such that Om\ x OM — B 2 . 

The point mi is the pole of the tangent mt 
with respect to the circle ; and hence the 
transformation which carries c into C is the 
result of a transformation of reciprocal po- 
lars, followed by an inversion. When the 
point m describes the curve c, the point mi , 
the pole of mt, describes a curve Ci tangent Fig. 6 

to the polar of the point m with respect to 

the circle 7, that is, tangent to the straight line mitu a perpendicular let fall 
from mi upon Om. The tangent MT to the curve G and the tangent mjA to the 
curve Ci make equal angles with the radius vector Om,\M. Hence, if we draw 
the normal MA , the angles AMO and AOM are equal, since they are the comple- 
ments of equal angles, and the point A is the middle, point of the line Om. It 
follows that the normal to the pedal is found by joining the point M to the center 
of the line Om. 

37 . Projective transformations. Every function y which satisfies the equation 
0," — n 4c. o iiiiAn-r -fivnn+irtn nf ^ anri r>nnvprsplv “Rnt. if we subiect x and y to 



■become cPY/dX 2 = 0. In order to verify tliis we will first remark that the 
general projective transformation may be resolved into a sequence of particular 
transformations of simple form. If the two coefficients a " and b" are not both 
zero, we will set Xi = a" X + b" Y + c" ; and since we cannot have at the same 
time a b" — ba" = 0 and a' b" — b' a" = 0, we will also set Y\ = a' X + b' Y+ c 
on the supposition that a'b" — b' a" is not zero. The preceding formulae may 
then be written, replacing X and Y by their values in terms of Xi and Yi, in 
the form 



x = 


ax i + jsri + 7 _ „ , a Ti 

_ -a + p- 


7 


It follows that the general projective transformation can be reduced to a 
succession of integral transformations of the form 

x = aX + bY + c, y = a'X -f b' Y + c', 

combined with the particular transformation 


Y 

y = x 


Performing this latter transformation, we find 
dy -1 


and 


y= Tx =■ 


dy' 


X 2 


X 2 


= Y-XY\ 


y"z=:^L = - XY"{- X 2 ) = X3 Y". 
dx 


Likewise, performing an integral projective transformation, we have 

,_dy__ a' + V Y' 
y dx a + bY' 7 

(ab'-ba')Y" 
dx (a + bY')* 

In each case the equation y" = 0 goes over into Y" = 0 . 

We shall now consider functions of several independent variables, and, for 
definiteness, we shall give the argument for a function of two variables. 


38. Problem III. Let w y) be a function of the two independ- 

ent variables x and y, and let u and v be two new variables connected 
with the old ones by the relations 

x = v), y = { j,( U} v). 

It is required to express the partial derivatives of o> with respect to the 
variables x and y in terms of u } v, and the partial derivatives of w with 


whence we may find d<a/dx and do)/dy\ for, if the determinant 
£>(<£, i j/)/D(u, v) vanished, the change of variables performed 
would have no meaning. Hence we obtain the equations 


( 25 ) 


r do> 

3 

3 

dx ” 

A -r- + B — 
du cv 

1 

do) do) 

l dy ~ 

c h + d Tv 


where A, B, C, I) are determinate functions of u and v ; and these 
formulae solve the problem for derivatives of the first order. They 
show that the derivative of a function with respect to x is the sum of 
the two products formed by multiplying the two derivatives with respect 
to u and v by A and B , respectively . The derivative with respect to 
y is obtained in like manner, using C and D instead of A and B, 
respectively. In order to calculate the second derivatives we need 
only apply to the first derivatives the rule expressed by the preced- 
ing formulae ; doing so, we find 


d 2 o) d /5o>\ ^ / So) 

dx 2 dx\Bx/ dx\ du dvj 


= A 



do) 

du 





daA 

dv) 


or, performing the operations indicated, 


dfo> 

dx 2 


A A 


d 2 a, 
du 2 


+ B A 


du do 


d 2 o) dA do) dB d_o\ 

B du dv du du da do / 

d 2 o) d A d o) dB do)\ . 

^ B dv 2 dv du dv dv / 7 


and we could find d 2 o) /dx dy , d 2 w jdy 2 and the following derivatives 
in like manner. In all differentiations which are to be carried out 
we need only replace the operations d/dx and d /dy by the operations 


d d 
A \- B 


d d 


Example I. Let us consider the equation 


(20) 


C' 2 CO , nT , d 2 ™ n 

a ^ 4-2 6 - — - — f- c — — = 0, 
cx~ ox cy dy 2 


where the coefficients a, 6, c are constants; and let us try to reduce this equa- 
tion to as simple a form as possible. We observe first that if a = c = 0, it would, 
be superfluous to try to simplify the equation. We may then suppose that c, 
for example, does not vanish. Let us take two new independent variables u 
and v, defined by the equations 

u — x + ay, v = x + py, 
where a. and j8 are constants. Then we have 


d to 
ox 

doj 

dy 


dtu d to 

du 8V 

dto dco 

— <x — — b P T~9 
du dv 


and hence, in this case, A = E = 1, C = a, D — p. The general formulae then 
give 

c 2 co - _j_ 2 

dx 2 da 2 dit du du 2 5 


C 2 t0 

dx dy 

d 2 to 

cy 2 


= a^ + (* + j3)f^+jS^, 

du 2 cu cv civ 2 


l d 2 £0 
'du 2 


+ 2 ap 


du du 


-bp 2 


dv 2 


and the given equation becomes 


(a 4- 2 5 cr 4- ca 2 ) 4- 2 [a 4- 6 (<x 4- /3) 4- cct/3] 7 b (u 4- 2&jS 4' cp 2 ) : 

du 2 ou dv dv 2 


It remains to distinguish several cases. 


I^rs£ case. Let 6 2 — ac > 0. Taking for or and p the two roots of the equation 
a 4- 2 hr 4- cr 2 = 0, the given equation takes the simple form 



du 5v 


Since this may be written 


_d/d_co\ __ 
5v\du / 


0 , 


we see that dw/du must be a function of the single variable, u, say/(w). Let 
jP(w) denote a function of u such that F'(u) =f(u). Then, since the derivative 
of to — F(u) with respect to u is zero, this difference must be independent of u , 
and, accordingly, to = F{u) 4- $(u). The converse is apparent. Returning to 
the variables x and y, it follows that all the functions to which satisfy the equation 
n.TR nf the form 



which occurs in the theory of the stretched string, is 
«=/(* + ay) q- 4> (x - ay). 


Second case. Let b 2 — ac = 0. Taking a equal to the double root of the equa- 
tion a 4- 2 frr 4- cr 2 = 0, and (3 some other number, the coefficient of c 2 to/ducv 
becomes zero, for it is equal to a + ba + /3 (& q- ca). Hence the given equation 
reduces to d 2 w/fu 2 = 0. It is evident that cu must be a linear function of v, 
to — vf(u) -f 0 (it), where f(u) and </> (u) are arbitrary functions. Returning to 
the variables x and y, the expression for w becomes 


w = (x 4- py)f(x + ay) 4- 0(x 4- ay), 
which may be written 

« = [« + ay + (j8 - a)y] /(x + ay) + + ay), 

or, finally, 

w = yJ\x + ay) + + ay). 


T/iird case. If b 2 — ac< 0, the preceding transformation cannot be applied 
without the introduction of imaginary variables. The quantities a and (3 may 
then be determined by the equations 


which give 


a + 2& a+ ca 2 = a-{-2&/3 + ci 3 2 , 
a 4- b (a 4- (3) 4- c a ft ~ 0, 


a 4- p — ■ 


2 b 


a(3 = 


2b 2 — ac 
c 2 


The equation of the second degree, 


9 , 2 6 , 2b 2 - ac 

r 2 q r 4- — = 0, 

c c 2 


whose roots are a and /3, has, in fact, real roots, 
becomes 


Aw = 


d 2 w 
cht 2 



The given equation then 


This equation Aw = 0, which is known as Laplace's Equation , is of fundamental 
importance in many branches of mathematics and mathematical physics. 


Example II. Let us see what form the preceding equation assumes when we 
set x = p cos <£, y = p sin <f>. Tor the first derivatives we find 


- r.: Hllh/J I' 

('ll <t> 


Hence 


C W 


d / f>« Kin 0 f«A Kin*/* ' / 

= cos </■>--( cos </> •_ — , . 1 ' . ( 

dp V fy P rf /v /' f ' *' 

9 2 w Kin- </> r 2 w 2 sin f/H'usr/» r'* ! (o 


f ! ~ w ^ r-w 
fx- v\p 


f'-W ^ I *"W 
f /*- /r i p' 


1 » «<> 
/• * c 


") 


.111 V ' -V ’ 

: COS‘^^ + V, ’ * 

dp 2 p z ff/i* /> 1 1 1 f /' 

and fclie expression for iPw/diP in ainilo^ms to lids. Adlu; : ih«- 


39. Another method. The preceding method is tin* iuh * pi; 
when the function wlmsc partial derivat ivi*:i an* m-ic/m ; md. 
But in certain cases it is more advantngctHi:; t»» u th»- i*d! 
method. 

Let z ~f(xj ?/) he a function of the. two inrl**] »«*n* l»-n 1 \.u ;.t 
and y. If x , y , and are supposed expressed in trnu:; id t »v 
iliary variables u and v>, tlie total differentials i/.i\ »///, ./•. . .if £ 
relation 


fty ; i *J / 

■ tLr d- ■. thj s 
(hr. n/ * - 


which is equivalent to the two distinct equations 


(h _ d/d,/ 1 j d/ r // 
du du T r // r f t 


* — | h/dy 

d/; ‘do ('ij ( r 

whence 3/ /& and 0//3;/ may lie found as fund inns ,.f 
9s/3«, as in the preceding method, lint to find tin- mo-. 
derivatives we will continue to apply the .same rule. Thu-.. 
d*f/dx 2 and d 2 f/dxd,j, we start with the. identity 


which is 




r\r 

f 'X ( if 


<?!/, 


equivalent to the two equations 


. n-.M 



< . an ■*. 
t\ thr 


t \ t ** % 

mini:' 
to iiud 


where it is supposed that df/dx has been replaced by its value cal- 
culated above. Likewise, we should find the values of d-f jox dy and 
Wfl'O'f by starting with tlic identity 


M 

py 


Vf 7 , o\f 

~ dx + — dy. 
ox dy Oif J 


The work may be checked by the fact that the two values of 
d 2 f/dxdy found must agree. Derivatives of higher order may be 
calculated in like manner. 


Application to surfaces. The preceding method is used in the study 
of surfaces. Suppose that the coordinates of a point of a surface 6" 
are given as functions of two variable parameters u and v by means 
of the formulae • 

(27) x = f(tc, v), y = <j> («, v), x = f (u, v). 

The equation of the surface may be found by eliminating the vari- 
ables u and v between the three equations (27); but we may also 
study the properties of the surface $ directly from these equations 
themselves, without carrying out the elimination, which might be 
practically impossible. It should be noticed that the three Jacobians 

Mil, £($i ») , D (f> *) 

D (u, v) D (w, v) D (it, v) 

cannot all vanish identically, for then the elimination of u and v 
would lead to two distinct relations between x , y, », and the point 
whose coordinates are (sc, y, z) would map out a curve, and not a sur- 
face. Let us suppose, for definiteness, that the first of these does not 
vanish : D(/ ; cj>) /D{% v) =£ 0. Then the first two of equations (27) 
may be solved for u and v, and the substitution of these values in the 
third would give the equation of the surface in the form z = F(x, y). 
In order to study this surface in the neighborhood of a point we need 
to know the partial derivatives p, q, r, s , t, • • • of this function F (sc, y) 
in terms of the parameters u and v. The first derivatives p and q 
are given by the equation 

dz = p dx + q dy, 

-ixrli i r>li i o anni iro 1 on f: flio f.Ttrrv onn n +1 mi c 


and doing so we find the equation 


(29) 


(X-x) 


■£>(?/, 0 

D (u, v) 


+ (r- y) 


iHh ») 

D (vij v) 


+ (Z- 


D(x, ?/) _ 
'' V(u,v) 


The equations (28) have a geometrical meaning which is easily 
remembered. They express the fact that the tangent plane to the 
surface contains the tangents to those two curves on the surface which 
are obtained by keeping v constant while u varies, and vice versa* 

> Having found p and y, p =/i (a, v), q =fz(u, v ), we may proceed 
to find r, s , t by means of the equations 


dp = r dx + s dy, 


dq — sdx -\-t dy, 

each of which is equivalent to two equations ; and so forth. 


40. Problem IV. To every relation between x, y , z there corresponds 
by means of the equations 

(30) x =/(m, v, to), y = 0 {u, v, w), z = \p(tc, v, to), 

a neio relation between u, v , w> It is required to express the partial 
derivatives of z with respect to the variables x and y in terms of u, v, to, 
and the partial derivatives ofw with respect to the variables u and v. 

This problem can be made to depend upon the preceding. Tor, 
if we suppose that w has been replaced in the formulae (30) by a 
function of n and v, we have x f y , z expressed as functions of the 


* The equation of the tangent plane may also he found directly. Every curve on 
the surface is defined by a relation between u and v, say v = II (ic ) ; and the equations 
of the tangent to this curve are 


X — x 


df , d,t 
t + — n'(?f) 
3u cv 


y-y 


cu cv du cv 


The elimination of II' (w) leads to the equation (29) of the tangent plane. 


^ u xui luouaiiuu, ww nave tii (3 two equations 

d Ji + ty. d ja. = v ( d J , 8fdw\ , r fH , H £«A 

Sm gw gii 1 \dii + 8w du/ + q + diu 3u ) ’ 

£^£w_ /g/ £/£w\ /gj> d<f>dw\ 

do div dv ^ \do div dv J dv div dv) 

The succeeding derivatives may be calculated in a similar manner. 

In geometrical language the above problem may be stated as fol- 
lows : To every point m of space, whose coordinates are (x, y , ?j), 
there corresponds, by a given construction, another point M , whose 
coordinates are X, Y, Z. When the point m maps out a surface S y 
the point M maps out another surface 2, whose properties it is pro- 
posed to deduce from those of the given surface S. 

The formula} which define the transformation are of the form 

x = /(»> V> »), Y = £ (aj, y, *), Z = ^ (cb, y, «). 

Let 

* = F(x } y), Z = <I>(X, Y) 

be the equations of the two surfaces 5 and 2, respectively. The 
problem is to express the partial derivatives P , Q, I?, £, F, • * • of the 
function <£(A r , F) in terms of x, y, z and the partial derivatives 
p, q, r, s, t, • • • of the function F(x f y). But this is precisely the 
above problem, except for the notation. 

The first derivatives P and Q depend only on x, ?/, z } p, q\ and 
hence the transformation carries tangent surfaces into tangent sur- 
faces. But this is not the most general transformation which enjoys 
this property, as we shall see in the following example. 

41. Legendre’s transformation. Let z =/( x, y) be the equation of 
a surface S, and let any point m (x, y, z) of this surface be carried 
into a point M, whose coordinates are X , F, F, by the transformation 

Y~q , Z —px Ar qy — z. 

Let Z = (X, F) be the equation of the surface 2 described by the 

point M. If we imagine z, p, q replaced by/, df /dx, df fdy, respec- 
tively, we have the three coordinates of the point M expressed as 
functions of the two independent variables x and y. 


dZ = PdX + Q d F 

becomes 

p dx q dy x dp + y dq — dz — P dp + Q dq, 
or 

x dp + y dq = P dp + Q dq . 

Let us suppose that p and for the surface 5, are not functions of each 
other, in which case there exists no identity of the form A dp + ju. dq = 0, 
unless A = /x = 0. Then, from the preceding equation, it follows that 

P — x, Q = y. 

In order to find R, S, T we may start with the analogous relations 

dP = R dX + S dYj 
dQ — SdX+ TdY , 

which, when X, F, P, Q are replaced by their values, become 

dx = P (?■ -f- s dy) + S ( s dx + t dy ) , 

r/y = S (r dx 4- 5 dy) + F(s cfo + £ ; 

whence 

22r + Ss = 1, 22 s + S* = 0, 

Sr + Ts = 0, Ss + Tt = 1, 

and consequently 

£ — S T 

R = ~ V S ~ v T=~ 5 . 

rt — s 2 rt — s A rt — s 2 

From the preceding formulas we find, conversely, 

X = P, v — Q, Z = PX + QY — Z, p = A", ^ — Y, 

T _ - S 22 

r ~ur-i> 2 ’ s ~ht-s 2 ’ f ~ itr-s 2 ’ 

which proves that the transformation is involutory. Moreover, it 
is a contact transformation, since X, F, Z, P, Q depend only on sr, 
y, g, 2h P These properties become self-explanatory, if we notice 
that the formulas define a transformation of reciprocal polars with 
respect to the paraboloid 

x 2 y 2 — 2 z = Q. 

Note. The expressions for R, S , T become infinite, if the relation 
rt — s 2 = 0 holds at every point of the surface S . In this case the 



and likewise 


”(-Y, gj 

y;(*, y) 


D(p, px + gy—z) 
D (x, y) 


— y(rt — s 2 ) = o. 


This is precisely the case which we had not considered. 


42. Ampere’s transformation. Retaining the notation of the preceding article, 
let us consider the transformation 


The relation 

becomes 

or 

Hence 

and conversely we 


X = x, Y - q, Z-qy- z. 
dZ = PdX + QdY 
qdy + y dq — dz = Pdx -j- Q dq , 
y dq - pdx = Pdx -f Q dq. 

p = - p, Q = v; 

find 


x = AT, 

It follows that this 
The relation 


V-Q, z=QY-Z, p=-P, q = Y. 
transformation also is an involutory contact transformation. 
dP = RdX + SdY 


next becomes 
that is, 
whence 


- rdx - sdy = Rdx + S(sdx + tdy ) ; 
R + Ss = — r, St — — 


Starting with the relation dQ = SdX Y TdY, we find, in like manner, 



As an application of these formulae, let us try to find all the functions /(x, y) 
which satisfy the equation rt — s 2 = 0. Let S be the surface represented by tiie 
equation z = /(x, y), 2 the transformed surface, and Z = 4>(2T, T) the equation 
of 2. Trom the formulae for R it is clear that we must have 


and # must be a linear function of X : 

Z~X<t>{Y)+t{Y), 

where <£ and ^ are arbitrary functions of Y. It follows that 



The equation of the surface may be obtained by eliminating X and X ; or, what 
amounts to the same thing, by eliminating a between the equations 

z ~ ay — x <p (a) — \j/ (a), 

0= y - x <p'(a) - 

The first of these equations represents a moving plane which depends upon the 
parameter or, while the second is found by differentiating the first with respect 
to this parameter. The surfaces defined by the two equations are the so-called 
developable surfaces , which we shall study later. 


43. The potential equation in curvilinear coordinates. The calculation to which 
a change of variable leads may be simplified in very many cases by various 
devices. Wq shall take as an example the potential equation in orthogonal 
curvilinear coordinates.* Let 

F (x, y, z) = p, 

F ± {x,y,z)=p u 

F 2 (x, y , z) = p 2 , 

be the equations of three families of surfaces which form a triply orthogonal 
system, such that any two surfaces belonging to two different families intersect 
at right angles. Solving these equations for x, y, z as functions of the parame- 
ters p, pi, P 2 j we obtain equations of the form 

= 0 (p> Pi? P2>, 
y = 0i (p) pij P 2 )> 

z = 02 (p 5 Pi) P 2 ); 


and we may take p, pi, p 2 as a system of orthogonal curvilinear coordinates. 

Since the three given surfaces are orthogonal, the tangents to their curves of 
intersection must form a trirectangular trihedron. It follows that the equations 


(32) 


nr90 00 _ n 
^ d P dpi 1 


nB±S^ = 
U dpi dpi 


n 00 00 _ n 

” dp 0p 2 ’ 


must be satisfied where the symbol $ indicates that we are to replace <j> by <f>i, 
then by <p 2 , and add. These conditions for orthogonalism may be written in the 
following form, which is equivalent to the above : 


(33) 


( dp 0pi dp dpi dp dpi = Q 

0x 0x dy dy dz dz ’ 

dp 0ps j __ q dpi 0 P 2 

dz dx ’ ex dx 


Lame, TraiM lies coorcloune'es curviliynes. See also Bertrand, Traite de Calcul 


assumes in llie variables p, pi, p 2 . Pirst of all, we find 


dV ___ dV dp ^ _ dV dpi d V 0p 2 
dx dp dx dpi ox c;p 2 dx 


and then 


dp 1 \cx / 
d*V fdpi\ 2 


dpi \(X 


d 2 V dp 2 y 


dpi \dx 


1 

2 

d 2 V 

dp 

dpi 

_i_ 

dV 

d 2 p 

"T 


dp dpi 

dx 

dx 

i 

dp 

dx 2 

_1_ 

2 

5 2 V 

dpi 

dP2 

_L 

dV 

02 Pi 

“T 


dpi dp2 

dx 

dx 

i 

dpi 

Bx* 

1 

2 

d 2 V 

dp 

d p2 

1 

cV 

0 2 P2 

~r 


dp dp2 

dx 

dx 


dp2 

0K 2 


Adding the three analogous equations, the terms containing derivatives of the 
second order like d 2 V /dpdpi fall out, by reason of the relations (33), and we have 


d*v d 2 v d 2 v 
dx 1 * dy 2 dz 2 




' r/ 0p 2 v ' dpi v dpi 

, A , , ar , A , . 0 F , . , , sf 

H- A 2 (p) — b A 2 (pi) b A 2 (p 2 ) — J 

dp dpi dp 2 


where Ai and A 2 denote Lam&s differential parameters : 

. , « _ /vy + /V\ 2 , /w *. / * _ 


ay + a 2 / ay 

0£ 2 ’ 07/ 2 02 2 


The differential parameters of the first order Ai (p), Ai (p 1 ), Ai (p 2 ) are easily 
calculated. Prom the equations (31) we have 


00 0p ^ 00 0pi 00 dp 2 __ 

dp dx dpi dx dp 2 dx 


001 dp 001 0pi _J_ 001 dp2 _ ^ 

dp dx dpi dx 0p 2 0£ 

002 0p 002 0P1 0 02 0 P2 __ q . 

dp dx dpi dx dp 2 dx 


whence, multiplying by — > respectively, and adding, we find 

dp dp dp 


0 0 

dp 

00Y 2 , /00A 2 




Then, calculating dp/dy and dp/dz in like manner, it is easy to see that 


~ ^ + 


0p\ 2 , zpy 


dz j ( 00\ 2 / 00i\ 2 , / 002 \ 2 



\ v t J / 


vw 


\ V H 2/ 


■where the symbol $ indicates, as before, that we are to replace <j> by 0 X , then 
by 0 2 , and add. Then the preceding equation and the two analogous equations 
may be written 


4.W = i. 4W = i. 


Al (P2) = 


Lamd obtained the expressions for A 2 (p), A 2 (pi), A 2 (p 2 ) as functions of p, Pll 
p 2 by a rather long calculation, wliich we may condense in the following form. 
In the identity (34) 


H2F 1327 l^F^. ,.aF, A , . . N 0F 

A * V -HW- + K 1 ti[ + M!ti + As(p) V + As(pi) + A ° (p2 > 3~’ 


let us set successively F = x, F = ?/, F = 2 . This gives the three equations 


1 o 2 0 1 0 2 0 1 0 2 0 00 0^ 00 

77 tv + 7T tt + 7F TT + Aa ( P ) v - + M/h) — + A 2 (p 2 ) — = 0, 

if 0p2 d Pl Jd 2 dpi dp dpi 0p 2 


_1 d 2< fti I JL d2<f>1 _L JL 52 . A / >1 , A / \ 5 , A / N d<t>i 

H dp 2 + ^T! 0pf + Jf 2 0p 2 + ^ +A 2 (p 2 )~ 


1 g2< ^ 2 J_ 1 g2 02 i * 3 2 0 2 , A / % 302 , . , n 3 02 , A / v 302 

5V fiiV Mp) ~ 2(pi) ~ + Mp2> — = °> 


wliioli we need only solve for A 2 (/>), A 2 (p 3 ), Aa(p 2 ). For instance, multiplying 
by 3<p / dp, dipi/Bp, 8<pz/dp, respectively, and adding, we find 


a 2 {p)h + 1 S— — + — S—~ + ~ 

dp dpV^O dp dp\ + IT 2 U dp dpi ~°* 


Moreover, we have 


ry 50 5 2 0 _ 1 dH 

& V 


and differentiating the first of equations (32) with respect to p 3 , we find 


i d<p d 2 0 


ry 30 0 2 0 

3pi 3p 0pi 


In like manner we have 


ry 0 0 0 2 0 
^ 3p 0p| 


and consequently 


i a r / tt \ i 


u = 


h* 


TL = ■ 




//a 




this formula becomes 


anti in like manner we find 


a 2 (p) = a-'- ? /log j ~) ; 

C'p \ /il h 2/ 




Hence the formula (34) finally becomes 


(35) 


8*7 8*7 2*7 

£x 2 + + 8** 


+ Af 

+ A| 


L «/>• 

C' : 


5 2 F 

r>n 2 dp 


. /i \ ay" 

loff — 

W C> _ 


!^ + A( log AVZl 

c^I dpi \ h h 2 1 dpi _ 

( } 0 S l!±)?Z~ 
\ * h hi J cpz _ 


e®_F _d_ 
L C>! ? P2 


or, in condensed form, 


A 2 V~ — h h\1i2 


iV— — ) + — ^ 4- — ^ — ^1. 


fif 

_?P V 


/il /io dp ) dpi \Jlh 2 dpi/ dp 2 \h h 


) + ±(l i <ny ' 
/ cp2 \hhi dpi) J 


Let us apply this formula to polar coordinates. The formulse of transforma- 
tion are 

x = p sin<9cos0, y = p sin 0 sin <p, z = p cos#, 

where 0 and 0 replace pi and p 2 , and the coefficients /i, hi, J 12 have the following 
values : 

h = 1, hi = -i /i2 = — t — ~ • 

p p sin 6 

Plence the general formula becomes 
A 2 F 


« U,n, !Z) + » ('„„»?) + i f-L 2)1 ; 

p 2 sin0Ldp\ 8p / 8^ \ 06/, d(f> \siii 0 d(f> / 


or, expanding, 


c 2 F 1 d 2 F 1 8 2 F 2 8F , cot Q d V 

Ao F — 1 1 4 r • 

L S>,„2 n 2 , n ’ " " ~ 


e>p 2 p 2 £0 2 p 2 sin 2 0 0<£ 2 p 8p 


dd 


which is susceptible of direct verification. 


EXERCISES 

1. Setting u - x 2 + y 2 + £ 2 , v = x + y + z, w = xy -f yz + zx, the functional 


Derive the equation 

D(uu U 2 , • • •, 2 in) 1 

D(x i,®2, •"»»») (l — xf — xi x£) 1+ i 

3. Using tlie notation 

x 1 = cos <£i, 

x 2 = sin 0i cos 02 ? 

jc 3 = sin 0i sin 02 cos0 s , 



x n = sin 0i sin 02 • • • sin 0,*- 1 cos 0 rt , 

show that 

Ufci> __ i)» sin 71 0i sin n-1 02 sin 71- 2 0 3 • • • sin 2 0 n _i sin0 ft . 

U(01, 02} • • *} 0n) 

4. Prove directly that the function z~ F(x, y) defined hy the two equations 

z = ax 4* yf{cc) + 0(<*) ? 

0 = x + y/'(a) H- 0 / (<*) > 

where a is an auxiliary variable, satisfies the equation ri - s 2 = 0, where /(or) 
and 0 (cr) are arbitrary functions. 

5. Show in like manner that any implicit function z =F(x, y) defined by 
an equation of the form 

y = : &0(z) + 0(z), 

where <p (2) and 0 (z) are arbitrary functions, satisfies the equation 
rq 2 — 2pqs + tp 2 = 0. 

6. Prove that the function z = F(x, y) defined by the two equations 

z0'(n) = [2/-0 (a)] 2 , (x + a) 0 / (n) = y - 0 (a), 

where a: is an auxiliary variable and 0 (n) an arbitrary function, satisfies the 
equation pq — z. 

7. Prove that the function & = jP(x, ?/) defined by the two equations 

[2-0 («)] 2 = x 2 (t /2 - a 2 ), [2-0 (a)] 0'(a) = ax 2 

satisfies in like manner the equation pq = xy. 

8*. Lagrange’s formula. Let y be an implicit function of the two variables 
x and nr, defined by the relation y = a -f x<p(y); and let u = /(y) be any func- 
tion of y whatever. Show that, in general, 


Note. Tlio proof is based upon the two formulae 


_r> 

0ur 


L & J 


0u . , cm 
-- = 0(y — i 
c»x c>o: 


where u is any function of y wliatevcr, and l? 1 (it) is an arbitrary function of it. 
It is shown that if the formula holds for any value of ?i, it must hold for the 
value n -f- 1 . 

Setting x = 0, y reduces to a and it to /(a); and the nth derivative of u with 
respect to x becomes 

(Sr) o = £[ 0{a)n/ ' (a) ]- 


9. If x =/(«, u), y = (f) (it, v) are two functions which satisfy the equations 

0/ = __<?0 

c it cv 5v cu 


show that the following equation is satisfied identically : 

+ £T = [*L + w\ r (sf\\ /RAH . 

c iC 1 cv' 1 \ ex 2 0y 2 ) [__ \oit / \0u / 


10. If the function V ( x , y, z) satisfies the equation 

£?2T7* 02 y 02 y 

A 2 F= — + — + — =0, 
5x 2 tV cz 2 


show that the function 


-v(lc 2 ~, W~, k?-) 
r y r 2 r 2 r 2 / 


satisfies the same equation, where Jc is a constant and r 2 = x 2 -f y 2 4- z 2 . 

[Lord Kelvin.] 

11. If F (a;, y , 2 :) and Fi(x, y, 2 ) are two solutions of the equation A 2 F = 0, 
show that tlie function 

U=V(x , y, 2) + (x 2 + y 2 + z 2 ) F x (x, y, z) 
satisfies the equation 

A 3 A 2 t/=0. 


12. What form does the equation 

(x - x 8 ) y" + (1 - 3 x 2 ) y' - xy = 0 
assume when we make the transformation x = vl — £ 2 ? 

13. What form does the equation 

/■2 ^ 

— + 2xy 2 — + 2(y - y 3 ) — + x 2 y 2 z = 0 
cx 2 0x 0y 



me IUnCLIon (p gutis uver nn-u wi mv, 

\f/ (&1 5 Xg, * * • J CCflf Ph V ~ 3 * 5 i^w) • 

Derive the formulae : 

dp dp __ dp 

dpk 5 ciCjb a* 

15. Let be the point of intersection of a fixed plane P with the normal MN 
erected at any point if of a given surface S . Lay off on the perpendicular to the 
plane P at the point N a length Nm = NM. Find the tangent plane to the 
surface described by the point m, as if describes the surface S. 

The preceding transformation is a contact transformation. Study the inverse 
transformation. 

16. Starting from each point of a given surface S, lay off on the normal to 
the surface a constant length l Find the tangent plane to the surface 2 (the 
parallel surface) which is the locus of the end points. 

Solve the analogous problem for a plane curve. 

17*. Given a surface S and a fixed point 0 ; join the point 0 to any point if of 
the surface S, and pass a plane OMN through OM and the normal MN to the 
surface S at the point if. In this plane OMN draw through the point 0 a per- 
pendicular to the line OM , and lay off on it a length OP = OM. The point P 
describes a surface 2, which is called the apsidal surface to the given surface S. 
Find the taugent plane to this surface. 

The transformation is a contact transformation, and the relation between the 
surfaces S and 2 is a reciprocal one. When the given surface S is an ellipsoid 
and the point 0 is its center, the surface 2 is Fresnel’s wave surface. 


18*. Halphen’s differential invariants. Show that the differential equation 


9 



— 45 


d 2 y d z y d*y 4Q /Py\ 
dx' 2 c lx* dx* \dx 3 ) 


3 

= 0 ' 


remains unchanged when the variables x , y , z undergo any projective transfor- 
mation (§ 37). 


19. If in the expression P dx 4- Q dy 4- R dz , where P, Q, R are any functions 
of x } y } 2 , we set 

x =f(u , v,w), y — 4> (u, v, w) , z = ip (a, v, w ) , 
where ^t } v i w are new variables, it goes over into an expression of the form 
Pi da -j- Qidv -f Ridiu, 

where Pi, <Ji, Pi are functions of u, v 7 iv. Show that the following equation is 
satisfied identically: 


P (x, y, z) 


20*. Bilinear covariants. Let 0 t / be a linear differential form: 

O f / = X\ dx\ + X 2 dx 2 -f- ■ • • + X n dXn , 


where X u X 2 , • • •, X n are functions of the n variables x X) tc 2 , - 
consider the expression 


• , x n . Let U£ 


II = 22 OtiJc dXi SXfc , 

i=i r=i 


where 


a ik = 


dXi dX k 


dx k 


CXi 


and where there are two systems of differentials, d and 5. If we make any 
transformation 

Xi = 4>i(yi, 2/a, • • •, Vn), (i = 1, 2, • • *, ft), 


the expression 0c/ goes over into an expression of the same form 
Q'a — Y\dij\ 4- • • • + Y n dy n , 

where Ft, F 2 , ■ • ♦, Y n are functions of y Xl y 2 , • • •, y n - Let us also set 

dYi dY k 


ah = 


dVk ZVi 


and 


S' = X X a ' ikdy ' 5yk . 

i k 


Show that B = B\ identically, provided that we replace dxt and 5x k , respec- 
tively, by the expressions 


^i dyi+ d JHdy 2 + ---+^dy n , 

dj/i dy t %/n 


dy i cijo 


dVn 


The expression H is called a bilinear covariant of 0 f /. 


21*. Beltrami’s differential parameters. If in a given expression of the form 
Edx 2 + 2 Fdxdy + Gdy 2 , 

where E, F, G are functions of the variables x and y, we make a transformatioi 
x-f{u,v),y = <p ( u , v), we obtain an expression of the same form: 


7 7* rhi2 9 77\ iht. rhi 4- Q 1 dn 2 . 


where Bu Fi, Gi are functions of u and v. Let 0(x, y) he any function of the 
variables z and y, and 9i (u, v) the transformed function. Then we have, iden- 
tically, 



2F— — + E 
dx dy 


m 


Gi 


*-2F 1 ^j!± + E 1 
du dv 


EG - F 2 




E 1 G 1 -F\ 


^eg-f* 


8_ 

dx 


'G 


de 


_ F **\ 

sy 


Gi 


"^EG~- 

dffi 


du 


+ 


— — F— ' 
dy dx 


- F 2 / 

Fl s Ji\ 

dv 


+ • 


^ BG - F l d V\ ^ EG — F 2 I 
1 d dv du 


^E 1 G x -F{ du \ ^B^G^Ff I ^B x G l - Fl dv \ ^B l G x - F\ 


22. Schwarzian. Setting y = (ax + b) / (cx 4 6), where x is a function of t and 
a, &, c, d are arbitrary constants, show that the relation 

xT_8 /VV_ y^_ _ 3 A/'\ 2 
a;' 2 V^/ y ' 2 \?/7 

is identically satisfied, where x \ x'% x"\ ?/', y", y'" denote the derivatives with 
respect to the variable £. 


23*. Let u and u be any two functions of the two independent variables x and y, 
and let us set 


U = 


au 4- bv -f- c 
a" u + b"v 4- c" 1 


afu 4 • 6 , v 4 c / 
a" u 4- b"v 4- c"’ 


where a, 6, c, • • •, g " are constants. Prove the formula: 


d2XTdV d 2 V dU 
dx 2 dx 6x 3 dx _ dx 2 dx dx 2 da? 

(^tj (PiT) ’ 

dx 2 dy dx 2 dy \dx dx dy dx dxdy) 

(u, v) — 

d 2 U dV d 2 V dU [ 2 /dV IP U_ __ dJJ d 2 V \ 

_ dx 2 dy dx 2 cy \ dx 0x3y cto dxdy ) 

{U, V) 

and the analogous formulae obtained by interchanging x and y , where 


(u, d) = 


dv du dv 
dx dy dy dx 1 


(IT,F)= — — 
0x dy 


dVdU 
dx dy 


CHAPTER III 


TAYLOR’S SERIES ELEMENTARY APPLICATIONS 
MAXIMA AND MINIMA 

I. TAYLOR’S SERIES WITH A REMAINDER 
TAYLOR’S SERIES 

44. Taylor’s series with a remainder. In elementary texts on the 
Calculus it is shown that, if f(x) is an integral polynomial of 
degree n } the following formula holds for all values of a and h : 

h 7? 2 li n 

(1) /(a + h) =/(a) + I /» + jfg /"(«) + • •• + 

This development stops of itself, since all the derivatives past the 
(n + l)th vanish. If we try to apply this formula to a function 
f(x) which is not a polynomial, the second member contains an 
infinite number of terms. In order to find the proper value to 
assign to this development, we will first try to find an expression 
for the difference 

7? 7i 2 h n 

/(« + h) -f(a) - j /'(*) - — 2 f"(a) 

with the hypotheses that the function /(x), together with its first n 
derivatives /'(a), /"(&), • • • , / (n) (#), is continuous when x lies in the 
interval (a, a + h ), and that f in) (x) itself possesses a derivative 
in the same interval. The numbers a and a + h being 
given, let us set 

j f(a + h) =f(a) + 1 f\a) + ~f" (a) + • • • 

I H — — /to (a) 4 — p 

where ^3 is any positive integer, and where P is a number which is 
defined by this equation itself. Let us then consider the auxiliary 



t \ 7 — 7 V* T- V 7 ^ ^ V ' 1.2 J K J 

_ (re + A — a-)" _ Q + A - aQ" 

1.2---W J k > l.'t-.-n.p • 

It is clear from equation (2), wliicli defines the number P, that 
{(C) = 0, ( a + A) = 0 ; 

and it results from the hypotheses regarding f(x) that the func- 
tion <£(cc) possesses a derivative throughout the interval (a, a + h). 
Hence, by Ilolkfs theorem, the equation y>'(ar) = 0 must have a root 
a + Oh which lies in that interval, where 0 is a positive number 
which lies between zero and unity. The value of $'(x), after some 
easy reductions, turns out to be 

<£'(*•) = fay t ~ [P - (a + h - sc)-’ + 1 / <n+ ’>(*)]• 

JL . w • * • 11 


The first factor (< % + h — cr) 7,-1 cannot vanish for any value of x 
other than a h. Hence we must have 


P = 7t»— J'+ J (1 _ $) »— 2 > + iy(» +i) ( c6 + Oh), where 0 < 0 < 1 ; 
whence, substituting this value for P in equation (2), we find 


7) 7;2 7,?i 

(3) /(« + /*)=/(«) + l f(a)+—f\a) + • • • + ~—f^(a)+R u , 


where 




We shall call this formula Taylor's scries with a remainder , and 
the last term or R u the remainder. This remainder depends upon the 
positive integer p, which we have left undetermined. In practice, 
about the only values which are ever given to p are p = ^ -j- 1 and 
p = 1. Setting p = «4- 1, we find the following expression for the 
remainder, which is due to Lagrange : 


R» = 


hr 1 


1.2. ..71(71+1) 


/(» + !)(<* +0/*); 


setting p = 1, we find 


ILL LaiCDV^ UWU fcjJOUItW. iuimuicc. JLI. WC oISSUJlUU 1U.IUU.CL Uiiai, / ' '[XJ 

is continuous when x = a, the remainder may be written in the form 


It 


n 


h n-n 


1 . 2 -..(» + 1 ) 


[ / c» + l)( a) + e]? 


where e approaches zero with h. 

Let us consider, for definiteness, Lagrange’s form. If, in the gen- 
eral formula (3), n be taken equal to 2, 3, 4, • • , successively, we 
get a succession of distinct formulae which give closer and closer 
approximations for f(a + h) for small values of h . Thus for n = 2 
we find 

f(a + A) =/(«) + \f\a) + ^/"(» + to), 


which shows that the difference 


/(* + *) -/(«)-*/'(«) 

is an infinitesimal of at least the second order with respect to A, 
provided that /" is finite near x = a,. Likewise, the difference 

h 7) 2 

/(» + A) -/(«) - i A«) - 

is an infinitesimal of the third order; and, in general, the expre' 

/(» + A ) -/(<*) - \ /'(«) ^j/ w ( a ) 


is an infinitesimal of order n 4 - 1 * But, in order to t 
idea of the approximation obtained by neglecting R 
know an upper limit of this remainder. Let us deno 
upper limit of the absolute value of f (n + l) (x) in the r 
of x = a, say in the interval (a — rj } a + y). Then we e\ 


\RJ< 


M 


n+l 


1.2... (n + 1) 


M, 


provided that | h | < rj. 


* That is, 3/ + O(^) | when \z — a |<i 7 * The expression “ tl 

defined in § 68, must he carefully distinguished from the expression ‘ ‘ 
which is used here to denote a number greater than or equal to tli 


45. Application to curves. This result may be interpreted geomet- 
rically. Suppose that we wished to study a curve C, whose equa- 
tion is y =f(x), in the neighborhood of a point A, whose abscissa 
is a. Let us consider at the same time an auxiliary curve C, whose 
equation is 


Y=f(a) + 


x — 

T 


-/'(«)+ 


(x-a) 

1.2 


/» + ••• + 


(x — «•)" 


/«(*)• 


A line cc = <z -f- /*,, parallel to the axis of y, meets these two curves 
in two points M and M\ which are near A. The difference of their 
ordinates, by the general formula, is equal to 

This difference is an infinitesimal of order not less than n + 1 ; and 
consequently, restricting ourselves to a small interval (a — rj, a -f- 77 ), 
the curve C sensibly coincides with the curve C'. By taking larger 
and larger values of n we may obtain in this way curves which 
differ less and less from the given curve C j and this gives us a 
more and more exact idea of the ajijpeavance of the curve near the 
point A. 

Let us first set n = 1. Then the curve C 1 is the tangent to the 
curve C at the point A : 

Y=f(a) + (*-«)/»; 

and the difference between the ordinates of the points M and M ] 
of the curve and its tangent, respectively, which have the same 
abscissa a + h, is 

h 2 

V - Y *= + 

Let us suppose that f u ( a ) =£ 0, which is the case in general. The 
preceding formula may be written in the form 


[/>) + «], 


un me otner nana, lr j \a) is negative, y is less than i, and tiie 
curve lies entirely below the tangent, near the point of tangency. 

If /"(«) = 0, let f {p) (it) be the first succeeding derivative which 
does not vanish for x — a. Then we have, as before, if f (p \x) is 
continuous when x = a, 


Iv 

v- ^= r ^[/ w (“) + ^]; 

and it can be shown, as above, that in a sufficiently small interval 
(a — y, a + rj) the difference y — Y has the same sign as the product 
h p f^(ci). When p is even, this difference does not change sign 
with h , and the curve lies entirely on the same side of the tangent, 
near the point of tangency. But if p be odd, the difference y — Y 
changes sign with Ji , and the curve C crosses its tangent at the 
point of tangency. In the latter case the point A is called a point 
of inflection ; it occurs, for example, if /"'(&) =£ 0. 

Let us now take n = 2. The curve C 1 is in this case a parabola : 

Y =/(«) + (x- «)/'(«) + ( ' X 1 2 > f"^’ 

whose axis is parallel to the axis of y\ and the difference of the 
ordinates is 

v ~ Y= rh 

If does not vanish, y — Y has the same sign as h z f' u (a) for 

sufficiently small values of A, and the curve C crosses the parabola 
C' at the point A. This parabola is called the osculatory parabola 
to the curve C ; for, of the parabolas of the family 

Y = mx 2 + nx + p , 

this one comes nearest to coincidence with the curve C near the 
point A (see § 213). 

46. General method of development. The formula (3) affords a 
method for the development of the infinitesimal /(a + 7i) — /(a) 
according to ascending -powers of h. But, still more generally, let 



( 4 ) 


y = + A 2 x”* H h X U P (A p + e), 

where n u n 2) • * • , n p are ascending positive numbers, not necessarily 
integers, A u A S} A p are constants different from zero, ande is 
another infinitesimal. The numbers n l} A u n 2) A 2 , • • * may be cal- 
culated successively by the following process. First of all, it is 
clear that n x is equal to the order of the infinitesimal y with 
respect to x } and that A t is equal to the limit of the ratio y / x n \ when 
x approaches zero. Next we have 


y — A t x v 1 = u x = A 2 x n * (A p + e) x"p, 

which shows that iu is equal to the order of the infinitesimal u u 
and A 2 to the limit of the ratio tq/aV A continuation of this 
process gives the succeeding terms. It is then clear that an infini- 
tesimal y does not admit of two essentially different developments of 
the form (4). If the developments have the same number of terms, 
they coincide; while if one of them has p terms and the other 
j) 4- q terms, the terms of the first occur also in the second. This 
method applies, in particular, to the development of /(a + 7i) —f(ci) 
according to powers of h ; and it is not necessary to have obtained 
the general expression for the successive derivatives of the func- 
tion f(x) in advance. On the contrary, this method furnishes 
us a practical means of calculating the values of the derivatives 
/'(«)> /"(«)> • • • • 

Examples, Let us consider the equation 

(5) F (x } y) = Ax n + By + xy 4> (x, y) + Cx n+1 -| f- Dy 2 4 = 0, 

where $ (x, y) is an integral polynomial in x and y, and where the 
terms not written down consist of two polynomials P(x) and Q{y), 
which are divisible, respectively, by x n + l and 1/. The coefficients A 
and B are each supposed to be different from zero. As x approaches 
zero there is one and only one root of the equation (5) which ap- 
proaches zero (§ 20). In order to apply Taylor’s series with a 
remainder to this root, we should have to know the successive deriv- 
atives, which could be calculated by means of the general rules. 
But we may proceed more directly by employing the preceding 
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V = 


x n 



and then divide by x", we obtain an equation of the same form : 


(«) 


V\) = A i xVl + A'/i 4- xi/i (a?, ?/ 2 ) 

+ C\a?i + ' + -.- + J) l if l + ... = 0, 


which lias only one term in y 1? namely yhq. As a? approaches zero 
the equation (G) possesses an infinitesimal root in y u and conse- 
quently the infinitesimal root of the equation (5) has the principal 
part —(/l /./j)x 7 ', as stated above. Likewise, the principal part of 
Vi is — (A 1 / 1j)x u i • and we may set 


v = - ~ + (- J + y}jx"+H, 

where y/ 2 is another infinitesimal whose principal part may be found 
by making the substitution 


Vi = a” 1 


B 



in the equation (6). 

Continuing in this way, we may obtain for this root y an expres- 
sion of the form 

y = ax n + (*iX n + n i + cx 2 X n+n i + n 2 + • • * + ( a 2 ) 4 * e)x n + n i + "‘ + n r, 

which we may carry out as far as we wish. All the numbers n> 
n u n 2y • , n v are indeed positive integers, as they should be, since 
we are working under conditions where the general formula (3) is 
applicable. In fact the development thus obtained is precisely the 
same as that which we should find by applying Taylor’s series with 
a remainder, where a = 0 and h = x. 

Let us consider a second example where the exponents are not 
necessarily positive integers. Let us set 



principal part is simply the term of least degree in the numerator. 
It is evident that we might go on to find by the same process as 
many terms of the development as we wished. 

Let / (a>) "be a function which possesses n - f 1 successive derivatives. Then 
replacing a by x in the formula (3), we find 

h l) 2 h n 

fix + h) =/(x) + ^r(x) + ~f'V) + • • • + [f(n){x) + e] ’ 

where e approaches zero with h. Let us suppose, on the other hand, that we 
had obtained by any process whatever another expression of the same form for 
f{x+h): 

f(x + k) =f(x) + h(pi (X) + /l 2 <p 2 (z) + f h n [<f>n(x) + €'] . 

These two developments must coincide term by term, and hence the coefficients 
(p z , <£ 2 , • • •, 0 k are equal, save for certain numerical factors, to the successive 
derivatives of f(x) : 

4>1 (®)=/'(z), fa (l) = ~~ > •••, <t>n{x) = 

1 . & 1 . u • • • 71 

This remark is sometimes useful in the calculation of the derivatives of certain 
functions. Suppose, for instance, that we wished to calculate the nth derivative 
of a function of a function : 

y = f(u ) , where u = <p (x) . 

Neglecting the terms of order higher than n with respect to h, we have 

7c = 0 (x + h) — <p (x) = j <p'(x) + <p"(z) + • . ■ + — 0 C») ( X ); 

and likewise neglecting terms of order higher than n with respect to k, 

/(« + fc) -/(«) = j/» + ~ /'» + • • • + -- ** — f™ (w) . 

If in the riglit-hand side k be replaced by the expression 

h h 2 7i» 

- 4- — 2 $"( x ) d + ^ 0 (w) (z) , 

and the resulting expression arranged according to ascending powers of it is 
evident that the terms omitted will not affect the terms in 7i, 7i 2 , . . • , h n . The 


& i/ ^ (*)] s = 1 • a • • • « r + • • • + i — /<»> ^ 1 , 

L -L . 2 1 . 2 • • • 71 

where A,; denotes tlie coefficient of /i ?l in the development of 

[j*'W+---+ r 2~^ > (*)]’ 

For greater detail concerning this method, the reader is referred to Her mite’s 
Cows d' Analyse (p. 59). 

47. Indeterminate forms.* Let f(x) and <j>(x) be two functions 
wlii(di vanish for the same value of the variable x — a. Let us try 
to lind the limit approached by the ratio 

f(a 4 - h) 

<t> 0 + h) 

as h approaches zero. This is merely a special case of the problem 
of finding the limit approached by the ratio of two infinitesimals 
The limit in question may be determined immediately if the prin- 
cipal part of each of the infinitesimals is known, which is the case 
whenever the formula (3) is applicable to each of the functions 
f(x) and cj> (x) in the neighborhood of the point a. Let us suppose 
that the first derivative of f(x) which does not vanish for x — a is 
that of order p, ; and that likewise the first derivative of 

4> (a) which does not vanish for x = a is that of order < 7 , <£ ( 7 ) (a). 
Applying the formula (3) to each of the functions f(x) and <j> (x) 
and dividing, we find 

f( n ± h ) = hv ~ q 1 - 2 " ■_! / (rt ( ffi ) + * , 

(a -f- K) 1 . 2 • • *p cj> {(l) (a) 4- e' 

where e and e' are two infinitesimals. It is clear from this result 
that the given ratio increases indefinitely when h approaches zero, if 
q is greater than p ; and that it approaches zero if q is less than p. 
If q—p , however, the given ratio approaches / (p) (&)/ <£ (7) (&) as its 
limit, and this limit is different from zero. 

Indeterminate forms of this sort are sometimes encountered in finding the 
tangent to a curve. Let 


r(t o) wo) rw 

These equations reduce to identities if the three derivatives /'(£), <£'(£), f'(t) all 
vanish for t — to. In order to avoid this difficulty, let us review the reasoning 
by which we found the equations of the tangent. Let M' be a point, of the 
curve G near to If, and let to + h be the corresponding value of the parameter. 
Then the equations of the secant MM' are 

X~f(t 0 ) = Y-jfi (to) _ Z-f(t Q ) 

f {k 4- h) ~f (to) <fi (to 4- h) — <p (t 0 ) V ' (to + h) — $ (to) 

Tor the sake of generality let us suppose that all the derivatives of order less 
than p (p > 1) of the functions /(£), cf> (£), f (t) vanish for t = £ 0 , but that at least 
one of the derivatives of order p, say /<^>(fo), is not zero. Dividing each of the 
denominators in the preceding equations by h p and applying the general for- 
mula (3), we may then write these equations in the form 

X-f(t 0 ) = Y -4>(to) = Z - » (tp) 

(to) + e (£ 0 ) + e' ^ (£ 0 ) + 

where e, <■', e" are three infinitesimals. If we now let h approach zero, these 
equations become in the limit 

x-fih) = r-jjj = z~yj/ (t 0 ) 

/«(«„) 0«(<o) ’ 

in which form all in determination has disappeared. 

The points of a curve G where this happens are, in general, singular points 
where the curve has some peculiarity of form. Thus the plane curve whose 
equations are 

x — t 2 , y — 

passes through the origin, and dx/dt = dy /dt = 0 at that point. The tangent 
is the axis of x, and the origin is a cusp of the first kind. 

48. Taylor’s series. If the sequence of derivatives of the function 
f(x) is unlimited in the interval (a, a -f 7t), the number n in the 
formula (3) may be taken as large as we please. If the remainder 
E n approaches zero when n increases indefinitely, we are led to write 
down the following formula : 

(-) /(«+*) = A«)+i/'(«) + o/»+- •• + o^/ (, °(«)+- • •, 

which expresses that the series 

.f(a) + t .f'(n) -\ 1 - t ~1~ ■ 


f ln Va)+--. 


n is infinite, whereas the general formula (3) assumes only the exist- 
ence of tlie first n 4- 1 derivatives, lieplaeing a by x, the equation 
(7) may be written in the form 

f( x + h ) = /(•' ') + \ f'i?) H h l t n / <n) (>) d • 

Or, again, replacing h by x and setting a = 0, we find the formula 
(8) m =/(0) + J A 0) + • • • + J 7 ~r n AKO) + • • • . 


This latter form is often called Maclaurin’s series ; but it should 
lie noticed that all these different forms are essentially equivalent. 
The equation (8) gives the development of a function of x accord- 
ing to powers of x j the formula (7) gives the development of a func- 
tion of h according to powers of h : a simple change of notation is 
all that is necessary in order to pass from one to the other of these 
forms. 

It is only in rather specialized cases that we are able to show 
that the remainder K n approaches zero when n increases indefinitely. 
If, for instance, the absolute value of any derivative whatever is less 
than a fixed number M wlien x lies between a and a + h, it follows, 
from Lagrange’s form for the remainder, that 


1 R n | < M 


\h \ n+1 

1 . 2 - ■ •(» + !)' 


an inequality whose riglit-liand member is the general term of a 
convergent series.f Such is the case, for instance, for the functions 
e x , sin x , cos x. All the derivatives of e x are themselves equal to 
e x , and have, therefore, the same maximum in the interval con- 
sidered. In the case of sin x and cos x the absolute values never 
exceed unity. Hence the formula (7) is applicable to these three 
functions for all values of a and h. Let us restrict ourselves to 
the form (8) and apply it first to the function f(x) = We find 

/( 0 ) = 1 , /'( 0 ) = 1 , •••, /<">( 0 ) = 1 , •••; 


* That is to say, the limit of tlie sum of the first n terms as n becomes infinite. 
For a definition of the meaning of the technical phrase “ the sum of a series,” see 
§ lfi7. — Trans. 

• t Tiie order of choice is cl M. n. not a. h . n. iff. This is essential to the con- 


which, applies to all Tallies, positive or negative, of x. If a is any 
positive number, we have a* = e rlo * a , and the preceding formula 
becomes 


(10) «.= i+I^ + fe^ 


+ ■■ + 


(x log a) 71 ] 

1.2... + 


Let us now take f(x ) = sin sc. The successive derivatives form a 
recurrent sequence of four terms cos x , — sin x, — cos x , sin x \ and 
their values for x = 0 form another recurrent sequence 1, 0, — 1, 0. 
Hence for any positive or negative value of x we have 


(11) sin x — ~ 


2.3 ' 1 . 2 . 3 . 4. 5 
+ (“ *)" 


1 . 2 . 3 • • • (2?i + 1) 


+ ■ 


and, similarly, 


(12) cos * — 1 j.. 2 + l. 2 . 3 . 4 "' + ( ' ^ 1 . 2 . 3 •• -2w + ' 


Let us return to the general case. The discussion of the remain- 
der R n is seldom so easy as in the preceding examples ; but the 
problem is somewhat simplified by the remark that if the remain- 
der approaches zero the series 

/(«) + l /'(«) + • • • + 1 _ 2. . . n + ' ' ’ 


necessarily converges. In general it is better, before examining 
R n , to see whether this series converges. If for the given values of 
a and h the series diverges, it is useless to carry the discussion 
further ; we can say at once that R n does not approach zero when n 
increases indefinitely. 


49. Development of log(l + x). The function log(l + sc), together 
with all its derivatives, is continuous provided that x is greater 
than — 1. The successive derivatives are as follows : 


/'"(*) = 


(1 + xf 


f"\x) = (-• l)’ 1 
/<’ 1+1 >(V) = (- 1)’ 1 


i— 1 1 • 2 • — (w — 1) 

(1 + a:)’* 

1.2---M 


a V / V. > (1 + x y + 1 

Let us see for what values of x Maclaurin’s formula (8) may be 
applied to this function. Writing first the series with a remainder, 
we have, under any circumstances, 

O 1 0*2 /y»H 

log(l+a) = j- j + j + + 

The remainder R n does not approach zero unless the series 

1 2 + 3 + +( 1 ) n + 

converges; which it does only for the values of x between — 1 and 
4- 1, including the upper limit + 1. When x lies in this interval 
the remainder may be written in the Cauchy form as follows : 


_ ^ + - fly (~ l) n l . 2 ■ 


1.2 - -n 


(1 + 0x)* + 1 


A ' (l + 6x) n + l 


i?„ = (—!)* a;“ +1 


1 + te J 1 + dc 


Let us consider first the case where |cc| < 1. The first factor x 
approaches zero with x } and the second factor (1 — 0) /(I + Ox) is 
less than unity, whether x be positive or negative; for the numer- 
ator is always less than the denominator. The last factor remains 
finite, for it is always less than 1/(1 — |^|). Hence the remainder 
R n actually approaches zero when n increases indefinitely. This 
form of the remainder gives us no information as to what happens 
when x = 1 ; but if we write the remainder in Lagrange’s form, 


- ” v ' rc + 1 (l + 0 )" + 1 

it is evident that R n approaches zero when n increases indefinitely. 


O V 


1 2 3 


n 


Tliis formula still holds when x = 1, which gives the curious 
relation 

(14) lo S 2-l-| + |-|+.-+<- 1)— i+... 

The formula (13), not holding except when x is less than or equal 
to unity, cannot be used for the calculation of logarithms of whole 
numbers. Let us replace x by — x. The new formula obtained, 


(13') log (1 - as) = - j - g- - ‘g ~ , 

still holds for values of x between — 1 and +- 1 ; and, subtracting 
the corresponding sides, we find the formula 


(15) log 


1 + 3 + ” 


2?i +- 1 


When x varies from 0 to 1 the rational fraction (1 -f- x) /(l — x) 
steadily increases from 1 to + co, and hence we may now easily cal- 
culate the logarithms of all integers. A still more rapidly con- 
verging series may be obtained, however, by forming the difference 
of the logarithms of two consecutive integers. For this purpose 
let us set 

l + x JV-hl 1 

l-®~ N 1 ° r X ~2N+ 1 

Then the preceding formula becomes 

an equation whose right-hand member is a series which converges 
very rapidly, esjmcially for large values of N. 

Note. Let us apply the general formula (3) to the function log (1 + x), setting 
a = 0, k = x, n = 1, and taking Lagrange’s form for the remainder. We find in 
this way 

log (1 -f x) = x — 

; 2(1 + Ox)* 


\ nj n z n* 


where Q n is a positive number less Ilian unity. Some interesting consequences 
may be deduced from this equation. 

1) The harmonic series being divergent, the sum 

1 1 1 

= 1 + - - h - -f- ■ • • + - 
2 3 n 

increases indefinitely with n . But the difference 


2 W “ log n 


approaches a finite limit. Tor, let us write this difference in the form 

v+ 


( 1 _ 1 ° g ?) + (l_ 1 ° g 3) + ." + (i_ 


log- 


V 


(\ -h 1> 

log— 

\n n j 


+ log 




Now 1 /p — log (1 + 1 / p) is the general term of a convergent series, for by the 
equation above 


i - log (l + -) = 

p V P/ %p 


2 p 2 


which shows that this term is smaller than the general term of the convergent 
series 2(1 /p 2 ). When n increases indefinitely the expression 


loi 


n -f- 


- = log (l + - 
\ n 


approaches zero. Hence the difference under consideration approaches a finite 
limit, which is called Euler's constant Its exact value, to twenty places of 
decimals, is C = 0.57721566490153286060. 


2) Consider the expression 
2 = 


1 + . 


ii + l n + 2 


■ +- 


n + p 


where n and p are two positive integers which are to increase indefinitely. Then 
we may write 




+ •••+- 
n 


1 + i +t 


n+p 

1 


= 10 g(ll+p) +pn+py 


= 1 


ever 99. -L 


2 — log ^1 + + Pn+p ~ Pn • 

Now tho difference p n +p ~~ pn approaches zero. Hence the sum 2 approaches 
no limit unless the ratio p/n approaches a limit. If this ratio does approach a 
limit a, the sum 2 approaches the limit log (1 + a). 

Settings = 7i ? for instance, we see that the sum 

-1— + —^— + •••+— 
n + 1 7i + 2 2 a 

approaches the limit log 2. 


50. Development of (1 -f- x) m . The function (1 4- x) m is defined and 
continuous, and its derivatives all exist and are continuous func- 
tions of %, when 1 + x is positive, for any value of m ; for the 
derivatives axe of the same form as the given function : 


f'(x ) = 111 (1 + ft)”'"" 1 , 
f"(x) = m (in — 1) (1 -j- x) m ~ 2 , 


f {n) (x) = m (in — 1) • • • (m — n + 1) (1 -f x) m ~ n , 
ft n+1) (x) = vi (m — 1) • • • (in — n) (1 -f- x) w “ n ~ 1 . 

Applying the general formula (3), we find 


(1 + xf 


. , in , m(m — 

1+ T a!H T72 


1).. 


X 2 + • . 


+ 


m(m — 1) . • . (m — n -f- 1) 


1 . 2 -.. 7 


x n + R n 


and, in order that the remainder R n should approach zero, it is first 
of all necessary that the series whose general term is 


m (m — 1) • • • (m — n + 1) 


x n 


should converge. Eut the ratio of any term to the preceding is 

m — - n + 1 

x } 

n 

which approaches — x as n increases indefinitely. Hence, exclud- 
ing the case where m is a positive integer, which leads to the ele- 

7T)ATvfc9/rv hinniuip.l •f+pnrem f+p spimps hi miacfinri 


The first factor 

m (m — 1) • • • (m — ??,) 

■ i C is L ryyll + 1 

1.2--U 

approaches zero since it is the general term of a convergent 
series. Tlie second factor (1 — 0) / (1 + Ox) is less than unity; and, 
finally, the last factor (1 + 0x) m ~ l is less than a fixed limit. For, 
if m — 1 > 0, we have (1 + Ox)" 1 ' 1 < 2 m ~ 1 ; while if m — 1 < 0, 
(1 + 6x) m ~ l < (1 — Hence for every value of x between 

— 1 and + 1 we have the development 


(16) 


(i+.r-i+T*+ =£ rf 1) ' 


+ 


m(m — 1) • 


1 .2---n 


x* H 

(m — n + 1) 


af + • 


We shall postpone the discussion of the case where x = ± 1. 

In the same way we might establish the following formulae : 


1 x 5 1 . 3 x b . 

aresrn*-®- 

1.3.5--(2«-l) 

" r( ' ; 2.4.6---2 n 2n + 1 

ry»3 /J*5 sytf /Y»2m+1 

tv tv «V . , . . tO 

arctaB^x-g + y - Y + .- + (-l)’>^ TI 


+ •••, 
+ •••, 


which we shall prove later by a simpler process, and which hold 
for all values of x between — 1 and -f- 1. 

Aside from these examples and a few others, the discussion of 
the remainder presents great difficulty on account of the increas- 
ing complication of the successive derivatives. It would therefore 
seem from this first examination as if the application of Taylor’s 
series for the development of a function in an infinite series were of 
limited usefulness. Such an impression would, however, be utterly 
false ; for these developments, quite to the contrary, play a funda- 
mental role in modern Mathematical Analysis. In order to appre- 
ciate their importance it is necessary to take another point of 

irio-wr anrl frk c+.nrlir -f-.Tio nmnflT'f.ipQ nf nnwpr CPrioo -fnf f.Vimv mum 


X 1 


/( 0) + j/'(0) + Y^fX 0) + • ■ • + rfr^/ 0 '^ 0 ) + • 


may very Avell be convergent without representing the function 
f(x) from which it was derived. The following example is due to 
Cauchy. Let f(x) = e “ 1/ar °. Then f'(x) = (2/x 3 ) e“ 1/x2 ; and, in 
general; the rath derivative is of the form 


where P is a polynomial. All these derivatives vanish for x = 0, 
for the quotient of e~ l/x ' by any positive power of x approaches 
zero with x* Indeed, setting x = 1 /s, we may write 


and it is well known that e z ”/z m increases indefinitely with z, no 
matter how large m may be. Again, let <£ (x) be a function to which 
the formula (8) applies : 

*(*) = *(0) + f *'(0) + • • • + * w (0) + • ... 

Setting F(x) = <f>(x) + e“ 1/;c2 , we find 

*(0) - * (0), F'(0) = ^'(0), • • • , *<">(0) - *<■>(<>), 

and hence the development of jF(as) by Maclaurin’s series would 
coincide with the preceding. The sum of the series thus obtained 
represents an entirely different function from that from which the 
series was obtained. 

In general, if two distinct functions f(x) and <£ (sc), together with 
all their derivatives, are equal for x = 0, it is evident that the 


•It is tacitly assumed tliat /(0) = 0, which is the only assignment which would 
render /(a:) continuous at x = 0. But it should he noticed that no further assignment 
is necessary for /'(&), etc., at x = 0. For 


/'«>) = 


lim /(a) -/( 0) _ A 
® = O “ u ' 


x 



51. Extension to functions of several variables. Let us consider, for 
definiteness, a function w = f(x, y, z) of the three independent vari- 
ables x, y, z, and let us try to develop f(x 4- h, y + k, z + l) accord- 
ing to powers of h, h, l, grouping together the terms of the same 
degree. Cauchy reduced this problem to the preceding by the fol- 
lowing device. Let us give x, y, z, h, lc, l definite values and let 
us set 

</> (0 =/0» + ht, y + let, % -j- It), 

where t is an auxiliary variable. The function (t) depends on t 
alone ,• if we apply to it Taylor’s series with a remainder, we find 

U(<) = *(0) + j*'(0) + j^*W + "- 

(I,> 1 + o~^r. *"’(°) + 

where <j> (0), 0'(O), <jf> c, °(0) are the values of the function 4>(t) 

and its derivatives, for t = 0; and where <£ (,i + 1) (0£) is the value of 
the derivative of order n 4-1 for the value Ot, where 0 lies between 
zero and one. But we may consider $ (t) as a composite function of 
t, cj> (t) = f(it, v , w), the auxiliary functions 

u = x -(- ht, v = y 4- kt, w — z 4- It 


being linear functions of t According to a previous remark, the 
expression for the differential of order m, d m 4 >, is the same as if u, 
v , w were the independent variables. Hence we have the symbolic 
equation 




do oio / 


du + da 


df 

7c + ~ L l 
ow 


0 ») 


which may be written, after dividing by dt m , in the form 



o «) 


Tor t = 0, u, v, w reduce, respectively, to x, y, z, and the above 
equation in the same symbolism becomes 


where sc, y, z are to he replaced, after the expression is developed, by 
x 4~ Oht, y 4- Okt , z 4- Olt, 


respectively. If we now set t = 1 in (17), it becomes 


(18) 


f{x 4- hy y + 7c, »+ 0 —f( x > Vj r ~) + h "h ^ ^ ^ 7 


+ • 

<«) 


i (^ + ^ c+ ^y +AV 

1 . 2 • • • n \ox Gy cz ) 


The remainder Ii n may be written in the form 

1 M 


n„ = 


7 ,8/ 7 Jf 7 V" +1) 

1.2... (?i 4- 1) ' 


where x , y, z are to be replaced by a; 4- Oh, y + Ok, z 4- 61 after the 
expression is expanded.* 

This formula (IS) is exactly analogous to the general formula 
(3). If for a given set of values of x , y, z, h, k , l the remainder R n 
approaches zero when n increases indefinitely, we have a develop- 
ment of f(x 4- k, y 4* 7c, z 4- 1) in a series each of whose terms is a 
homogeneous polynomial in h } 7c, 7. But it is very difficult, in gen- 
eral, to see from the expression for R n whether or not this remainder 
approaches zero. 


52. From the formula (18) it is easy to draw certain conclusions 
analogous to those obtained from the general formula (3) in the 
case of a sfngle independent variable. For instance, let z =/( x, ?/) 
be the equation of a surface S. If the function f(x , y ), together 
with all its partial derivatives up to a certain order n , is continuous 
in the neighborhood of a point (x Q) y 0 ), the formula (18) gives 


/(« o + h, y 0 4- 7c) =/(sc 0 , y 0 ) + 


A •— + k 

0X n 



1 

1.2 


dx 0 dy 0 


\ ( 2 ) 

7c j 4 f -K n . 


Bestricting ourselves, in the second member, to the first two terms, 
then to the first three, etc., we obtain the equation of a plane, then 


x = A x? + 2 lijcjj + Cy~ + 2 J)x + 2 Ey + F 

which most nearly coincides with the given surface S. 

The formula (18) is also used to determine the limiting value of 
a function which is given in indeterminate form. Let f(x, y ) and 
4> (x, y) he two functions which both vanish for x = a, y = b, but 
which, together with their partial derivatives up to a certain order, 
are continuous near the point (a, b). Let us try to find the limit 
approached by the ratio 

/{*, ?/) 
v) 


when x and y approach a and b, respectively. Supposing, first, that 
the four first derivatives of /da, df/db , d<j>/da, cfy/db do not all 
vanish simultaneously, we may write 


f( ( l h) b 7c) 
<j>(a + Jt, b -fi k) 


df 

da 


df 

db 


d 

da 


+ £ i J + k ( -gf + 4 


where e, e', e,, <•{ approach zero with h and k. When the point 
( x , y) approaches (a, b), h and k approach zero ; and we will sup- 
pose that the ratio k fh approaches a certain limit nr, i.e. that the 
point ( x , ?/) describes a curve which has a tangent at the point {a, b). 
Dividing each of the terms of the preceding ratio by h, it appears 
that the fraction f(x, y) /4>(x, y) approaches the limit 


H , df 

da + a db 
d cf> 3 cf> 


This limit depends, in general, upon a, i.e. upon the manner in 
which x and y approach tlieir limits a and b, respectively. In order 
that this limit should be independent of ir it is necessary that the 
relation 

/ ££ H. _ 3/ — o 

da db db~oa 

should hold ,* and such is not the case in general. 



If the four first derivatives of /da, cf/cb, d^/da, d^/db vanish 
simultaneously, we should take the terms of the second order in the 
formula (18) and write 


f{ a 4- h, 1) 4- fc) 
<£(ct -j - h, b -}- /u) 


o\f , 

t- e 
oar 


Jr + ' 


Q\f 
do oh 


+ «' 


hk + ( + c' 




a 2 </> 


dd> + V h2 + 2 \8^dl + e[ > hIc + 


cb- 


l Hbc” Ic 2 


where e, e f , e", e u el, e'/ are infinitesimals. Then, if « be given the 
same meaning as above, the limit of the left-hand side is seen to he 


d 2 f 

da 2 


+ 2 


dadb ^ W 


£!^+9 l± a + l±J 

dd 1 + "dadb ^ db* 


which depends, in general, upon a. 


II. SINGULAR POINTS MAXIMA AND MINIMA 

53. Singular points. Let (tf 0 > Vo) be the coordinates of a point M 0 
of a curve C whose equation is F(x , y) = 0. If the two first par- 
tial derivatives dF/dx , dF/dy do not vanish simultaneously at this 
point, we have seen (§ 22) that a single branch of the curve C passes 
through the point, and that the equation of the tangent at that 
point is 

% -pt % -p 

( x -*^ 0 + ( Y -^wr 0 > 

where the symbol d p+q F/dx% dy\ denotes the value of the derivative 
d p+q F jdx p dif for cc = cr 0 , y = y Q . If dF/dx 0 and dF/dy 0 both van- 
ish, the point (cr 0 , Vo) is, in general, a singular point.* Let us suppose 
that the three second derivatives do not all vanish simultaneously 
for x = x Q , y = 1 /q, and that these derivatives, together with the third 
derivatives, are continuous near that point. Then the equation of 



where ^ and y are to be replaced in the third derivatives by 
*'n 4 - <90 — x 0 ) and ?/ 0 + 0(y — i/ a ), respectively. We may assume 
that the derivative d 2 F]cy\ does not vanish 3 for, at any rate, we 
could always bring this about by a change of axes. Then, setting 
V — //o = t (x — x 0 ) and dividing by (x — x 0 ) 2 , the equation (19) 
becomes 


( 20 ) 


*Z + 2 t-*L. + e?lZ 

dx‘ dx tt dtft 


+ (x-x 0 )P(x-x 0 , 


0 = °> 


where P(x — x 0 ,t) is a function which remains finite when x 
approaches x 0 . Now let t x and t 2 be the two roots of the equation 


d* dyl 


0 . 


If these roots are real and unequal, i.e. if 


' o 2 F V d 2 F d 2 F 
dx 0 dyj dx 2 dyl 9 


the equation ( 20 ) may be written in the form 
d 2 F 

o <j (p ^ 1 ) (p ^ 2 ) 4* (x cr 0 ) P — 0. 
°Uo 


For x = x 0 the above quadratic has two distinct roots t = t u t = t 2 . 
As x approaches x 0 that equation has two roots which approach. t x 
and respectively. The proof of this is merely a repetition of 
the argument for the . existence of implicit functions. Let us set 
t = t t 4 - u, for example, and write down the equation connecting x 
and u: 

u (t x — t 2 4- u) + (sc — x Q ) Q (x, u ) = 0, 

where Q (x, u) remains finite, while x approaches x Q and u approaches 
zero. Let us suppose, for definiteness, that t x — t 2 > 0; and let M 
denote an upper limit of the absolute value of Q(x, it), and m a 


m 

7] < h, rj < — e. 

If x be given such a value that \x — x 0 \ is less than rj, the left-hand 
side of the above equation will have different signs if — e and then 
q- e be substituted for u. Hence that equation has a root which 
approaches zero as x approaches and the equation (19) has a 
root of the form 

V = Vo + (x - a?o) (*i + a), 

where a approaches zero with x — x 0 . It follows that there is one 
branch of the curve C which is tangent to the straight line 

> 

y — Vo ~ ti( x — ® 0 ) 

at the point (a 0 j y 0 ). 

In like manner it is easy to see that another branch of the 
curve passes through this same point tangent to the straight line 
y — y 0 = t 2 (x — sc 0 ). The point M 0 is called a double point ; and 
the equation of the system of tangents at this point may be found 
by setting the terms of the second degree in ( x — x 0 ), (ij — y 0 ) in 
(19) equal to zero. 

If 

/ g t F y d^F_ (PF_ 

[ox^dtjJ 3xl d Ul ’ 

the point (x 0) y 0 ) is called an isolated double point.. Inside a suffi- 
ciently small circle about the point M 0 as center the first member 
F(x 3 y) of the equation (19) does not vanish except at the point M Q 
itself. For, let us take 

x = x 0 + p cos <f>, y = y 0 + p sin <j> 
as the coordinates of a point near Af 0 . Then we find 


F(x, y) = ; 


2 /S 2 F 


d 2 F d 2 F 

cos2<f> + 2 ^7 0 cos * sin< *> + M sint<l3 + pL 


where L remains finite when p approaches zero. Let H be an upper 
limit of the absolute value of L when p is less than a certain posi- 
tive number r. For all values of (f> between 0 and 2tt the expression 


d 2 F 

dx 2 



d 2 F . 

cos cj> sin + —? sm 2 
Cm 


Hence the equation F(x, y) = 0 lias no root other than p = 0, i.e. 
x = x {) , y = y 0) inside this circle. 

In case we have 

/ c 2 F V F 0 2 F 
V^o W ~ fy?’ 

the two tangents at the double point coincide, and there are, in gen- 
eral, two branches of the given curve tangent to the same line, thus 
forming a cusp. The exhaustive study of this case is somewhat 
intricate and will be left until later. Just now we will merely 
remark that the variety of cases which may arise is much greater 
than in the two cases which we have just discussed, as will be seen 
from the following examples. 

The curve if = x s has a cusp of the first kind at the origin, both 
branches of the curve being tangent to the axis of x and lying on 
different sides of this tangent, to the right of the y axis. The 
curve if — 2 x 2 y -f- x 4 — x 5 = 0 has a cusp of the second kind , both 
branches of the curve being tangent to the axis of x and lying on 
the same side of this tangent ; for the equation may be written 

5 

y = x 2 ± x-j 

and the two values of y have the same sign when x is very small, 
but are not real unless x is positive. The curve 

x 4 + x 2 if — 6 x 2 y + if = 0 

has two branches tangent to the x axis at the origin, which do not 
possess any other peculiarity; for, solving for y 7 the equation becomes 

3 x 2 ± x 2 fS-x 2 

V ~ 1 + * 2 

and neither of the two branches corresponding to the two signs 
before the radical has any singularity whatever at the origin. 

It may also happen that a curve is composed of two coincident 
branches. Such is the case for the curve represented by the 
equation 

F (x } y) = if — 2 x 2 y + x 4 = 0. 

When the point (x, y) passes across the curve the first member F(x , y) 


54. In like manner a point M 0 of a surface S, whose equation is 
F(x } '\h *) = 0; is, in general, a singular point of that surface if the 
three first partial derivatives vanish for the coordinates y 0 , z 0 of 
that point : 


j£-o, 3 

dy 0 


8F = 0 , ^= 0 . 

^v n 


The equation of the tangent plane found above (§ 22) then reduces 
to an identity; and if the six second partial derivatives do not all 
vanish at the same point, the locus of the tangents to all curves on 
the surface S through the point M 0 is, in general, a cone of the 
second order. For, let 


0O> y = 4>(f)j z = 

be the equations of a curve C on the surface S. Then the three 
functions /(£), 4>(f), ^(f) satisfy the equation F(x , y, z) = 0, and 
the first and second differentials satisfy the two relations 


djF 

dx 


7 JL. dF 1 JL dF 1 n 

dx + dy -f dz = 0, 


32* , dF j ^ dF 7 

q— ax + -5— dy + 7; dz 
ox dy 17 


1 + I? d*a + ^2/ + — = 0. 


<7»J 


ay 




For the point x = sc 0 , y = y 0 , « = 2 0 the first of these equations 
reduces to an identity, and the second becomes 


d 2 F c 2 F d 2 F 

w-y dx 2 -h ^y 2 + “ dz 2 

oxl Oy {) 


0*0 


+ 2 dxdy + 2 ° f - dy ds + 2 f d» ds.= 0. 


3x 0 dy 0 


d>/ a dz 


dx^ dZg 


The equation of the locus of the tangents is given by eliminating 
dx, dy , dz between the latter equation and the equation of a tangent 
line 

F j/o __ F 

<fcc eZy dz 


1 nil 1 /in /l c» 4*/i 4-1 i /i nrmnJ-Imi /i-P n r T* /-vP 4-1-. /i 


( 21 ) 


+ 2 Zk < ’’ - * < z -•> + 2 £k (•'• - u <* - * = »• 


cx 0 dz n 


On the other hand, applying Taylor’s series with a remainder 
and carrying the development to terms of the third order, the equa- 
tion of the surface becomes 


f 0 = F(x, y, c) 


( 22 ) 


= J_|"££ 

i.vldxk* Xo)+ d, Jtl 


(y 


+ 


llh[lf ( *~* u)+ l7 (y_2/u) + 


*o)J 

SF _ k] m 


dF 
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+ e(.T-cr () ) , 
+ 6 

^+e(z~z 0 ) 


where x, y , z in the terms of the third order are to be replaced by 
Xo + 6(x — x 0 ), yo + 0(y — y 0 ), « 0 + 0(? — s<>)> respectively. The 
equation of the cone T may he obtained by setting the terms of 
the second degree in x — x 0 , y — y Q) z — z 0 in the equation (22) equal 
to zero. 

Let us then, first, suppose that the equation (21) represents a real 
non-degenerate cone. Let the surface 5 and the cone T he cut by a 
plane P which passes through two distinct generators G and (.* of 
the cone. In order to find the equation of the section of the sur- 
face S by this plane, let us imagine a transformation of coordinates 
carried out which changes the plane P into a plane parallel to the 
xy plane. It is then sufficient to substitute z — z 0 in the equation (22). 
It is evident that for this curve the point M 0 is a double point with 
real tangents ; from what we have just seen, this section is composed 
of two branches tangent, respectively, to the two generators G , G 
The surface S near the point M 0 therefore resembles the two nappes 
of a cone of the second degree near its vertex. Hence the point d/ 0 
is called a conical 'point. 

When the equation (21) represents an imaginary non-degenerate 
cone, the point M 0 is an isolated singular point of the surface S. 
Inside a sufficiently small sphere about such a point there exists no 
set of solutions of the equation F(x, y, z) = 0 other than x = x 0 , 


the function F (x, y, ») becomes 


F(p> y> %) 2 


^ 4« 2 + ^ j 8 2 + . 
8xi dya 


■ + 2 
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dXff 8z t) 


fry + pL 


where L remains finite when p approaches zero. Since the equation 
(21) represents an imaginaiy cone, the expression 


3 2 F 

8xl 


+ ■■■ + 2 


g 2 F 

dx 0 dz 0 ay 


cannot vanish when the point (or, (3, y) describes the sphere 


a* + /3 2 + y 2 = 1. 


Let m be a lower limit of the absolute value of this polynomial, 
and let II be an upper limit of the absolute value of L near the 
point M 0 . If a sphere of radius m / II be drawn about M 0 as center, 
it is evident that the coefficient of p 2 in the expression for F( x, y , z) 
cannot vanish inside this sphere. Hence the equation 


F(x, y, z) = 0 

has no root except p = 0. 

When the equation (21) represents two distinct real planes, two 
nappes of the given surface pass through the point M 0 , each of 
which is tangent to one of the planes. Certain surfaces have a 
line of double points, at each of which the tangent cone degenerates 
into two planes. This line is a double curve on the surface along 
which two distinct nappes cross each other. For example, the circle 
whose equations are 2 = 0, x 2 + if = 1 is a double line on the surface 
whose equation is 

s 4 + 2 z 2 (x 2 + if) - (x 2 + if - l) 2 = 0. 

When the equation (21) represents a system of two conjugate 
imaginary planes or a double real plane, a special investigation is 
necessary in each particular case to determine the form of the sur- 
face near the point M 0 . The above discussion will be renewed in 
the paragraphs on extrema. 


55. Extrema of functions of a single variable. Let the function f(x) 


Ji = 0, has the same sign for call other values of h between — rj 
and -f rj. If this difference is positive, the function f(x) has a 
smaller value for x — e than for any value of x near c; it is said 
to have a minimum at that point. On the contrary, if the differ- 
ence f(c + h) -f(c) is negative, the function is said to have a 
maximum. 

If the function f(x) possesses a derivative for x = <?, that deriva- 
tive must vanish. For the two quotients 

f(p + h) -f(o) f(c - h) -f(c) 
h ’ — h ’ 

each of which approaches the limit f'(c) when h approaches zero, have 
different signs ; hence their common limit /'(c) must be zero. Con- 
versely, let c be a root of the equation f( x ) — 0 which lies between 
a and b, and let us suppose, for the sake of generality, that the 
first derivative which does not vanish for x = c is that of order n, 
and that this derivative is continuous when x = c. Then Taylor’s 
series with a remainder, if we stop with n terms, gives 

f(p + *) -AO = + oh), 

which may be written in the form 

fin 

f(c + h) -/(c) = rl ^ [/ (n) (c) + «], 

where e approaches zero with h. Let tj be a positive number such 
that |/ (?i) (6“) | is greater than e when x lies between c — rj and c -j- y. 
For such values of x, f (n) (c) 4- c has the same sign as /°°(c), and 
consequently f(c -f- h) —f(c) has tlie same sign as If 

n is odd, it is clear that this difference changes sign with h } and 
there is neither a maximum nor a minimum at x = c. If n is even, 
f(c + A) —/(c) lias the same sign- as / 0,) (c), whether h be positive 
or negative ; hence the function is a maximum if / c *>(c) is negative, 
and a minimum if is positive. It follows that the necessary 

and sufficient condition that the function f(x) should have a maximum 
or a minimum for x = c is that the first derivative which does not 


the curve y = /(x) at the point A whose abscissa is c must be par- 
allel to the axis of x, and moreover that the point A must not be 
a point of inflection. 

Notes . When the hypotheses which we have made are not satisfied 
the function f(x) may have a maximum or a minimum, although 
the derivative /'(x) does not vanish. If, for instance, the derivative 
is infinite for x = c, the function will have a maximum or a mini- 
mum if the derivative changes sign. Thus the function y = x* is at 
a minimum for x = 0, and the corresponding curve has a cusp at the 
origin, the tangent being the y axis. 

When, as in the statement of the problem, the variable x is 
restricted to values which lie between two limits a and b , it may 
happen that the function has its absolute maxima and minima pre- 
cisely at these limiting points, although the derivative f'{x) does 
not vanish there. Suppose, for instance, that wc wished to find 
the shortest distance from a point P whose coordinates are ( a , 0) 
to a circle C whose equation is x 2 + y 2 — It 2 = 0. Choosing for our 
independent variable the abscissa of a point M of the circle C, we 
find 

d 2 = PM 2 = (x — a) 2 y 2 = x 2 -j- y 2 — 2 ax + a 2 , 
or, making use of the equation of the circle, 
d 2 = It 2 + a 2 — 2 ax. 

The general rule would lead us to try to find the roots of the derived 
equation 2a — 0, which is absurd. But the paradox is explained if 
we observe that by the very nature of the problem the variable x 
must lie between — R and + R . If a is positive, d 2 has a minimum 
for x = R and a maximum for x = — R. 

56. Extrema of functions of two variables. Let f(x, y) be a con- 
tinuous function of x and y when the point M, whose coordinates 
are x and y, lies inside a region 12 bounded by a contour C. The 
function /(x, y) is said to have an extremum at the point (x 0 , y 0 ) 
of the region 12 if a positive number rj can be found such that the 
difference 

A = f(x n + h. Vn 4* k) — f(x n . vA. 


must vanish at M {) ; and it is apparent that the only possible sets of 
values of x and y which can render the function f(x, y) an extre- 
mum are to be found among the solutions of the two simultaneous 
equations 


df 

dx 


= 0 , 



Let x = x 0 , y = y 0 be a set of solutions of these two equations. 
We shall suppose that the second partial derivatives of f(x , y ) do 
not all vanish simultaneously at the point M 0 whose coordinates 
are (x Q , y 0 ), and that they, together with the third derivatives, are 
all continuous near M 0 . Then we have, from Taylor’s expansion, 


( 23 ) 


A =f(x o + b Vo + k) -f(x 0) y 0 ) 
_ 1 _ 

“ 1 . 2 ' 
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We can foresee that the expression 


( 3 ) 


x 0 + Qh 
y 0 + Oh 


h*^+2/ikjp£-+k‘ 2 °^4 
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will, in general, dominate the whole discussion. 

In order that there be an extremum at M 0 it is necessary and 
sufficient that the difference A should have the same sign when the 
point (xq H- h } y 0 + 7c) lies anywhere inside a sufficiently small square 
drawn about the point M 0 as center, except at the center, where 
A = 0. Hence A must also have the same sign when the point 
(x 0 -{- h, y Q + 7c) lies anywhere inside a sufficiently small circle whose 
center is M 0 ; for such a square may always be replaced by its 
inscribed circle, and conversely. Then let C be a circle of radius 
r drawn about the point M 0 as center.- All the points inside this 
circle are given by 


7i = p cos <£, Jc = p sin <£, 
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expression for A becomes 

2 -3 

A, = ~ (/I cos 2 4- 2 B sin cos <£ + C sin 2 <£) 4- 77 X, 

o 

where 

, Pf p _ 3 2 / r _3 2 f 

foo ^Z/o fyo 

and where X is a function whose extended expression it would be 
useless to write out; but which remains finite near the point (; x 0 , y 0 ). 
It now becomes necessary to distinguish several cases according to 
the sign of B 2 — A C. 

First case , Let B 2 — A C > 0. Then the equation 

A cos 2 c£ 4* 2 B sin <j> cos <j> 4-' C sin 2 <£ = 0 

has two real roots in tan <£, and the first member is the difference 
of two squares. Hence we may write 

A = ™ [a (a cos <£ 4- b sin <£) 2 — ft (a 1 cos <j> 4 b* sin <£) 2 ] + — X, 

£ o 

where 

a > 0; /3 > 0; ah' — ha 1 =£ 0. 

If <j> he given a value which satisfies the equation 
a cos cf) 4~ b sin cf> — 0, 

A will be negative for sufficiently small values of p ; while, if <$> be 
such that a 1 cos<£ 4- b ] sin^> = 0, A will be positive for infinitesimal 
values of p. Hence no number r can be found such that the differ- 
ence A has the same sign for any value of <f> when p is less than r. 
It follows that the function f(x> y ) has neither a maximum nor a 
minimum for x = x 0 , y = y 0 . 

Second case. Let B 2 — - A C < 0. The expression 

A cos 2 <£ 4- 2 B cos0 sin <£ + C sin 2 <p 

cannot vanish for any value of <£. Let m be a lower limit of its 
absolute value, and, moreover, let II be an upper limit of the abso- 


or C. Hence the function f(x } y) lias either a maximum or a niini- 
111 uni for x = x VJ y = y 0 . 

To recapitulate; if at the point ( x 0} y Q ) we have 

°\f y 

there is neither a maximum nor a minimum. But if 

( p\f V aya 2 / Q 

\dx 0 8t/ 0 / ox\ dyl ’ 

there is either a maximum or a minimum; depending on the sign of 
the two derivatives d 2 f /exl, d 2 f jdy\. There is a maximum if these 
derivatives are negative, a minimum if they are positive. 

57. The ambiguous case. The case where JS 2 — A C = 0 is not cov- 
ered by the preceding discussion. The geometrical interpretation 
shows why there should be difficulty in this case. Let S be the 
surface represented by the equation z — f(x, y). If the function 
f(x ; y) has a maximum or a minimum at the point (x 0 , y 0 ), near 
which the function and its derivatives are continuous, we must have 

v = 0 = 0 

’ 

which shows that the tangent plane to the surface S at the point 
M 0 , whose coordinates are (x 0 , y 0 , z 0 ), must be parallel to the xy 
plane. In order that there should be a maximum or a minimum it 
is also necessary that the surface 5, near the point M 0 , should lie 
entirely on one side of the tangent plane ; hence we are led to study 
the behavior of a surface with respect to its tangent plane near the 
point of tangency. 

Let us suppose that the point of tangency has been moved to the 
origin and that the tangent plane is the xy plane. Then the equa- 
tion of the surface is of the form 

(24) z = ax 1 -f- 2bxy + cy 2 4- 4- 3 /3x 2 y + 3 yxy 2 4- 8y 8 , 

where a , b, c are constants, and where a , ft, y, S are functions of x 
and y which remain finite when x and y approach zero. This equa- 
tion is essentially the same as equation (19), where x 0 and y Q have 
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In order to see whether or not the surface S lies entirely on 
one side of the xy plane near the origin, it is sufficient to study the 
section of the surface by that plane. This section is given by the 
equation 

(25) ax 2 + 2 bxij 4- cy 2 + ax 3 -j = 0 ; 

hence it has a double point at the origin of coordinates. If b 2 — ae 
is negative, the origin is an isolated double point (§ 53), and the 
equation (25) has no solution except x = y — 0, when the point 
(x, y) lies inside a circle C of sufficiently small radius r drawn 
about the origin as center. The left-hand side of the" equation (25) 
keeps the same sign as long as the point (sc, y) remains inside this 
circle, and all the points of the surface S which project into the 
interior of the circle C are on the same side of the xy plane except 
the origin itself. In this case there is an extremum, and the por- 
tion of the surface £ near the origin resembles a portion of a sphere 
or an ellipsoid. 

If b 2 — etc > 0, the intersection of the surface S by its tangent 
plane has two distinct branches C u C 2 which pass through the 
origin, and the tangents to these two branches are given by the 
equation 

ax 2 -{- 2 bxy + cy 2 = 0. 


Let the point (sc, y) be allowed to move about in the neighborhood 
of the origin. As it crosses either of the two branches C x > C 2 , the 
left-hand side of the equation (25) vanishes and changes sign. 
Hence, assigning to each region of the plane in the neighborhood 
of the origin the sign of the left-hand side of the equation (25), we 
find a configuration similar to Fig. 7. Among the points of the 
surface which project into points inside a circle about the origin in 

the xy plane there are always some which 
lie below and some which lie above the 
xy plane, no matter how small the circle 
be taken. The general aspect of the sur- 
face at this point with respect to its tan- 
gent plane resembles that of an unparted 




lia« mi extremum for a = y = 0. It may also happen that the inter- 
section. of the surface with its tangent plane is composed of two 
coincident branches. For example, the surface s = 1 / — 2x 2 y + x 4 
is tangent to the plane r: = 0 all along the parabola y = x 2 . The 
function y l — 2 ar?/ + x 4 is zero at every point 011 this parabola, but is 
positive for all points near the origin which are not on the parabola. 

58. In order to sec which of these cases holds in a given example it is neces- 
sary to take into account the derivatives of the third and fourth orders, and some- 
times derivatives of still higher order. The following discussion, which is usually 
sufficient in practice, is applicable only in the most general cases. When 
l) 1 — nr, = 0 the equation of the surface may be written in the following form 
by using Taylor’s development to terms of the fourth order: 

(20) z =/(£, y) - A (a; sin w - y cosw) 2 + 0 3 (x, y) + ~ (x~ -f y^-f 0 ^ 

24 V cx oy j q }J 

Let us suppose, for definiteness, that A is positive. In order that the surface S 
should lie entirely on 011c side of the xy plane near the origin, it is necessary that 
all the curves of intersection of the surface by planes through the z axis should 
lie on the same side of the xy plane near the origin. But if the surface be cut 
by the secant plane 

y = x tan 0, 

the equation of the curve of intersection is found by making the substitution 
x ~ p cos 0, y — P sin 0 

in the equation (26), the new axes being the old z axis and the trace of the secant 
plane on the xy plane. Performing this operation, we find 

z = A p 2 (cos 0 sin w — cos w sin 0) 2 + Tf p s 4- L/> 4 , 

where K is independent of p. If tan w ^ tan 0, z is positive for sufficiently small 
values of p ; hence all the corresponding sections lie above thee cy plane near the 
origin. Let us now cut the surface by the plane 

y = x tan w. 

If the corresponding value of K is not zero, the development of z is of the form 

z = p 3 (IT + e) 

and changes sign with p. Hence the section of the surface by this plane has a 
point of inflection at the origin and crosses the xy plane. It follows that the 
function /(.x, y) has neither a maximum nor a minimum at the origin. Such is 
the case when the section of the surface by its tangent plane has a cusp of tlie 
first kind, for instance, for the surface 


* - 1 1- e;, 


where JTi is a constant which may he readily calculated from the derivatives of 
the fourth order. We shall suppose that JTi is not zero. For infinitesimal val- 
ues of p, z has the same sign as Ki ; if Jfi is negative, the section in question lies 
beneath the xy plane near the origin, and again there is neither a maximum nor 
a minimum. Such is the case, for example, for the surface z = y 2 — x 4 , whose 
intersection with the xy plane consists of the two parabolas y — ± x 2 . Hence, 
unless K— 0 and -Zjli >0 at the same time, it is evidently useless to carry the 
iuvestigatiou farther, for we may conclude at once that the surface crosses its 
tangent plane near the origin. 

But if If = 0 and Ki>0 at the same time, all the sections made by planes 
through the z axis lie above the xy plane near the origin. But that does not 
show conclusively that the surface does not cross its tangent plane, as is seen 
by considering the particular surface 

z = (y - x 2 ) (y - 2 x 2 ), 

which cuts its tangent plane in two parabolas, one of which lies inside the other. 
In order that the surface should not cross its tangent plane it is also necessary 
that the section of the surface made by any cylinder whatever which passes 
through the z axis should lie wholly above the xy plane. Let y = (f>(x) be the 
equation of the trace of this cylinder upon the xy plane, where 0 (x) vanishes for 
® = 0. The function F(x) =/[>, must he at a minimum for x = 0, what- 
ever be the function 0 (x). In order to simplify the calculation we will suppose 
that the axes have been so chosen that the equation of the surface is of the form 


z = AiP + to(x,y) + ---, 

where A is positive. With this system of axes we have 


a ^ = 0 , 


3/ 


dx 0 


dy 0 


- o, 


a 2 / 


= o, 
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at the origin. 

The derivatives of the function F(x) are given by the formula* 


I*-'*'' 


F" (x) = + 2 <p' (a) + 

dx 2 dxdy ^ 


0 *••«+ 


= 8+ ■ <*> + s + S *-<•> 


dy* 


+ S E s 8 *'*" + % 


dx* dx 3 dy v 

+ 0 (*) + 12 — - + 0 

dx-cy oxdy 2 dy* ^ 
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If <j>'( 0) does not vanish, the function F{x) has a minimum, as is also apparent 
from the previous discussion. But if <//(0) = 0, we find the formulas 


F'(0) = 0, F"{ 0) = 0, F'"{ 0) = , 

CZy 

F ,v (0) = ~ + $"( 0 ) + Z~{ |>"(0)]* 


Hence, in order that F(x) he at a minimum, it is necessary that 03//0xjj vanish 
and that the following quadratic form in 0"(O), 


^{+6^ 

0*0 0*(i 02/ o 


4>"( 0) + 3 


d*f 


[0"(O)] 2 , 


be positive for all values of <P"(0 ) . 

It is easy to show that these conditions are not satisfied for the above function 
z = y 2 — 3x 2 y -f 2x 4 , but that they are satisfied for the function z = y 2 + x 4 . 
It is evident, in fact, that the latter surface lies entirely above the xy plane. 

Wo shall not attempt to carry the discussion farther, for it requires extremely 
nice reasoning to render it absolutely rigorous. The reader who wishes to exam- 
ine the subject in greater detail is referred to an important memoir by Ludwig 
Scheffer, in Vol. XXXV of the Mathemotische Annalen. 


59. Functions of three variables. Let u =f(x } y, z ) be a continuous 
function of the three variables x } y , z. Then, as before, this func- 
tion is said to have an extremum (maximum or minimum) for a set 
of values x Qf y Q1 z 0 if a positive number vj can be found so small 
that the difference 


A =/(*<, + ] h Vo + h % + l) -/(.% 2/o, *o), 

which vanishes for h = k = l = 0, has the same sign for all other 
sets of values of A, k , Z, each of which is less in absolute value 
than 7 ). If only one of the variables x, y , z is given an increment, 
while the other two are regarded as constants, we find, as above, 
that u cannot be at an extremum unless the equations 


df 

dXn 


= o, f'-o, 

d Vo 



are all satisfied, provided, of course, that these derivatives are con- 
tinuous near the point (x 0 , y 0 , s 0 ). Let us now suppose that cc 0 , y 0) z Q 
are a set of solutions of these equations, and let J\f 0 be the point 
whose coordinates are x 0 , y {) , z 0 . There will be an extremum if a 


® + P<b y~Vo + pA * = + Py; 

where or, A 7 satisfy the relation a 2 + /3 2 + y 2 = 1 ; and let us replaoc 
® - ®o, z/ - z/o, « - «0 in Taylor’s expansion of /(a?, y, s) by prq p/?, 
py, respectively. This gives the following expression for A : 

a = p 2 [<£( a '> a r) + p^]> 

where («, /?, y) denotes a quadratic form in a, f3, y whose coeffi- 
cients are the second derivatives of f(x, y, s), and where L is a 
function which remains finite near the point M {) . The quadratic 
form may be expressed as the sum of the squares of three distinct 
linear functions of a, (3, y, say P, P\ P", multiplied by certain con- 
stant factors a, a\ a n , except in the particular case when the dis- 
criminant of the form is zero. Hence we may write, in general, 

<jf> (cr, /3 , y) = aP 2 + a'P' 2 + a"P t{2 , 

where a, a a l{ are all different from zero. If the coefficients a , a', a tf 
have the same sign, the absolute value of the quadratic form </> will 
remain greater than a certain lower limit when the point a , j3, y 
describes the sphere 

« 2 + I3 2 + y 2 = 1, 

and accordingly A has the same sign as a, a ', a n when p is less than 
a certain number. Hence the function f(x, y, z) has an extremum. 

If the three coefficients a } a f , a ff do not all have the same sign, 
there will be neither a maximum nor a minimum. Suppose, for 
example, that a > 0, a 1 < 0, and let us take values of or, /?, y which 
satisfy the equations P' = 0, P n = 0. These values cannot cause P 
to vanish, and A will be positive for small values of p. But if, on 
the other hand, values be taken for a, /3, y which satisfy the equa- 
tions P = 0, P n — 0, A will be negative for small values of p. 

The method is the same for any number of independent variables : 
the discussion of a certain quadratic form always plays the prin- 
cipal role. In the case of a function u =f(x, y, z) of only three 
independent variables it may be noticed that the discussion is 
equivalent to the discussion of the nature of a surface near a singu- 
lar point. For consider a surface 2 whose equation is 



tangents at M n is imaginary, it is clear that F(x, ?/, rS) will keep the 
same sign inside a sufficiently small sphere about il/ 0 as center, and 
y, F) will surely have a maxim um or a minimum. But if the 
cone of tangents is real, or is composed of two real distinct planes, 
several nappes of the surface pass through and F (x, y } s) 
changes sign as the point (x, y, ?:) crosses one of these nappes. 


60. Distance from a point to a surface. Let us try to find the maximum and the 
minimum values of the distance from a fixed point (a, fr, c) to a surface S whose 
equation is F(x , y , z) = 0. The square of this distance, 

u = d 2 = (x — a) 2 -h (y — b) 2 4- {z — c) 2 , 

is a function of two independent variables only, — x and y, for example, if z he 
considered as a function of x and y defined by the equation F — 0. In order 
that u he at an extremum for a point (&, y, z) of the surface, we must have, for 
the coordinates of that point, 


1 du 

- -- = (a - a) + (z ■ 

2 cx 


C) — = 0 , 
cx 


1 dU , j \ x dZ 

o T~ = (y “ &) + (Z ~ C) = 0. 

2 cy cy 


We find, in addition, from the equation F = 0, the relations 
cx dz dx ’ dy dz cy ’ 


whence the preceding equations take the form 


x — a 

_V~b_ 

z — c 

cF 

dF 

'TF' 

dx 

sy 

cz 


This shows that the normal to the surface S at the point (sc, y, z) passes through 
the point (a, 6, c). Hence, omitting the singular points of the surface 8, the 
points sought for are the feet of normals let fall from the point (a, 6, c) upon the 
surface S. In order to see whether such a point actually corresponds to a maxi- 
mum or to a minimum, let us take the point as origin and the tangent plane as 
the xy plane, so that the given point shall lie upon the axis of z. Then the func- 
tion to be studied has the form 

u - x 2 + y 2 + (z - c) 2 , 

where z is a function of x and y which, together with both its first derivatives, 
vanishes for x = y = 0. Denoting the second partial derivatives of z by r, s, 
we have, at the origin, 


A (c) = c 2 s 2 - (1 - cr) (1 — ct) = c 2 (s 2 — rt) + (r -f t) c — 1. 

The roots of the equation A (c) = 0 are always real by virtue of the identity 
(r + t)a 4 - 4 (s 2 - r£) = 4 s 2 + (r — t) 2 . There are now several cases which must 
he distinguished according to the sign of s 2 — rt 

First case. Let s 2 — rt < 0. The two roots c x and c 2 of the equation A (c) = 0 
have the same sign, and we may write A(c) = (s 2 - rt) (c - Ci) (c - c 2 ). Let us 
now mark the two points A x and Al of the z axis whose coordinates are c x and c 2 . 
These two points lie on the same side of the origin ; and if we suppose, as is 
always allowable, that r and t are positive, they lie on the positive part of the 
z axis. If the given point A (0, 0, c) lies outside the segment A X A 2 , A(c) is 
negative, and the distance OA is a maximum or a minimum. In order to see 
which of the two it is we must consider the sign of 1 — cr. This coefficient 
does not vanish except when c = 1 fr ; and this value of c lies between c x and c 2 , 
since A (1 /r) = s 2 /r 2 . But, for c = 0, 1 — cr is positive ; hence 1 — cr is posi- 
tive, and the distance OA is a minimum if the point A and the origin lie on 
the same side of the segment A X A 2 - On the other hand, the distance OA is a 
maximum if the point A and the origin lie on different sides of that segment. 
When the point A lies between A x and A 2 the distance is neither a minimum 
nor a maximum. The case where A lies at one of the points A x , A 2 is left in 
doubt. 

Second case. Let s 2 — rt > 0. One of the two roots c x and c 2 of A (c) = 0 is 
positive and the other is negative, and the origin lies between the two points 
A x and A 2 . If the point A does not lie between A x and A 2 , A(c) is positive 
and there is neither a maximum nor a minimum. If A lies between A x and 
A 2l A (c) is negative, 1 — cr is positive, and hence the distance OA is a minimum. 

Third case . Let s 2 — rt = 0. Then A (c) = (r + 1) (c — Ci), and it is easily 
seen, as above, that the distance OA is a minimum if the point A and the origin 
lie on the same side of the point A x , whose coordinates are (0, 0, Ci), and that 
there is neither a maximum nor a minimum if the point A x lies between the point 
A and the origin. 

The points A x and A 2 are of fundamental importance in the study of curva- 
ture ; they are the principal centers of curvature of the surface S at the point O. 


61, Maxima and minima of implicit functions. We often need to find 
the maxima and minima of a function of several variables which 
are connected by one or more relations. Let us consider, for 
exainple, a function o) =f(x, y y z } u) of the four variables x } y, z, u , 
which themselves satisfy the two equations 


.A (x, y, «, u) = o, 


3 


/»(*> y, «) = o. 



i * i. 


■ 


ana tne partial derivatives oz/dx, du/cx , dz/dy, du/dy are given 
by the relations 

d A + + ?/i £» _ o M , ££ 0* 0/ 2 0« _ 

Sx cz ox dll ox ’ dx ^ vz ox + 8-a dx ~ °> 

+ + d Jl + d Jl d JL + d £h L‘_n 

«?,v dy du dy 3 dy ^ & dy dz* dy U ’ 

The elimination of oz/dx , du/dx , dz / dy, du/dy leads to the new 
equations of condition 


(27) 


M = 0 ”(/»/»/») n 

I) (x, z, u) 3 D (y } &} u) 5 


which, together with the relations f = 0,/ 2 = 0, determine the val- 
ues of a, y, g, ic, which may correspond to extrema. But the equa- 
tions (27) .express the condition that we can find values of X and p 
which satisfy the equations 


(28) 


ox ox dx 

d f,JA , 0/»_ n 


a / 2 

¥ + ¥ ’ 

d f,JA, n 

^ + a ^ + /a ^ = 0; 


hence the two equations (27) may be replaced by the four equations 
(28), where A. and y. are unknown auxiliary functions. 

The proof of the general theorem is self-evident, and we may 
state the following practical rule : 

Given a function 

f(xi, x 2j •••, x n ) 

of n variables , connected by h distinct relations 


<j) 1 = 0, <t> 2 — 0, • • • , <j> h = 0 ; 

in order to find the values of x 1} x 2 , ■ • • , x n which may render this 
function an extremum ice must equate to zero the partial derivatives 
of the auxiliary function 


/+ A-i^H b K<l>h> 



PA + PB + PC of the distances Irmii r tn tin* v« 1 1 n . » M fur nm. ;«■ t. a 
minimum. Lot (ui, fq), (uy, h») , (</;i , /*.») bo nriMi-t i\ *1 v t h* "i M*** 

vortices A, .7i, C referred to aHyst.om of rectangular « . . idiuuf* . Ti:« u ?h* him 
tion whose minimum is sough I. is 


(20) g = V(x- OO-l’vV ! (.'/ i ' • v '■ i . 

where each of tho three radicals is to ho (;ilum with 1 lit* p‘< iti.* : •?.. '1 hi . • q-u 

tion (29) represents a surface /S' which is evidently rniir* Jy ah- . < fie- y j.him , 
and the whole question reduces to that, of finding (ho point mi fin . uil.i*-*- v. he it 
is nearest the xy plane. From tin*, relation (2D) \vr lind 

dz _ x ~ «x ^ x it.\ t r f! 

V(»- cti) a + (// --- h,)- V(x </..)•• | (// h.j ; sir o.i i/ 'm 

0 ?/ — />1 ^ // />, K 

vy V(x- (XjlJ-H- {y ~ (>i)~ (X ' f<js)« ) (// /».)• ./,r . ; ? , 


and it is evident that these derivalives arc ouhlimiou ixrrj.i m t !.« •id-.o 
hood of the points A 1 B, (J , where they becnim* mdrlniionan. The aihe * i <S 
therefore, lias three singular points which project into tin- *,* n : . ■> ,.t n,.* •i=.» n 

triangle. The minimum of 2 is given by a point mi the Miii.nr wh. je * In* tan 
gent plane is parallel to the x// plane, or else hy one of 1 1 1 » - :,:ie ular p.unH. lit 

order to solve the equations vz/U, 0, \z/\y n, 1 h u; ^nte thmi in ilm 
form 


% | X - Itn 

( 2 V(x - rt a )» -\ (y h.^ 

V~h ?/ - b 3 * 

- flj) a + (y - &i7 a V(x ~ a a )- + (// - b,)« 
Then squaring and adding, wo find the condition 


/ if ; 

\ (X If;)' • |7 

V h; 

v (* r *'..r f hv 


1 _[_ g ~ f b) (y» rta) T (// /q) ( // /*..) 

V(& - ai) 2 + (// ~ hi)- V(x - u.,j» j (7 


0. 


'mi- 




The geometrical interpretation of tliis result, is easy: denoting h v o and if the 
cosines of the angles which the direction /VI makes with the ;n.', „f .r mid //, 
respectively, and hy o' and jS'tlio cosines of the angles which l‘l: makes with the 
same axes, we may write tins last condition in the' form 


1 + 2 (mr' + (iff) r.:.- (), 

or, denoting the angle APB by w> 


2cosw -| 1 0 , 


SofKflf 0 " in T ti,m , ' XI ' r " KS,,K • 

angle 0 f 120 at the point /*. For the. same reason e.od, of ■ 

CPA must be 120°.^ It is i„. n . 4 i,„. n . ' 

x is cltai tli.it Mm point I* nmsi lii* in: 


subti mis nn 
l**s Ul*< * and 
III** tiianglo 


angle or tne mangle a j*u is equal to or greater tlian 120°. In case none of the 
angles is as great as 120°, the point P is uniquely determined by an easy con- 
struction, as the intersection of two circles. In this case the minimum is given 
by the point P or by one of the vertices of the triangle. But it is easy to show 
that the sum J*A 4 PJ) 4 PC is less than the sum of two of the sides of the tri- 
angle. For, since the angles APB and APC are each 120°, we find, from the 
two triangles PA C and PPA , the formulae 

AB ~ Vtt- + b' 1 4 ab, AC = VaM- c 2 + ac, r 

where PA — a, PB — b , PC = c. But it is evident that 

V U“ 4 b 2 4 (Jhb b 4 * ~ 4 c 2 4 * ac c 4 — ? 

2 2 

and hence 

A B 4- A C > a 4 b 4- c . 

The point P therefore actually corresponds to a minimum. 

When one of the angles of the triangle ABC is equal to or greater than 120 ° 
there exists no point at which each of the sides of the triangle AB C subtends an 
angle of 120 °, and hence the surface S has no tangent plane which is parallel to 
the xy plane. In this case the minimum must be given by one of the vertices of 
the triangle, and it is evident, in fact, that this is the vertex of the obtuse angle. 
It is easy to verify this fact geometrically. 

63. D’Alembert’s theorem. Bet F(x, y) be a polynomial in the two variables 
x and y arranged into homogeneous groups of ascending order 

F(x,y) = H + <j> p (; x , y) 4* <f > P + i (a, 2/) + • • • + V), 

where IT is a constant. If the equation <f> v (x, y) = 0, considered as an equation 
in y/x, has a simple root, the function F (x, y) cannot have a maximum or a mini- 
mum for x = y = 0 . Bor it results from the discussion above that there exist sec- 
tions of the surface z 4- IT = P(x, y) made by planes through the z axis, some 
of which lie above the xy plane and others below it near the origin. From this 
remark a demonstration of d’Alembert’s theorem may be deduced. Bor, let/(z) 
be an integral polynomial of degree m, 

f(z) = Aq 4 Atz 4- ri 2 z 2 -4 • • • 4- A m z m } 

where the coefficients are entirely arbitrary. In order to separate the real and 
imaginary parts let us write this in the form 

/(x 4- iy) = ao 4- #>o 4 («i + 4 fy) 4 • * • 4 (&/>i 4 - ib?n) 4 2 2/)”b 

where a 0 , b 0 , a u h, • • a, n , b m are real. IVe have then 

f(z) = P 4 iQ, 

where P and Q have the following meanings : 

P = ci 0 4 aix - hy 4 • • ■ , 



p 2 q i 2 ? cannot be at a minimum for x = y = 0 except when a 0 = b 0 = 0. For 
this purpose we shall introduce polar coordinates p and 0, and we shall suppose, 
for the sake of generality, that the first coefficient after A 0 which does not 
vanish is A Jf . Then we may write the equations 

P = cto 4- (a p cos p<p - b p sin p<p) pp -j , 

Q = &o + (b P cos p0 + a v sin p$) pp H , 

P2 4- Q2 - a 2 + ^2 + 2 pJ> [( aoC(iJ + 6 0 &^) COSJP0 + (& 0 lfy - Sill P0] + • ■ • , 

where the terms not written down are of degree higher than p with respect to p. 

But the equation 

(ao a p + b 0 b P ) cos p<j> 4- (^oajj - aoh^) sinp0 = 0 

gives tanp0 = IT, which determines p straight lines which are separated by 
angles each equal to 2 n / p . It is therefore impossible by the above remark that 
P 2 + Q 2 should have a minimum for x — y — 0 unless the quantities 

do dp -f* bp , byctp cLobj } 

both vanish. But, since a 2 + b 2 is not zero, this would require that a 0 = b 0 = 0 ; 
that is, that the real and the imaginary parts of f(z ) should both vanish at the 
origin. 

If \f(z) | has a minimum for x = cr, y = /3, the discussion may he reduced to 
the preceding by setting z = ex. + 'ijS + z'. It follows that |/(z) | cannot he at a 
minimum unless P and Q vanish separately for x = a, y = j$. 

The absolute value of f(z) must pass through a minimum for at least one 
value of z, for it increases indefinitely as the absolute value of z increases indefi- 
nitely. In fact, we have 

P v - + Q? = (ai + K)p 2m + ---, 

where the terms omitted are of degree less than 2 m in p. This equation may be 
written in the form 

vp* + o» = P «(Voa+6*+« ) , 

where e approaches zero as p increases indefinitel y. Henc e a circle may be 
drawn whose radius B, is so large that the value of Vpa + q* is greater at every 
point of tlie circumference than it is at the origin, for example. It follows that 
there is at least one point 

x = o’, y = (3 

inside this circle for which Vp 2 + Q 2 is at a minimum. By the above it fol- 
lows that the point x = or, y = /? is a point of intersection of the two curves 
P = 0, Q — 0, which amounts to saying that z = a + is a root of the equation 

/(*)= o. 

In this example, as in the preceding, we have assumed that a function of the 
two variables x and y which is continuous in the interior of a limited region 



maiimer, approaches the limit l/(?i + 2) as a approaches zero, provided that 
/0 * + s;(a) is not zero. 

2. Let F (x) be a determinant of order n, all of whose elements are functions 
of x. Show that the derivative F'(x) is the sum of the n determinants obtained 
by replacing, successively, all of the elements of a single line by tlieir deriva- 
tives. State the corresponding theorem for derivatives of higher order. 

3. Lind the maximum and the minimum values of the distance from a fixed 
point to a plane or a skew curve ; between two variable points on two curves ; 
between two variable points on two surfaces. 

4. The points of a surface S for which the sum of the squares of the dis- 
tances from n fixed points is an extremum are the feet of the normals let fall 
upon the surface from the center of mean distances of the given n fixed points. 

5. Of all the quadrilaterals which can be formed from four given sides, that 
which is inscriptive in a circle has the greatest area. State the analogous 
theorem for polygons of n sides. 

6. Lind the maximum volume of a rectangular parallelopiped inscribed in 
an ellipsoid. 

7. Lind the axes of a central quadric from the consideration that the vertices 
are the points from which the distance to the center is an extremum. 

8. Solve the analogous problem for the axes of a central section of an ellipsoid. 

9. Lind the ellipse of minimum area which passes through the three vertices 
of a given triangle, and the ellipsoid of minimum volume which passes through 
the four vertices of a given tetrahedron. 

10. Lind the point from which the sum of the distances to two given straight 
lines and the distance to a given point is a minimum. 

[Joseph Bertrand.] 

11. Prove the following formulae : 

log (sc + 2) = 2 log {x + 1) - 2 log (® - 1) + log (x - 2) 

+2 [j^Tx + l^rhi) + K^) + '"] ; 

[Borda’s Series.] 

log (sc + 5) = log (x 4- 4) + log (x + 3) - 2 log x 

+ log (sc - 3) + log (sc - 4) - log (sc - 5) 

72 1/ 72 

- 25 sc 2 + 72 + 3 \sc 4 - 25sc 2 + 72 

[Haro’s Series.] 





CHAPTER IV 


DEFINITE INTEGRALS 

I. SPECIAL METHODS OF QUADRATURE 

64. Quadrature of the parabola. The determination of the area 
bounded by a plane curve is a problem which has always engaged 
the genius of geometricians. Among the examples which have 
come down to us from the ancients one of the most celebrated is 
Archimedes 7 quadrature of the parabola. We shall proceed to 
indicate his method. 

Let us try to find the area bounded by the arc A CB of a parabola 
and the chord AB. Draw the diameter CD, joining the middle 
point D of AB to the point C , where the tangent is parallel to AB. 
Connect AC and B C, and let E and E' be the points where the 

tangent is parallel to BC and 
AC, respectively. We shall 
first compare the area of the 
triangle BEC, for instance, 
with that of the triangle ABC. 
Draw the tangent ET, which 
cuts CD at T . Draw the diam- 
eter EE, which cuts CB at F; 
and, finally, draw EK and Eli 
parallel to the chord AB. By 
an elementary property of the 
parabola TC = CK. Moreover, 
CT = EF — KII, and hence 
EF = CII/2 = CD/4. The 
areas of the two triangles BCE 
and BCD, since they have the 
same base BC, are to each other as their altitudes, or as EF is 
to CD. Hence the area of the triangle BCE is one fourth the area 
of the triangle BCD, or one eighth of the area S of the triangle ABC. 



the limit approached by the sum of the areas of all these triangles 
as n increases indefinitely ; that is, the sum of the following descend- 
ing geometrical progression : 


S S $ 

+ i + ^ + + + 


and this sum is 4 S /3. It follows that the required area is equal to 
two thirds of the area of a quiralleloyvam tohose sides are AB and CD. 

Although this method possesses admirable ingenuity, it must be 
admitted tliat its success depends essentially upon certain special 
properties of the parabola, and that it is lacking in generality. The 
other examples of quadratures which we might quote from ancient 
writers would only go to corroborate this remark : each new curve 
required some new device. But whatever the device, the area to be 
evaluated was always split up into elements the number of which 
was made to increase indefinitely, and it was necessary to evaluate 
the limit of the sum of these partial areas. Omitting any further 
particular cases,* we will proceed at once to give a general method 
of subdivision, which will lead us naturally to the Integral Calculus. 


65. General method. For the sake of definiteness, let us try to 
evaluate the area 5 bounded by a curvilinear arc A MB, an axis xx 1 
which does not cut that arc, and two perpendiculars AA 0 and BB 0 let 
fall upon xx r from 
the points A and B. 

We will suppose 
further that a par- 
allel to these lines 
AA 0 , BB 0 cannot 
cut the arc in more 
than one point, as 
indicated in Fig. 9. 

Let us divide the segment A Q B 0 into a certain number of equal or 
unequal parts by the points J\, J\, •••, and through these 

points let us draw lines P t Q u J^Qo, • • • , parallel to AA 0 

and meeting the arc AB in the points Q,,, • • •, Q n _ v respectively. 



*‘A large number of examples of iletermi nations of areas, arcs, and volumes hy 


obtain in this way a sequence m /••*, ■ ■ • * '*.* * /i -«* 

Each of these rectangles may lio entirely insi.lc I In- .-..iin.in J /*/;.. I,., 
but some of them may lie partially I hut 'onionr, a, u 

indicated in the figure.. 

Let cti denote the area of the reet-anglc and ji, lh.- area, 
by the contour ./^ /yb^..e hl i]r " { I ,]a ‘ v * rA ' h n[ ,hr 
Pt/a lt ft /a 2 , Pi/tv n approaches unity :m tin- nmnU-r ..I 
points of division increases indefinitely, if at. 1 hr sum'- tim*’ * ;i •* h 
of the distances A n l\i P\P^ •••» P, \P,* n]»|»nu*-!i>- . /• f>. I '*r 

the ratio p ( /tx h fov example, evidently lies l*i*t \% *-«mi A /* ,p . and 
Li/Pi-iQi-i) where /*• and A,- are, respectively tin* minimum and tin- 
maximum distances from a point of (he are f» t ,m to tin- a\i .c.r'. 
hut it is clear that these two fractions each unity a ; tin* 

distance 1\^ 1 1\ approach es zero, ittherefoiv follow:, t hat tin* ratio 

o’j + -|- (■ ii f( 

A + A + \!i! 

which lies between the largest and the least, of tin* ralnu 
a 2 /ftj •••, «»/&, will also approach unity as tin* ninnln-r id' tin* 
rectangles is thus indefinitely increased. Jhil, the denominator of 
this ratio is constant and is equal to the required area. n. lienee 
this area is also equal to tlie limit of the sum \ n.. { ■ ■ * \ o„, as 
the number of rectangles n is indefinitely increased in the manner 
specified above. 

In order to deduce from this result an analytical expression for 
the area, let the curve AB ho referred to a system of reef angular 
axes, the * axis Ox coinciding with s rjr', and* let. // j\.n be tho 
equation ‘of the curve All Tho function /(.**) is, by hypothesis, a 
continuous function of x between the limits a amU, the abscissa*, 
of the points A and 11 Denoting by .r,, . . . , ,r n l the abscissa*, 
of the points of division 1\, />„ ,, tf„. I*,*.* M f tj 1( . ^.ovo 

rectangles are aq - a, x, ~x u ..., T{ ~ , . : „„l tlmir 

altitudes are, in like manner, f,. r , ,).•••, f\x„ ,). 

Hence the area .S’ is equal to 1,1m limit of Urn follow in;..; sum 

(1) (^i — a )/(a) + (a; 3 — 3’|)/(> ,) -[ ( (7, 


f( a )} f( a + h), f( a ~h 2 h)j • • •, f\ji -f (11 — 1) A]. 

It only remains to find the limit of the sum 

h \J («) + li) +f(it + 2 A) 4 h/[a + (% — 1) A] J, 

where 

7 b — ci 

h = > 

n 

as the integer n increases indefinitely. This calculation becomes 
easy if we know how to find the sum of a set of values f(x) corre- 
sponding to a set of values of x which form an arithmetic progres- 
sion; such is the case if f(x) is simply an integral power of x , or, 
again, if f(x) = sin mx or f(x) = cos mx, etc. 

Let us reconsider, for example, the parabola x 2 = 2py , and let us try 
to find the area enclosed by an arc OA of this parabola, the axis of x, 
and the straight line x = a which passes through the extremity A. 
The length being divided into n equal parts of length h (iih = a), we 
must try to find by the above the limit of the sum 

7 / 7)3 

— [AH4A« + .. 4 (n-l) , A s ] = ^[l + 4 + 9 + ... + (»- 1 )*]. 

The quantity inside the parenthesis is the sum of the squares of the 
first (n — 1 ) integers, that is, n(n — 1 ) (2 n — l)/ 6 ; and hence the 
foregoing sum is equal to 

n(n — V)(2n — 1) 

1 2 2 m* 

As n increases indefinitely this sum evidently approaches the limit 
= ( 1 / 3 ) (a, a 2 / 2 y), or one third of the rectangle constructed 
upon the two coordinates of ^the point A , which is in harmony with 
the result found above. \ 

In other cases, as in the following example, which is due to 
Fermat, it is better to choose as points of division points whose 
abscissse are in geometric progression. 

Let us try to find the area enclosed by the curve y = Ax* 1 , the 


a, a(l 4 a), a(l 4 <r) 2 , • * •, a (l + a) n \ I>, 

where the number a satisfies the condition C6(l4cr) n = &. Tak- 
ing this set of numbers as the abscissae of the points of division, the 
corresponding ordinates have, respectively, the following values : 

A a*, Aa ,M (l 4 a)*, Aa^^l + n) 2M , •••, 

and the area of the ydh rectangle is 

\_a (1 4 a y - a (1 + <r) ;, “ 1 ] Aa * (1 + a ) = Aa * +1 (1 4 

Hence the sum of the areas of all the rectangles is 


Aci^ + [1 -J- (1 4- tt)* + 1 4(l 4 i r) 2 ^ + 1 >+ ••• + (! 4 + 


If jx 4 1 is not zero, as we shall suppose first, the sum inside the 
parenthesis is equal to 

(1 4 <r) ,I(/t+l > - 1 . 

(i + 4 +1 - 1 ’ 


or, replacing a( 1 4 «)” by b, the original sum may be written in the 
form 


A (Z> ,A + 1 


- a lx + l ) 


a 

(1 4 o) ,A + 1 - 1 ' 


As a approaches dfero the quotient [(1 4 ^) /A+1 — 1 ~\/ a approaches 
as its limit the derivative of (1 4 with respect to a for a = 0, 
that is, 4 1 ; hence the required area is 


A (b^ + 1 — <r^ + i) 
M 4 1 


If jj, = — 1, this calculation no longer applies. The sum of the 
areas of the inscribed rectangles is equal t o ?i A a, and we have to 
find the limit of the product na where n and a are connected by the 
relation 

a (1 4 <*)” ^ ^ 

From this it follows that 


na = losr — 


= loo* -~ 


a 


1 



67. Primitive functions. The invention of the Integral Calculus 
reduced the problem of evaluating a plane area to the problem of 
finding a function whose derivative is known. Let y =/(;*•) be the 
equation of a curve referred to two rectangular axes, where the 
function f(x) is continuous. Let us consider the area enclosed by 
this curve, the axis of x, a fixed ordinate M 0 P 0 , and a variable 
ordinate MP, as a function of the abscissa x of the variable ordinate. 
In order to include all pos- 
sible cases let us agree to 
denote by A the sum of the 
areas enclosed by the given 
curve, the x axis, and the 
straight lines M {) P {) , MP , 
each of the portions of • 
this area being affected 
by a certain sign : the 
sign + for the portions to 
the right of M 0 P 0 and above Ox, the sign — for the portions to the 
* right of il/ 0 JP 0 and below Ox. and the opposite convention for por- 
tions to the left of M 0 P {] . Thus, if MP were in the position M'P\ we 
would take A equal to the difference 

M 0 P 0 C - M'P'C; 

and likewise, if MP were at M"P", A = M u P" D - M 0 P 0 D. 

With these conventions we shall now show that the derivative of 
the continuous function A, defined in this way, is precisely f(x). As 
in the figure, let us take two neighboring ordinates MP, NQ, whose 
abscissae are x and x + Ax. The increment of the area A A evidently 
lies between the areas of the two rectangles which have the same 
base PQ, and whose altitudes are, respectively, the greatest and the 
least ordinates of the arc MN. Denoting the maximum ordinate by 
II and the minimum by h , we may therefore write 

hAx < Ad. < II Ax, 

or, dividing by Ax , h < A A /Ax < II. As Aft approaches zero, II and 

n.rmrnnnTi -flio onma li-mif l\rT> P f citioo P f oA ic nnufiTnimic 



holds for any position of the point M is left to the reader. 

If we already know a primit ive f unction of /(a*), that is, a function 
F(x) whose derivative is/(.r), the difference A — F(x) is a constant, 
since its derivative is zero (§ S). In order to determine this con- 
stant, we need only notice that the area A is zero for the abscissa 
x = a of the line Ml*. Hence 

A = F(x)-F(ci). 

It follows from the above reasoning, first, that the determination 
of a plane area may be reduced to the discovery of a primitive func- 
tion; and, secondly (and this is of far greater importance for us), 
that every continuous function f(x) is the derivative of some other 
function . This fundamental theorem is proved here by means of 
a somewhat vague geometrical concept, — that of the area under a 
plane curve. This demonstration was regarded as satisfactory for a 
long time, but it can no longer be accepted. In order to have a stable 
foundation for the Integral Calculus it is imperative that this theo- 
rem should be given a purely analytic demonstration which does not 
rely upon any geometrical intuition whatever. In giving the above 
geometrical proof the motive was not wholly its historical interest, 
however, for it furnishes us with the essential analytic argument of 
the new proof. It is, in fact, the study of precisely such sums as 
(1) and sums of a slightly more general character which will be 
of preponderant importance. Before taking up this study we must 
lirst consider certain questions regarding the general properties of 
functions and in particular of continuous functions.* 

II. DEFINITE INTEGRALS ALLIED GEOMETRICAL CONCEPTS 

68. Upper and lower limits. An assemblage of numbers is said to 
have an upper limit (see ftn., p. 91) if there exists a number N so 
large that no member of the assemblage exceeds 2V. Likewise, an 
assemblage is said to have a lower limit if a number N 1 exists than 
which no member of the assemblage is smaller. Thus the assem- 
blage of all positive integers has a lower limit, but no upper limit ; 


♦Among the most important works on the general notion of the definite integral 
there should he mentioned the memoir by Riemaim : liber die jSIbglichkeit , eine Func- 


ami the assemblage of all rational mini hers between 0 and 1 has 
both a lower and an upper limit. 

Let (A’) be an assemblage which has an upper limit. With 
respect to this assemblage all numbers may be divided into two 
classes. We shall say that a number a belongs to the first class if 
there are members of the assemblage (77) which are greater than a, 
and that it belongs to the second class if there is no member of the 
assemblage ( 77 ) greater than a. Since the assemblage (77) has an 
upper limit, it is clear that numbers of each class exist. If A be 
a number of the first class and B a number of the second class, it 
is evident that A <B\ there exist members of the assemblage (77) 
which lie between A and B, but there is no member of the assem- 
blage (77) which is greater than B. The number C = (d 4 -73)/ 2 
may belong to the first or to the second class. In the former case 
we should replace the interval (A, B) by the interval (C, 73), in the 
latter case by the interval (hi, C). The new interval (d l7 B x ) is half 
the interval (d, B) and has the same properties : there exists at least 
one member of the assemblage ( 77 ) which is greater than A 1} but none 
which is greater than 7J X . Operating upon (d x , J3 X ) in the same way 
that we operated upon (d, and so on indefinitely, we obtain an 
unlimited sequence of intervals (d, 73), (d x , B l ) ) (d 2 , X> 2 )> •••> each 
of which is half the preceding and possesses the same property 
as (d, B) with respect to the assemblage (77). Since the numbers 
d, d x , d 3 , • ••, A n never decrease and are always less than B } they 
approach a limit A (§ 1). Likewise, since the numbers B, B lf B 2 , • • • 
never increase and are always greater than A, they approach a limit A'. 
Moreover, since the difference B n — A n = (B — A ) /2* approaches zero 
as n increases indefinitely, these limits must be equal, i.e. A' = A. 
Let L be this common limit j then L is called the upper limit of the 
assemblage (7?). From the manner in which we have obtained it, 
it is clear that L has the following two properties : 

1) No member of the assemblage (77) is greater than L . 

2) There always exists a member of the assemblage (77) ichirh is 
greater than L — e, where e is any arbitrarily small positive number. 

For let us suppose that there were a member of the assemblage 
-greater than L, say L + h (h > 0). Since 7» n approaches L as n 

• A r> W, mnr, 4-1, o« T I 7, n o 00,.4-r,-!^ 


certain value of n , M will be greater than ft — e; anu since there are 
mem Inn’s of (ft) greater than A u9 these numbers will also be greater 
than ft — c. It is evident that the two properties stated above can- 
not apply to any other number than L. 

The upper limit may or may not belong to the assemblage (ft). 
In the assemblage of all rational' numbers which do not exceed 2, 
for instance, the number 2 is precisely the upper limit, and it belongs 
to the assemblage. On the other hand, the assemblage of all irra- 
tional numbers which do not exceed 2 has the upper limit 2, but 
this upper limit is not a member of the assemblage. It should be 
particularly noted that if the upper limit ft does not belong to the 
assemblage, there are always an infinite number of members of (ft) 
which are greater than ft — e, no matter how small e be taken. For if 
there were only a finite number, the upper limit would be the largest 
of these and not ft. When the assemblage consists of n different 
numbers the upper limit is simply the largest of these n numbers. 

It may be shown in like manner that there exists a number ft \ 
in case the assemblage has a lower limit, which has the following 
two properties : 

1) No member of the assemblage is less than V . 

2) There exists a member of the assemblage which is less than 
V 4- e, where e .is an arbitrary positive number* 

This number ft 1 is called the lower limit of the assemblage. 

69. Oscillation. Let f(x) be a function of x defined in the closed f 
interval (a, b) ; that is, to each value of x between a and b and to each 
of the limits a and b themselves there corresponds a uniquely deter- 
mined value of f(x). The function is said to be finite in this closed 
interval if all the values which it assumes lie between two fixed 
numbers A and ft. Then the assemblage of values of the function 
has an upper and a lower limit. Let M and m be the upper and 
lower limits of this assemblage, respectively; then the difference 


* Whenever all numbers cun be separated into two classes A and ft, according to 
any characteristic property, in such a way that any number of the class A is less than 
any number of the class ft, the upper limit ft of the numbers of the class A is at the 
same time the lower limit of the numbers of the class ft. It is clear, first of all, that 


tion be finite m a closed interval (a, b ) it is not sufficient that it 
should have a finite value for every value of x. Thus the function 
defined in the closed interval (0, 1) as follows : 

/( 0) = 0, f(x) — 1/x for x > 0, 

has a finite value for each value of x j but nevertheless it is not 
finite in the sense in which we have defined the word, for f(x) > A 
if we take x<l /A. Again, a function which is finite in the closed 
interval (&, b) may take on values which differ as little as we please 
from the upper limit M or from the lower limit m and still never 
assume these values themselves. For instance, the function f(x ), 
defined in the closed interval (0, 1) by the relations 

/( 0) = 0, f(x ) = 1 — x for 0 < x < 1, 

has the upper limit M = 1, but never reaches that limit. 

70. Properties of continuous functions. We shall now turn to the 
study of continuous functions in particular. 

Theorem A. Letf(x ) be a function which is continuous in the closed 
interval (a ) b') and c an arbitrary positive member. Then we can 
always break up the interval (A, b) into a certain number of partial 
intervals in such a ivay that for any two values of the variable 
whatever , x r and x u } which belong to the same partial interval, , we 
always have \f(x , ') — f(x ,, )\<e. 

Suppose that this were not true. Then let c =(a + b)/2 ; at 
least one of the intervals (a, c), (c } b) would have the same prop- 
erty as ( a , &); that is, it would he impossible to break it up into 
partial intervals which would satisfy the statement of the theorem. 
Substituting it for the given interval (a, b) and carrying out the 
reasoning as above (§ 68), we could form an infinite sequence of 
intervals (<z, b ), (a 1} &*), (a 2 , b 2 ), • • •, each of which is half the preced- 
ing and has the same property as the original interval ( a , b). For 
any value of n we could always find in the interval (a n , b n ) two 
numbers x 1 and x n such that \f{x')—f(x u ) | would be larger than e. 
Now let \ be the common limit of the two sequences of numbers 
a, a u a 2 , • •• and b, b 1} b v • • Since the function /(.?•) is continuous 


will lie wholly witlim the interval (A — rj, A + rj ) ; ana 11 x ana x 
are any two values whatever in the interval (a tt , fy t ), we must have 

I/CO -/(*) I < 1/00 -/W I < ‘A 

and hence |/(x') — /(x") | < e. It follows that the hypothesis made 
above leads to a contradiction j hence the theorem is proved. 

Corollary I Let a } x u x 2 , • • • , x p _ 13 b be a method of subdivision 
of the interval (a, b) into p subintervals, which satisfies the con- 
ditions of the theorem. In the interval (a, x x ) we shall have 
| f(x) | < | /(a) | + e ; and, in particular, \f(x x ) | < | f(a) | + e. Like- 
wise, in the interval (x u x 2 ) we shall have |/(x) | < |/(x a ) | + e, 
and, a fortiori , |/(x) j < \f(d) | H- 2 c; in particular, for x = x 2 , 

| f(x 2 ) | < | f(a) j + 2 e ; and so forth. Lor the last interval we shall 
have 

i/wi<i/(^-i)I+^<i/(«)I+^ 

Hence the absolute value of fix) in the interval (a, b) always 
remains less than |/(«) | It folloius that every function which 
is continuous in a dosed interval (a, b ) is finite in that interval. 

Corollary II. Let ns suppose the interval (a, b) split up intoy? sub- 
intervals (a, Xi), (x l3 x 3 ), • • • , (x p _ l3 b) such that |/(x') —/(sc") |< c/2 
for any two values of x which belong to the same closed subinterval. 
Let 7 ] be a positive number less than any of the differences x x — a , 
x 2 — x*i — x 2 ,_ 1 . Then let us take any two numbers whatever 

in the interval (a, b) for which \x r — x"| < y, and let us try to find 
an upper limit for |/(x') — /(x f ')|. If the two numbers x' and x " 
fall in the same subinterval, we shall have |/(x') -~/(x") |<e/2. 
If they do not, x' and x" must lie in two consecutive intervals, 
and it is easy to see that |/(x') — /(sc") | < 2 (e /2) = e. Hence cor-, 
responding to any positive number e another positive member rj can be 
found such that 

1/(0 -/(*") i <*, 

where x 1 and x" are any two numbers of the interval (a, b) for which 
|x' — x"| < y. This property is also expressed by saying that the 
function /(x) is uniformly continuous in the interval (a, b). 

Theorem B. A function f(x) which is continuous in a closed 
interval (a, b) takes on every value between fid ) and fili) at lanM 



tive near b. Let us consider the assemblage of values of x between 
a and b for which f(x) is positive, and let X be the lower limit of 
this assemblage (a < X < b). By the very definition of a lower 
limit /(X — h) is negative or zero for every positive value of h. 
Hence /(X), which is the limit of /(X — It), is also negative or zero. 
But/(X) cannot be negative. For suppose that /(X) = — m , where 
vi is a positive number. Since the function /(as) is continuous for 
x = X, a number rj can be found such that |/(as) —/(X) ] < m when- 
ever | x — X\< rj, and the function f(x ) would be negative for all 
values of x between X and X + y. Hence X could not be the lower 
limit of the values of x for which f(x) is positive. Consequently 

m= o. 

Now let N be any number between f(a) and f(b). Then the 
function 4>( x ) ~f( x ) — N is continuous and has opposite signs for 
x = a and x = b. Hence, by the particular case just treated, it 
vanishes at least once in the interval (a, b). 

Theorem C. Every function which is continuous in a closed inter- 
val ( a , b) actually assumes the value of its uq'fjper and of its lower 
limit at least once. 

In the first place, every continuous function, since we have 
already proved that it is finite, has an upper limit M and a lower 
limit m. Let us show, for instance, that f(x) — M for at least one 
value of x in the interval (a, b). 

Taking c = (a 4- b) / 2, the upper limit of / ( x ) is equal to M for 
at least one of the intervals ( a , e), {c, b).. Let us replace (a, V) 
by this new interval, repeat the process upon it, and so forth. 
Reasoning as we have already done several times, we could form 
an infinite sequence of intervals (cq b), (eq, b/), (a 2 , b 2 ), • each of 
which is half the preceding and in each of which the upper limit of 
f(x) is M. Then, if X is the common limit of the sequences a, 

• • • , a n} • • • and b,b l3 • • ♦, b n) • • • , /(A) is equal to M. For suppose that 
/(X) = M — h, where h is positive. We can find a positive number 
7 ] such that f(x) remains between /(X) + h/2 an d/(X) — 7^/2, and 
therefore less than M — h/2 as long as x remains between X — rj 
and X + rj. Let us now choose n so great that a n and b n differ from 
their common limit X by less than rj. Then the interval (a n , &„) lies 
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wnony insure uie interval {a — tj, a ~r rjj, ami it 
that the upper limit of f(x) in the interval (a n} b n ) could not be 
equal to M. 

Combining this theorem with the preceding, we see that any func- 
tion which is continuous in a closed interval («, lij assumes , at least 
once , every value between its upper and its lower limit. Moreover 
theorem A may be stated as follows : Given a function which is 
continuous in a closed interval ( a , b), it is possible to divide the inter- 
val into such small subregions that the oscillation of the function in 
any one of them will be less than an arbitrarily assigned jwsitive 
number. For the oscillation of a continuous function is equal to 
the difference of the values of f(x) for two particular values of the 
variable. 

71. The sums S and s. Let f(x) be a finite function, continuous 
or discontinuous, in the interval (a, b ), where a < b. Let us sup- 
pose the interval {a, b) divided into a number of smaller partial 

intervals (ft, aq), (aq, aq), •••, (sc^, 13 b), where each of the numbers 

aq, aq, • • • , cb j is greater than the preceding. Let M and m be the 
limits of f(x) in the original interval, and and m £ the limits 
in the interval (aq_j, x and let us set 

S = M 1 (x 1 - a) + il/ 8 (aq — aq) 4 b M v (b - 

s = m l (aq — a) + m 2 (aq — aq)4 b m p (b — x p _j). 

To every method of division of (a, b) into smaller intervals there 
corresponds a sum S and a smaller sum s . It is evident that none 
of the sums S are less than m (b — a), for none of the numbers M i 
are less than m j lienee these sums S have a lower limit L # Like- 
wise, tlie sums s , none of which exceed M (I) — a) have an upper 
limit We proceed to show that F is at most equal to I. Lor this 
purpose it is evidently sufficient to show that s^S' and s' < 8, where 
S 9 s and S ' , s' are the two sets of sums which correspond to any 
two given methods of subdivision of the interval (a, b). 

In the first place, let us suppose each of the subintervals (a, aq), 
(aq, aq), * • < redivided into still smaller intervals by new points of 
division and let 



is called ro user ul ire to tlio first. Let 5 and a* denote the sums anal- 
ogous to S and s with respect to this new method of division of the 
interval (a, b), and let us compare S and s with 2 and cr. Let us 
compare, for example, the portions of the two sums S and 2 which 
arise from the interval (a, x { ). Let M[ and m[ be the limits o f 
f(x) in the interval (a, y{), and w.' the limits in tlie interval 
0/u y 2 ), • • • , Ml and m/. the limits in the interval (y k ^ u x t ). Then 
the portion of 2 which comes from (a, x x ) is 

M l{Vi -a) + Ml(y s - y,) + ••• • + M’ k {x x - y k _ x ) ; 

and since the numbers il/[, Ml, •••, MJ. cannot exceed M u it is clear 
that the above sum is at most equal to M l (x l — a). Likewise, the 
portion of 2 which arises from the interval (ccj, x 3 ) is at most equal 
to M 2 (x. 2 — x l ) f and so on. Adding all these inequalities, we find 
that 2 5 S, and it is easy to show in like manner that cr > s. 

Let us now consider any two methods of subdivision whatever; 
and let $, s and S', s' be the corresponding sums. Superimposing 
the points of division of these two methods of subdivision, we get a 
third method of subdivision, which may be considered as consecu- 
tive to either of the two given methods. Let 2 and cr be the sums 
with respect to this auxiliary division. By the above we have the 
relations 

2 <S, 0 r>5, 2 5 S'; CT — s'j 

and, since 2 is not less than cr, it follows that s'^S and s S S'. Since 
none of the sums S are less than any of the sums s, the limit I 
cannot be less than the limit I' j that is, I > /'. 

72. Integrable functions. A function which is finite in an inter- 
val ( a , V) is said to be integrable in that interval if the two sums 
S and 5 approach the same limit when the number of the partial 
intervals is indefinitely increased in such a way that each of those 
partial intervals approaches zero. 

The necessary and sufficient condition that a function be integrable 
in an interval is that corresponding to any positive number e another 
number rj exists such tlwd S — s is less than e ivhenever each of the 
partial intervals is less than rj. 



Moreover the condition is sufficient, for we may write * 

8-8 = 3 — I+I — I' + I' - 8, 

and since none of the numbers S — /, / — /' — s can be negative, 

each of them must be less than e if their sum is to be less than e. 
But since I — I' is a fixed number and e is an arbitrary positive 
number, it follows that we must have /' = /. Moreover S — 
and / — s < e whenever each of the partial intervals is less than y, 
which is equivalent to saying that S and s have the same limit I. 

The function f(x) is then said to be int eg ruble in the interval 
( a , Z>), and the limit I is" called a definite integral . It is represented 
by the symbol 

/= f /0 ')clx, 

J a 

which suggests its origin, and which is read “the definite integral 
from a to b of f(x) dxP By its very definition / always lies between 
the two sums S and s for any method of subdivision whatever. 
If any number between and s be taken as an approximate value 
of I } tlie error never exceeds S — s. 

Every continuous function is integrable. 

The difference S — s is less than or equal to (b — a) w, where 
(o denotes the upper limit of the oscillation off(x) in the partial 
intervals. But y may he so chosen that the oscillation is less than 
a preassigned positive number in any interval less than y (§ 70). 
If then y be so chosen that the oscillation is less than e/(b — a), 
the difference S — s will be less than e. 

Any monotonically increasing or monotonically decreasing function 
in an interval is integrable in that interval . 

A function f(x) is said to increase monotonically in a given interval 
(a, b) if for any two values x lf in that interval f(x f ) >f(x") when- 
ever x ' > x ,r . The function may be constant in certain portions of the 
interval, but if it is not constant it must increase with x . Dividing 
the interval ( [a , b) into n subintervals, each less than y , we may write 

S =/(*: 0 (*1 - »■) +/(* s) (*s — O + ’ • • +/(&) (J> - X n _ 1 ), 

s =/(«) (*i — a) +/(x i)(a? 2 — »i) 4 h/(*„_ 1 ) (l> — 



'S' - » = («1 - «) [/(*l) - /(«)] + (** - * 1 ) [/(*») — /Ol)] 

+ ••• + (&- z t ,_0 [/(&) -/(*»_,)]■ 

aSTone of the differences which occur in the right-hand side of this 
equation are negative, and all of the differences x x — a, x 2 — x l} 
• • • are less than tj ; consequently 

s - s < i) -/(«) +/(»>)-/(* 1) + • • • +/(&) - /(*«-i)]> 

or 

‘S' -*<*[/(*) -/(«)], 

and we need only take 

v< m-fw 

in order to make S — s< e. The reasoning is the same for a mono- 
tonically decreasing function. 

Let us return to the general case. In the definition of the inte- 
gral the sums S and s may be replaced by more general expres- 
sions. Given any method of subdivision of the interval ( a , b ) : 

a > ^2j x i — u x i > *‘*5 X 7l • — i ? 

let 4? • * • ? fo • • • be values belonging to these intervals in order 
(a\ _ i S & S «v) • Then the sum 

(2) (2/(00* -**-0 = 

•1 y(ii) (*1 - «) +/(&) (*2 - ®i) 4 (5 - a»-i) 

evidently lies between the sums S and s, for we always have 
</(£.) < M- r If the function is integrable, this new sum has the 
limit I. In particular, if we suppose that £ 2 , •••, coincide 
with a, x u •••, x u _ v respectively, the sum (2) reduces to the sum 
(1) considered above (§ G5). 

There are several propositions which result immediately from the 
definition of the integral. We have supposed that a<b ; if we now 
interchange these two limits a and b ) each of the factors — x i _ l 
changes sign; hence 






= f f(x)dx + C f(x)dx. 

Ju Jb 


If f(x) — Acj> (x) + Bij/(x ), where A and I? are any two constants, 
we have 




dx + B^ \j/(x)dx ? 


and a similar formula holds for the sum of any number of functions. 

The expression /(£•) in (2) may be replaced by a still more gen- 
eral expression. The interval («, b) being divided into n sub- 
intervals (a, aq), • • • , (#,*_!, x t )j • • • , let us associate with each of the 
subintervals a quantity which approaches zero with the length 
x t — of the subinterval in question. We shall say that 
approaches zero uniformly if corresponding to every positive num- 
ber e another positive number rj can be found independent of i and 
such that ]£ f | < c whenever x L — x i „ 1 is less than rj. We shall now 
proceed to show that the sum 

S‘ = X [/(*<_,) + 

1 = 1 

approaches the definite integral f«f(%)dx as its limit provided 
that £* approaches zero uniformly. For suppose that rj is a number 
so small that the two inequalities 


*.---1)- f f(?)dx 

i= 1 


< 


14-1 < e 


are satisfied whenever each of the subintervals x i — x i _ 1 is less 
than 77 . Then we may write 

S r - 

r x /(*.-- 1) (*i - - r + x &(*< - 

i=*l t= 1 




<C e e (b — CL) 



whenever each of the subintervals is less than rj. Thus the theorem 
is proved.* 

73. Darboux’s theorem. Given any function f(x) which is finite in an inter- 
val (a, b); the sums S and s approach their limits I and I', respectively, when 
the number of subintervals increases indefinitely in such a way that each of 
them approaches zero. Let us prove this for the sum S, for instance. We 
shall suppose that a <b, and that /(a) is positive in the interval (a, 6), which can 
be brought about by adding a suitable constant to /(x), which, in turn, amounts 
to adding a constant to -each of the sums S. Then, since the number I is the 
lower limit of all the sums S, we can find a particular method of subdivision, say 

d, Xj, &2, • • *5 % 2 > — u 

for which the sum S is less than I -f e/2, where e is a preassigned positive num- 
ber. Let us now consider a division of («, b) into intervals less than 77, and let us 
try to find an upper limit of the corresponding sum S'. Taking 'first those inter- 
vals which do not include any of the points Xi, x 2 , • • •, x p _i, and recalling the 
reasoning of § 71, it is clear that the portion of S' which comes from these inter- 
vals will be less than the original sum S, that is, less than I + e / 2. On the other 
hand, the number of intervals which include a point of the set % u x 2 , • • • , x ; ,_i 
cannot exceed p — 1, and hence their contribution to the sum S' cannot exceed 
(p — where M is the upper limit of / (x). Hence 

S' < I -f e/2 -f (p — 1) Mrj, 

and we need only choose rj less than e/2 M (p — 1) in order to make S' less than 
I 4 - e. Hence the lower limit I of all the sums S is also the limit of any sequence 
of S ' s which corresponds to uniformly infinitesimal subintervals. 

It may be shown in a similar manner that the sums s have the limit T. 
If the function f(x) is any function whatever, these two limits I and I' arc in 
general different. In order that the function be integrable it is necessary and 
sufficient that I' = J. 

74. First law of the mean for integrals. From now on we shall 
assume, unless something is explicitly said to the contrary, that 
the functions under the integral sign are continuous. 


* Tlic above theorem can be extended without difficulty to double and triple inte- 
grals ; we shall make use of it in several places (§§ SO, 95, 97, 131, 144, etc.). 

The proposition is essentially only an application of a theorem of Huliamel’s 
according to which the limit of a sum of infinitesimals remains unchanged when 
each of the infinitesimals is replaced by another infinitesimal which differs from the 



throughout the interval. And we shall suppose further, for the 
sake of definiteness, that a < b and (x) > 0. 

Suppose the interval ( a , b) divided into subintervals, and let 
£ 2j ■ * * ; £i, • • • be values of x which belong to each of these 
smaller intervals in order. All the quantities /(£,-) lie between the 
limits M and m of f(x) in the interval (a, b) : 

Let us multiply each of these inequalities by the factors 

( x i — 

respectively, which are all positive by hypothesis, and then add 
them together. The sum 3/(£) (£•) {x t — evidently lies 

between the two sums (£-) (x i — and (x { — 

Hence, as the number of subintervals increases indefinitely, we 
have, in the limit, 

J /-»& /*»& pb 

■ cj>(x)dx^ J / 4> (x) dx, 

a Ja J a 

which may be written 


f /(«) <t> (x) dx =* /j, f 
Ja J a 


b 

<f>(x)dx, 


where \x lies between m and M. Since tlie function f(x) is con- 
tinuous, it assumes the value ^ for some value £ of the variable" 
which lies between a and b ; and hence we may write the preceding 
equation in the form 


(s) f *(»)*, 

Ja J a 

where £ lies between a aucl b. * If, in particular, = 3, the 
integral £ dx reduces to ( b — a) by tlie very definition of an inte- 
gral, and tire formula becomes 


/ 


f(x) dx = {b- «)/(£). 


0) 


Lemma. Let «?o , ei, • • • , e p be a set of monotonically decreasing 'positive quanti- 
ties, and u$, Ui , * • • , u p the same number of arbitrary positive or negative quantities. 
If A and B are respectively the greatest and the least of all of the stuns s 0 = « 0l 
Si = uq + wj. , • • ■ , Sj, = iio + Ui 4 f- u p , the sum 

S = €qUq -j- £i U\ 4" • • • -f €p Up 
will lie between Ae 0 and Be 0 , i.e. Ae 0 <S< Be 0 . 

Por we have 

= So , Ui = Si - so, • • • , u p - s p - 8p- U 
whence the sura S is equal to 

So (eo — «l) + Si (ei — e 2 ) + • • • + Sp-i (fy-i — e 2 ,) -f S p e p . 

Since none of the differences e 0 — ei, ei — e 2 , • • •, e ; ,_ \ — e p are negative, two 
limits for S are given by replacing s 0 , si , • • • , s p by tlieir upper limit A and then 
by their lower limit B. In this way we find 

S 2 A ( 5 6 0 — n + ei — ' * + e iJ~l — ^ + ffjp) = -4e 0 , 

and it is likewise evident that S ^ Be o . 

Now let /(sc) and <p (x) be two continuous functions of x, one of which, 0 (x), 
is a positive monotonically decreasing function in the- interval a< x < b. Then 
the integral J^f{x) <f> (x) dx is the limit of the sum 

f(a) 0 ( a ) (xi - a) + f{x i) 0 (xi) (ass — ari) H 

The numbers 0(a), 0(cci), • • • form a set of monotonically decreasing positive 
numbers; hence the above sum, by the lemma, lies between A<p{a) and B<p (a), 
where A and B are respectively the greatest and the least among the following 
sums: 

f(a){x i-a), 

f (a) (cci - a) + jf(»i) (x 2 - Xi) , 



/(a) (a* a) -f f(x i) (x 2 - xi) + • • * + /(x«-i) (& - z„_ i) . 

Passing to the limit, it is clear that the integral in question must lie between 
A\<\> (a) and B\_<p (a), where A x and B x denote the maximum and the minimum, 
respectively, of the integral J a c /(x) dx, as c varies from a to b. Since this inte- 
gral is evidently a continuous function of its upper limit c (§76), we may write 
the following formula : 

(5) f f(x) 0(x)dx = 0(a) f /(x)dx, a<£<&. 

Ja da 

When the function 0(x) is a monotonically decreasing function, without 
being always positive, there exists a more general formula, due to Weierstrass. 
In such a case let us set 0 (x) = 0 (b) 4- 0 (®). Then 0 (x) is a positive monoton- 
ically decreasing function. Applying the formula (5) to it, we find 


J f(x) (p(x)dx= <f> (a) V(x) dx~\- f(x) t lx . 


Similar formulas exist for the case when the function <p(x) is increasing. 


76. Return to primitive functions. We are now in a position to 
give a purely analytic proof of the fundamental existence theorem 
(§ 67). Let f(x) be any continuous function. Then the definite integral 



where the limit a is regarded as fixed, is a function of the upper 
limit x. We proceed to show that the derivative of this function 
is f(x). In the first place, we have 

j /->x + h 

f{t) dt, 

X 

or, applying the first law of the mean (4), 

F(x + h) - F(x) = hf($f 

where | lies between x and x -f- h. As h approaches zero, f(g) 
approaches f(x ) ; hence the derivative of the function F(x) is f(x) } 
which was to be proved. 

All other functions which have this same derivative are given 
by adding an arbitrary constant C to F(x). There is one such 
function, and only one, which assumes a preassigned value y 0 for 
x = a, namely, the function 



When there is no reason to fear ambiguity the same letter x is 
used to denote the upper limit and the variable of integration, and 
Jaf( x ) written in place of f*f(t) dh But it is evident that 
a definite integral depends only upon the limits of integration and 
the form of the function under the sign of integration. The letter 
which denotes the variable of integration is absolutely immaterial. 

Every function whose derivative is f(x) is called an indefinite 
integral of f(x ) 9 or a primitive function of f(x), and is represented 
by the symbol 



f(x) dx + C. 


Conversely, if a function F(x) whose derivative is f(x) can be 
discovered by any method whatever, we may write 


f(x)dx - F(x) + C. 

In order to determine the constant C we need only note that the 
left-hand side vanishes for x = a. Hence C = — F(a) } and the 
fundamental formula becomes 



(6) f f(x)dx = F(x) - F(a). 

J a 

If in this formula /(cc) be replaced by F'(x), it becomes 


J /> X 

F '(x) dx , 

a 

or, applying the first law of the mean for integrals, 

F(x)~F(a) = (z-a)F'($), 

where £ lies between a and x. This constitutes a new proof of the 
law of the mean for derivatives ; but it is less general than the one 
given in section 8, for it is assumed here that the derivative F'(x) is 
continuous. 

We shall consider in the next chapter the simpler classes of func- 
tions whose primitives are known. Just now we will merely state 
a few of those which are apparent at once : 



cFfdx — A 


(x — a) a + 1 

a+"i‘" + 


C, 


a + 1 =£ 0; 



= A log (x — a) + C\ 

X — CL 



cos x dx 


= sin x + 


C\ 


sin x dx = — cos x + C ; 



fj==7 l =i°s(*+'^^)+c; J-j 


/'(.x) dx 

m 


lo gf(x) + C. 


The proof of the fundamental formula (6) was based upon the 
assumption that the function f(x ) was continuous in the closed inter- 
val (a, b). If this condition be disregarded, results may be obtained 
which are paradoxical. Taking f(x) = 1 / x 2 , for instance, the for- 
mula (6) gives 

' b dx _1_1 
b 


r"cte = i_i 

Ja ~ a h ' 


The left-hand side of this equality has no meaning in our present 
system unless a and b have the same sign \ hut the right-hand side 
has a perfectly determinate value, even when a and b have different 
signs. We shall find the explanation of this paradox later in the 
study of definite integrals taken between imaginary limits. 

Similarly, the formula (6) leads to the equation 



b f(x)dx 

f( x ) 


— log 



If f(a) and f(b) have opposite signs, f(x) vanishes between a and b , 
and neither side of the above equality has any meaning for us at 
present. We shall find later the signification which it is convenient 
to give them. 

Again, the formula (6) may lead to ambiguity. Thus, if 
f(x) = 1 /(I -f x 2 ), we find 

^ ( btXi 

t— — ^ = arc tan b — arc tan a. 

1 -f x 



Here the left-hand side is perfectly determinate, while the right- 
hand side has an infinite number of determinations. To avoid this 
ambiguity, let us consider tke function 


Jo 


x dx 
1 + x 2 ' 


This function F(x) is continuous in the whole interval and Tan- 


J r dx f dx f dx 

t = | — — 5 — | — — « = arc tan b — arc tan a, 

a 1 + Jo 1 + ^ Jo 1 + ^ 

where the value to be assigned the arctangent always lies between 
— 7 r/2 and + tt/2. 

In a similar manner we may derive the formula 

= arc sin b — arc sin a, 

where the radical is to be taken positive, where a and b each lie 
between — 1 and + 1 , and where arc sin x denotes an angle which 
lies between — n r/2 and + 7 r/2. 



77. Indices. In general, when the primitive F(x) is multiply determinate, we 
should choose one of the initial values F(a) and follow the continuous variation 
of this branch as x varies from a to b. Let us consider, for instance, the integral 


where 



P'Q - FQ' 
P 2 4 Or 



b m 

i +/ 2 w 


dx, 



and where P and Q are two functions which are both continuons in the interval 
(a, b) and which do not both vanish at the same time. If Q does not vanish 
between a and &, /(x) does not become infinite, and arc tan/ (a;) remains between 
- tf/2 and 4- zr/2. But this is no longer true, in general, if the equation Q = 0 
has roots in this interval. In order to see how the formula must he modified, let 
us retain the convention that arc tan signifies an angle between — 7 C /2 and 4 tf/2, 
and let us suppose, in the first place, that Q vanishes just once between a and b 
for a value x = c. We may write the integral in the form 



6 f (x) dx 
14 f 2 (x) 


L X 



where e and e' are two very small positive numbers. Since /(x) does not become 
infinite between a and c — e, nor between c 4 e' and b, this may again be written 


I 


b f'dx 
14 f 2 


— arc tan/ (c — e) — arc tan /(a) 


4 arc tan/(6) — arc tan/(c 4 O 4 


J -1 c4- e ' 
c—e 


Several cases may now present themselves. Suppose, for the sake of definite- 
ness, that f(x) becomes infinite by passing from 4 o> to — co. Then /(c — e) will 


passing to the limit, we obtain the formula 

f — = tt + arc tan /(6) — arc tan/ (a). 

a 1 +/*(*) 

Similarly, it is easy to show that it would be necessary to subtract 1 1 if f(x) 
passed from — oo to -f-co. In the general case we would divide the interval 
(a, b) into subiutervals in such a way that f(x) would become infinite just once 
in each of them. Treating each of these subintervals in the above manner and 
adding the results obtained, we should find the formula 

C - - = arc tan/ (b) — arc tan/ (a) fi (K — K') 7 t, 

Ja 1 (*) 

where K denotes the number of times that f(x) becomes infinite by passing from 
+ 00 to — 00, and K' the number of times that f{x) passes from — oo to + 00. 
The number K — K' is called the index of the function /(a?) between a and b. 

When f(x) reduces to a rational function Fl/F, this index may be calculated 
by elementary processes without knowing the roots of V. It is clear that we 
may suppose Fi prime to and of less degree than F, for the removal of a poly- 
nomial does not affect the index. Let us then consider the series of divisions 
necessary to determine the greatest common divisor of Fand Fi, the sign of the 
remainder being changed each time. First, we would divide V by Fi, obtaining 
a quotient Qi and a remainder — F 2 . Then we would divide V\ by F2 , obtaining a 
quotient Qz and a remainder — F 3 ,* and so on. Finally we should obtain a con- 
stant remainder — V n +i- These operations give the following set of equations : 

F = FiQi — F 2 , 

Fi - F 2 Q 2 - F 3 , 

y~7i — 1 =: VjtQn F ?i 1 . 

The sequence of polynomials 

(7) F, Fi, F 2 , '*'» F r -I, F r , Fr+l) »*», Fn> F n + 1 

has the essential characteristics of a Sturm sequence : 1) two consecutive poly- 
nomials of the sequence cannot vanish simultaneously, for if they did, it could 
be shown successively that this value of x would cause all the other polynomials 
to vanish, in particular Fn + i; 2) when one of the intermediate polynomials Fi, 
F 2 , • * F„ vanishes, the number of changes of sign in the series (7) is not altered, 
for if F r vanishes for x — c , V r -i and F r +i have different signs for x = c. It 
follows that the number of changes of sign in the series (7) remains the same, 
except when x passes through a root of F = 0. If Vj/V passes from -fi 00 to — 00, 
this number increases by one, but it diminishes by one on the other hand if 
Fl/F passes from — co to -fi 00. Hence the index is equal to the difference of 
the number of changes of sign in the series (7) for x = b and x = a. 

78. Area of a curve. We can now give a purely analytic definition 



the interval. Let us consider, as above (Fig. 9, § 65), tlie portion of 
the plane bounded by the contour AMBB^A^ composed of the seg- 
ment A 0 B U of the x axis, the straight lines AA n and BB {) parallel to 
the y axis, and having the abscissae a and b } and the arc of the curve 
A MB whose equation is y = f(x). Let us mark off on A 0 B 0 a certain 
number of points of division P x , P 2 , , P*_ l} P i7 • • • , whose abscissae 

are x u x 2 , • ••, cc*_ x , x i} •••, and through these points let us draw 
parallels to the y axis which meet the arc A MB in the points 
Qi, Q*> •••, Q i} •••, respectively. Let us then consider, in 

particular, the portion of the plane bounded by the contour 
Qi_iQiPiPi-iQi-i, and let us mark upon the are Q*_ X Q* the highest 
and the lowest points, that is, the points which correspond to the 
maximum M i and to the minimum m i of /(sc) in the interval 
(x^i, x t ). (In the figure the lowest point coincides with Qi_ v ) 
Let P* be the area of the rectangle Pi-iP{S i s i _ l erected upon the 
base Pi _ i P { with the altitude M i} and let be the area of the 
rectangle Pi-iPf^-Q,*-! erected upon the base P*_ X P* with the alti- 
tude m*. Then we have 

Ri = Mfa - n = (x { - *<_!), 

and the results found above (§ 72) may now be stated as follows : 
whatever be the points of division, there exists a fixed number I 
which is always less than ISP* and greater than Sr*, and the two 
sums SP* and Sr* approach I as the number of subintervals P^P* 
increases in such away that each of them approaches zero. We shall 
call this common limit I of the two sums SP* and Sr* the area of 
the 'portion of the plane bounded by the contour A MBB {) A 0 A. Thus 
the area under consideration is defined to be equal to the definite 
integral f a b f(x)dx. 

This definition agrees with the ordinary notion of the area of a 
plane curve. For one of the clearest points of this rather vague 
notion is that the area bounded by the contour P i ~iPiQ i n i Q i _ ] P i _ 1 
lies between the two areas P* and r { of the two rectangles P;_iP^ £ s*_i 
and P*_i P* ft Q,*_ ij hence the total area hounded by the contour 
AMBB 0 A 0 A must surely be a quantity which lies between the two 
sums SP* and Sr*. But the definite integral I is the only fixed quan- 
tity which always lies between these two sums for any mode of 


the definite integral / is also the limit of the sum 

where ft is any value whatever in the interval x t ). But the 

element 

(x-t - tf;_i)/(ft) 

of this sum represents the area of a rectangle whose base is P t _ j 
and whose altitude is the ordinate of any point of the arc (2 £ _ t Q t . 
It should be noticed also that the definite integral I represents 
the area, whatever he the position of the arc A MB with respect to 
the x axis, provided that we adopt the convention made in § 67. 
Every definite integral therefore represents an area ; hence the calcu- 
lation of such an integral is called a quadrature. 

The notion of area thus having been made rigorous once for all, 
there remains no reason why it should not be used in certain 
arguments which it renders nearly intuitive. Eor instance, it is 
perfectly clear that the area considered above lies between the areas 
of the two rectangles which have the common base A 0 B 0 , and which 
have the least and the greatest of the ordinates of the arc A MB, 
respectively, as their altitudes. It is therefore equal to the area of 
a rectangle whose base is A 0 B 0 and whose altitude is the ordinate 
of a properly chosen point upon the arc A MB, — which is a restate- 
ment of the first law of the mean for integrals. 


79. The following remark is also important. Let f(x) be a func- 
tion which is finite in the interval (a, b) and which is discontinuous 



continuous between c — h and 
f(c — 0) as e approaches zero 


in the manner described below for 
a finite number of values between 
a and b. Let us suppose that f(x) 
is continuous from c to c-b&(7c>0), 
and that f(c 4- e) approaches a cer- 
tain limit, which we shall denote 
by f(c 4* 0), as e approaches zero 
through positive values ; and like- 
wise let us suppose that f(x) is 
c and that f(c — e) approaches a limit 
through positive values. If the two 


and cl, for example, be tlie abscissae of the points of discontinuity. 
Then we shall write 


X b pc p d pb 

f(x)dx == j f(x)dx + J f(x)dx -f f(x)dx , 


in accordance with the definitions of § 72. Geometrically, this definite 
integral represents the area bounded by the contour A CC'DD'BBqAqA. 

If the upper limit b now be replaced by the variable x, the definite 
integral 

J p X 

f(x)dx 

a 


is still a continuous function of x. In a point x where f(x) is con- 
tinuous we still have F'(x) = f(x). Tor a point of discontinuity, 
x = c for example, we shall have 

X c + h 

f(x) dx = hf(c + Oh), 0 < 0 < 1, 

and the ratio [I 7 (c + ^ ? ( c )]/^ approaches f(c + 0) or f(c — 0) 

according as h is positive or negative. This is an example of a 
function F(x) whose derivative has two distinct values for certain 
values of the variable. 


80. Length of a curvilinear arc. Given a curvilinear arc AB ; let us 
take a certain number of intermediate points on this arc, m x , m 2 , 
m n _ l , and let us construct the broken line Am^rn^ • • • by 

connecting each pair of consecutive points by a straight line. 

If the length of the perimeter of this broken line approaches a 
limit as the number of sides increases in such a way that each of 
them approaches zero, this limit is defined to be the length of the 
arc AB. 

Let 

*=/(0> y = <K*0> * = i /'00 

be the rectangular coordinates of a point of the arc AB expressed 
in terms of a parameter t , and let us suppose that as t varies from 
a to b(a<b) the functions /, <j>, and if/ are continuous and possess 
continuous first derivatives, and that the point (x, y , z) describes 
the arc AB without changing the sense of its motion. Let 


c { =%/(*.- ^i-i )' 2 + (Vi — y<-t ) 4 + (** — %-l) 2 > 


or, applying the law of the mean to ■■■, 

* = («, - *.->) VtAOT + ttW-K^W]'*. 

where ij,, £ ( lie between £* _ , and t ( . When the interval (t t _ l , t ( ) 
is very small the radical differs very little from the expression 

Vl/'^-ot 2 + c^'(^-i)] 2 + mZijf- 

In order to estimate the error we may write it in the form 

mt,) - /'(*■•- .)] urn + /'(*■- .)] + • • • 

V /'-(£,) + 4 >l ' t ( r it) + f'iL) + 1) + 

But we have 

|/'(6) I + 1 /'ft- 1) I < v /' 2 (£) + -- ; 4-V/'*(f,._ J ) + --, 

and consequently 

/'(&) +/'(*< -i) ^ 

V/'X^) + ---+ v /' 2 ( f i-i) + -" 

Hence, if each of the intervals he made so small that the oscillation 
of each of the functions $'(t) is less than c/3 in any 

interval, we shall have 

V/ ,2 (f,) + ” =V/' 2 (t i _ 1 ) + "- + £ <, 

where 

hi < 

and the perimeter of the broken line is therefore equal to 

S(* 4 - V/' 2 (# 1 ._ 1 ) + ^' 2 (^~ 0 + >Th-i) + s« 4 (< 4 - * 4 _0- 

The supplementary term 2e t -(^ — ^-0 is ^ ess i n absolute value 
than cS(ii — ^_i), that is, than e(b — a). Since e may be taken as 
small as we please, provided that the intervals be taken sufficiently 
small, it follows that this term approaches zero ; hence the length £ 
of the arc AB is equal to the definite integral 

(8) . s= + 

xJ a 

nr'Kir, A •mow Uo dv+m-i rl or! 4 -r\ r% nncp wIipvp 4-.1t Pi rl Pi’i va4vi wpo 


divide the arc AB into several parts for each of which/', <j > are 
continuous. 

It results from the formula (8) that the length S of the arc 
between a fixed point A and a variable point M, which corresponds 
to a value t of the parameter, is a function of t whose derivative is 

~~ = vr+^r^-, 

whence, squaring and multiplying by dt 2 , we find the formula 

(9) dS 2 = dx 2 + dy 2 + dz 2 , 

which does not involve the independent variable. . It is also easily 
remembered from its geometrical meaning, for it means that dS is 
the diagonal of a rectangular parallelopiped whose adjacent edges are 
dx, dy, dz. 

Note. Applying the first law of the mean for integrals to the 
definite integral which represents the arc M 0 M 1} whose extremities 
correspond to the values t 0 , t± of the parameter (t x > tf 0 ), we find 

s = arc M t M t = ft - t 0 ) y/ ++"(&) + 

where 0 lies in the interval (t 0 , t x ). On the other hand, denoting 
the chord i/ 0 by c, we have 

* 2 = + WO - 4> W] 2 + M*i) - <K*o)] 2 . 

Applying the law of the mean for derivatives to each of the differ- 
ences f(ti) • • •, we obtain the formula 

c=(t i - g o, 

where the three numbers f, y, f belong to the interval (t 0 , t{). By 
the above calculation the difference of the two radicals is less than e, 
provided that the oscillation of each of the functions /'(£), <£'(£), <//) 
is less than e / 3 in the interval (t {) , t{). Consequently we have 

5 — o < e{/ — t 0 ), 

or, finally, 

!--<— = € — • 

* V/' 2 (0) + <^' 2 (0) + f 2 (e) 
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variable, tlie curve is represented by tlie three equations x — p cos co, 
y = p sin w, z = 0 ; hence 

ds 2 = ofo 2 -f- dy 2 = (cos a> dp — p sin to cZa>) 2 + (sin w -f* p cos w dw) 2 , 
or, simplifying, 

<Zs 3 = cfy 2 + P W. 

Let us consider, for instance, tlie cardioid , whose equation is 
p = 72 -f 2? cos <*>. 

By the preceding formula we have 

ds 2 — A 2 <2co 2 [sin 2 to 4- (1 + cos w) 2 ] = 4 2? 2 cos 2 — du> 2 , 
or, letting w vary from 0 to ir only, 

ds ~ 2 R cos — dot ) ; 

u 

and the length of the arc is 

( 4 * si °l).: 

where o> 0 and are the polar angles which correspond to the extrem- 
ities of the arc. The total length of the curve is therefore 8 R. 


81. Direction cosines. In studying the properties of a curve we are 
often led to take the arc itself as the independent variable. Let us 
choose a certain sense along the curve as positive, and denote by 5 
the length of the arc AM between a certain fixed point A and a vari- 
able point M, the sign being taken + or — according as M lies in 
the positive or in the negative direction from A. At any point M 
of the curve let us take the direction of the tangent which coincides 
with the direction in which the arc is increasing, and let a, (3, y be 
the angles which this direction makes with the positive directions 
of the three rectangular axes Ox, Oy y Oz. Then we shall have the 
following relations : 



To find which sign to take, suppose that the positive direction of 
the tangent makes an acute angle with the x axis ; then x and s 

: : 1 j t 1 _ . • , i -it i , ■« -.n . . 


is negative, and. the sign + should be taken again. Hence in any 
case the following formulae hold : 

/m\ dx n dy dz 

( 10 ) cos a = —f cos B = -~r) cos y = — » 
ds r ds r ds 

where dx, dy, dz, ds are differentials taken with respect to the same 
independent variable, which is otherwise arbitrary. 

82. Variation of a segment of a straight line. Let MM X be a segment 
of a straight line whose extremities describe two curves C, (ft. On 
each of the two curves let us choose a 
point as origin and a positive sense of 
motion, and let us adopt the follow- 
ing notation : s, the arc AM) s x , the arc 
A l M 1 , — the two arcs being taken with 
the same sign ; l, the length MM 1 ; 6, the 
angle between MM X and the positive di- 
rection of the tangent MT\ 0 U the angle 
between M 1 M and the positive direction 
of the tangent M 1 T v We proceed to 
try to find a relation between 0 , 0 l and the differentials ds, ds u dl. 

Let (cc, y , z), (x x , y u %) be the coordinates of the points M, M x , 
respectively, a, ft y the direction angles of Ml) and a u ft, y x the 
direction angles of ilft T x . Then we have 

P = (* - ^i) 2 + 0 - vif + (» - si) 2 , 
from which we may derive the formula 

ldl= (sc — x x ) (dx - dx x ) + (y — y Y ) (dy — dy x ) -f (z — z x ) (dz — dz x ) , 

which, by means of the formulae ( 10 ) and the analogous formulae 
for ft, may be written in the form 

„ (x — x, . ?/ — ?/, , z — z x \ 7 

dl = f — - — - cos a + -■ j — cos ft H — - cos y J ds 

lx x — x , 7/1 — y n . z, — z \ _ 

+ ( — cos a x + y - cos ft x + - L ^ — cos y l j ds x . 

But (x — aq) / 1 , (y — ?/i) /£, (« — z x ) jl are the direction cosines of 
M x M, and consequently the coefficient of ds is — cos 0. Likewise 



difference MA + MB — arc A MB remains con- 
stant as the point M describes the ellipse E\ 

Let s and s' denote the arcs OA and OB, 
a the arc O'M , l and V tlie distances AM and 
JBM) Q the angle between MB and the positive 
direction of the tangent MT. Since the ellipses 
are confocal the angle between MA and MT is 
equal to Tt — 6. Noting that AM coincides 
with the positive direction of the tangent at A , 
and that BM is the negative direction of the tangent at B , we find from the 
formula (1(h), successively, 

dl = — ds + d<r cos 6 , 
dV = ds ' — dc cos 6 ; 

whence, adding, 

d(l 4- Y) =d(s f -s) =d (arc ANB), 

which proves the proposition stated above. 

The above theorem is due to an English geometrician, Graves. The following 
theorem, discovered by Chasles, may he proved in a similar manner. Given an 
ellipse and a confocal hyperbola which meets it at N. If from a point M on that 
branch of the hyperbola which passes through N the two tangents MA and MB 
he drawn to tlie ellipse, the difference of the arcs NA — NB will he equal to the 
difference of the tangents MA — MB. 



III. CHANGE OF VARIABLE INTEGRATION BY PARTS 

A large number of definite integrals which cannot be evaluated 
directly yield to the two general processes which we shall discuss 
in this section. 

84. Change of variable. If in the definite integral f*f( x) dx the 
variable x be replaced by a new independent variable t by means 
of the substitution x = a new definite integral is obtained. 
Let us suppose that the function <£(£) is continuous and possesses a 
continuous derivative between a and /3, and that </>(£) proceeds from 
a to b without changing sense as t goes from a to /3. 

The interval (a, j8) having been broken up into subintervals by 
the intermediate values a, t 1} t 2 , • • *, t n _ l) (3, let a, x 1; x 2 , • • •, x n _ 1} b 
be the corresponding values of x = < Then, by the law of the 
mean, we shall have 

X i X i-l = (fi £<-i) 


where 0- lies between t. , fl.nd t. . T/ftt A = I bp. tbp. P.nrrPsrjnnrlirnT 


fimimxh - «) +-+fi<Km*'(Oi)<ti-tt- o+-, 


and in this form we see that it approaches the new definite integral 


X 




as its limit. This establishes the equality 
f(x)dx = //[>(*)] 

t/ a: 

which is called the formula for the change of variable . It is to 
be observed that the new differential under the sign of integration 
is obtained by replacing x and clx in the differential f(x) dx by their 
values cf>(t) and cj>'(t)dt, while the new limits of integration are the 
values of t which correspond to the old limits. By a suitable choice 
of the function <j>(t) the new integral may turn out to be easier to 
evaluate than the old, but it is impossible to lay down any definite 
rules in the matter. 

Let us take the definite integral 



X 


dx 




for instance, and let us make the substitution x = a + ft. 
becomes 


It 


; dx 1 C l dt 1/ , A a\ 

(* - «)■+ f- = js J-= IT? = js v“ c ‘ + “° f 

P 

or, returning to the variable x , 

if , x 
- (arc tan — 

Not all the hypotheses made in establishing the formula (11) were 
necessary. Thus it is not necessary that the function <£(£) should 
always move in the same sense as t varies from a to /3. For defi- 
niteness let us suppose that as t increases from a to y (y < fi), $>(t) 
steadily increases from a to c (c>b)\ then as t increases from y to 
ft, <f>(t) decreases from c to b. If the function f(x) is continuous in 
the interval (a, c), the formula may be applied to each of the inter- 


« * , oc 

b arc tan - 



or, adding, 


f /(») dx = f /OO) ] 

Jc t/y 

f f(x)dx = f /['X<0]4> ! (0 < ^' 

t/ « c/tf 


On the other hand, it is quite necessary that the function </>(;£) 
should be uniquely defined for all values of t. If this condition be 
disregarded, fallacies may arise. For instance, if the formula be 
applied to the integral f+^clx, using the transformation x = t 3/2 , 
we should he led to write 


f_y = p-v-u,, 


which is evidently incorrect, since the second integral vanishes. In 
order to apply the formula correctly we must divide the interval 
(— 1, + 1) into the two intervals (— 1, 0), (0, 1). In the first of 
these we should take x = — and let t vary from 1 to 0. In the 
second half interval we should take x = and let t vary from 
0 to 1. We then find a correct result, namely 



3 ^ Vfcft = [2f3] l 0 =2. 


Note. If the upper limits b and (3 be replaced by x and t in the 
formula (11), it becomes 


f /(*) dx - f /[>(<)] <£'(*) dt > 

a <x 


which shows that the transformation x = <£(£) carries a function 
F(x), whose derivative is /(x), into a function <$>(£) whose derivative 
is /[</>(£)] </>'(£). This also follows at once from the formula for the 
•derivative of a function of a function. Hence we may write, in 
general, 

J f(x)dx= J/DKOMO'fc, 


whence, integrating both sides of this equation, we find 



This may be written in the form 

b pb 

u dv — [uv]* — I v du, 

•J a 

where the symbol [f(x)]^ denotes, in general, the difference 



*(»)-*»• 

If we replace the limit b by a variable limit x, but keep the limit a 
constant, which amounts to passing from definite to indefinite inte- 
grals, this formula becomes 


(13) 


J udv = uv — J* v 


du. 


Thus the calculation of the integral f u dv is reduced to the cal- 
culation of the integral fv du, which may be easier. Let us try, 
for example, to calculate the definite integral 

b 

x m log x dx, m + 1^0. 



Setting u = logx, v = x m+l / (in +1), the formula (12) gives 


I. logs.*-* £ 

y,nx + i log x + 1 " 1 & 


x m dx 


__ a 


m+1 (in +l.) 2 Ja’ 


This formula is not applicable if m + 1 = 0 ; in that particular 
case we have 

f 1 ■**?-[>**>•]; 

It is possible to generalize the formula (12). Let the succes- 
sive derivatives of the two functions tc and v be represented by 
u\ u ", •••, 26 (n+1) ; v\ v'\ , v ( ‘ 7l+1 \ Then the annlication of the 


a. v/j. Jii.uiJ.uv V. / ~ “ j — ; J 


following equations : 



^ uv (n + 1) dx =J 

f udv (w) = *” 

a «■ 

u'v^hlx, 

Ja 

pb 

J u'v {7 ° dx = J 

r u i difi i — ^ ~ 

« *- 

f u' t v ( - n ~ 2 ^dx } 
/« 

^ u^v'clx =J 

u^dv = — 

a «- 

, 

/ a 


Multiplying 1 these equations through by +1 and —1 alternately, 
and then adding, we find the formula 



6 

uv^ n + v dx = [iiv ^ — u { v (u " ^ V n " 2) — • 


+ (— l) ,l + 1 C u° l+1) vdxj 


• ■ + (— l) n u (n) v'] b a 


which reduces the calculation of the integral fuv^+^dx to the cal- 
culation of the integral f u^ + ^vdx. 

In particular this formula applies when the function under the 
integral sign is the product of a polynomial of at most the nth 
degree and the derivative of order (n + 1) of a known function v. 
For then u (w+1) = 0, and the second member contains no integral 
signs. Suppose, for instance, that we wished to evaluate the definite 
integral 

6 

e u)X f( x) c lx, 



where/(x) is a polynomial of degrees. Setting u = /(a;), v = 

the formula (14) takes the following form after g m has been taken 

out as a factor : 




H h (—l) n 


/<"> (x) 


b 

a 


The same method, or, what amounts to the same thing, a series of 
integrations by parts, enables us to evaluate the definite integrals 

nb pb 


Then we have 


v' = — n(b — x) n J , v" = n(n — l)(b — x) n ~ 2 , • ••, 

v™ = (- l)' 1 1.2 • ■ • n, t;<“ + = 0, 

and, noticing that v, v', v” } • • •, vanish for x — b, we obtain the 
following equation from the general formula : 

0 = (— l) n |^7 i!jP(^) — n\F(a) — n\F* (a) (b — a ) 

— — F n (a) (b — a) 2 F (l ° (a) (b — a) 1 

+ ( _1 )" + 1 j[ F< n +»(x)(b - x)"dx, 
which leads to the equation 
F(b) = F(a) + b -~F'(a) + ... 


] 


+ 


pin \ a ) + J a -F’ c ’ , + 1) (» (b - x) n dx. 


Since the factor (b — x) n keeps the same sign as x varies from a to 
b } we may apply the law of the mean to the integral on the right, 
which gives 1 


J pb pb 

I F^+^fx) (b — xj l dx — jP (n+1) (f) \ (b — x) n dx 

a a . 


= ^Xi (5 - a ) n+1 - FC,1+1)( 0. 


where £ lies between a and b. Substituting this value in the preced- 
ing equation, we find again exactly Taylor’s formula, with Lagrange’s 
form of the remainder. 


87. Transcendental character of e . Prom the formula (15) we can prove a 
famous theorem clue to Hermite : The number e is not a root of any algebraic 
equation whose coefficients are all integers * 

Setting a = 0 and w = — 1 in the formula (15), it becomes 

f «-/(*) & = - [e~ x F(x) ]J, 

t/0 


* The present proof is due to D. Hilbert, who drew his inspiration from the method 



where 


F(x) =/(a) + f(z) + ••• +f< n Hx); 
and this again may be written in the form 

(16) F(b) = e h F(0) - e~ x dx. 

Now let us suppose that e were the root of an algebraic equation whose coeffi- 
cients are all integers : 

c 0 + cie -f c 2 e 2 H- ♦ • • + c m e m = 0. 

Then, setting 6 = 0, 1, 2, • • • , ?n, successively, in the formula (16), and adding 
the results obtained, after multiplying them respectively by c 0 , ci, • • •, c m , we 
obtain the equation 

i=m 

(17) Co J’(O) + cxF{ 1) + • • • + c m F(m) + c i e i [f(x)e- x dx = 0, 

i=0 

where the index i takes on only the integral values 0, 1, 2, • • * , m. We proceed 
to show that such a relation is impossible if the polynomial f(x), which is up to 
the present arbitrary, be properly chosen. 

Let us choose it as follows : 

f(x) = i— xp~ 1 (x - 1)p{x -2)r. . .(» -m)p, 

(P~ 1) ! 

where p is a prime number greater than m . This polynomial is of degree 
mp + p — 1, and all of the coefficients of its successive derivatives past the pth 
are integral multiples of p , since the product of p successive integers is divisible 
by pi. Moreover /(r), together with its first (p —1) derivatives, vanishes for 
x = 1, 2, • • •, m, and it follows that F(l), -F(2), . . F(m) are all integral mul- 
tiples of p. It only remains to calculate F( 0), that is, 

F( 0) =/(0) +f( 0) + . •* + /O>-U(0) +/^(0) +/^ + 1 >( 0) -f • • .. 

In the first place, /(0) =/ / (0) = • ♦ ♦ =/^- 2 >(0) = 0, while /< p)( 0), /0> + D( 0), • . . 
are all integral multiples of p, as we have just shown. To find /Cr - 1 ) (0) we need 
only multiply the coefficient of xP- l inf(z)by (p— 1)1, which gives ±(1.2 - • • ?ri)v . 
Hence the sum 

Co F (0) + Ci 1^(1 ) •+-••* + c jn F (on) 
is equal to an integral multiple of p increased by 

± c 0 (l . 2 - • • m)p. 

If p be taken greater than either on or Co, the above number cannot be divisible 
by p ; hence the first portion of the sum (17) will be an integer different from zero . 
We shall now show that the sum 



I t/0 


KP-W 


I 

from which it follows that 


Sc.-e*' 


*f /(x) e~- r cfx 




mmp+p-l 

<M~ — e* = 0(p), 


(P-l)» 

where ilf is an upper limit of | c 0 [ + | Ci | + • • • + | c Bl | . As p increases indefi- 
nitely the function (p) approaches zero, for it is the general term of a conver- 
gent series in which the ratio of one term to the preceding approaches zero. It 
follows that we can find a prime number p so large that the equation (17) is 
impossible; hence Hermite’s theorem is proved. 

88. Legendre’s polynomials. Let us consider the integral 

r h 

I QPndx, 

J a 

where P n (x) is a polynomial of degree n and Q is a polynomial of degree less 
than a, and let us try to determine P n (x) in such a way that the integral van- 
ishes for any polynomial Q. We may consider P n (x) as the nth derivative of a 
polynomial R of degree 2 n, and this polynomial R is not completely determined, 
for we may add to it an arbitrary polynomial of degree (n — 1) without changing 
its nth derivative. We may therefore set P = d n R/dx n 1 where the polynomial JR, 
together with its first (n — 1) derivatives, vanishes for x — a. But integrating 
by parts we find 

m*- 1 * n’ dn ~ 2]R , , Q“I 6 . 

J n dx 11 L dx n ~ 1 dx n ~ 2 dx n_1 Ja 

and since, by hypothesis, 

R (a) = 0, R'(a)= 0, •••, J2(»-D(a) =0, 

the expression 

Q(b) R(«~V(b) - Q'{b)R(n-V(b) + ... dr QC»»-i)(6)B(6) 

must also vanish if the integral is to vanish. 

Since the polynomial Q of degree n — 1 is to he arbitrary, the quantities 
Q(b)j Q'(£>), • Q( n - (6) are themselves arbitrary; hence we must also have 

R {b) = 0, R'(b) =0, • • • , (&) = 0. 

The polynomial R (x) is therefore equal, save for a constant factor, to the product 
(x - a) n (x — b ) n ; and the required polynomial P n (x) is completely determined, 
save for a constant factor, in the form 

p n=c~[[x-ar(x~bn 

If the limits a and b are — 1 and + 1, respectively, the polynomials P„ are 
Legendre’s polynomials. Choosing the constant C with Legendre, we will set 

1 d > 


It we also agree to set A 0 = 1, we shall have 


Aq — 1, A i — x, 


Ao = 


3 x 2 - 1 


A 3 = - 


In general, A„ is a polynomial of degree n, all the exponents of x being even or 
odd with n. Leibniz’ formula for the nl\i derivative of a product of two factors 
(§ 17) gives at once the formulae 

(10) AT«(1>=:1, A, t (-1) = (-1)». 

By the general property established above, 

(20) J*\x n <p(x)dx = 0, 

where $ (x) is any polynomial of degree less than n. In particular, if m and n 
are two different integers, we shall always have 

(21) f*X m X u dx = 0 . 

This formula enables us to establish a very simple recurrent formula between 
three successive polynomials X n . Observing that any polynomial of degree n 
can be written as a linear function of A 0 , AT, • • • , A n , it is clear that we may set 

xX n = Co A„ + 1 + C\X n + C 2 A n _i 4* C 3 A 7i _ 2 •+•**, 

where Co, Ci, C 2 , • • * are constants. In order to find C 3 , for example, let us 
multiply both sides of this equation by X n _ 2 , and then integrate between the 
limits — 1 and 4- 1. By virtue of (20) and (21), all that remains is 

C ' 3 f* 1 Xl_ 2 dx = 0, 

and hence C3 = 0. It may be shown in the same manner that C4 = 0, C 5 = 0, • • • . 
The coefficient C\ is zero also, since the product xX n does not contain x n . Finally, 
to find C 0 and C 2 we need only equate the coefficients of x n + J and then equate 
the two sides for 8 = 1. Doing this, we obtain the recurrent formula 

(22) (n + 1) A„ + 1 - (2 n 4- 1) xX n 4 nX„_ 1 = 0, 

which affords a simple means of calculating the polynomials X n successively. 
The relation (22) shows that the sequence of polynomials 


(23) A 0 , Ai, A 2 , •••, X n 

possesses the properties of a Sturm sequence. As x varies continuously from — 1 
to 4- 1, the number of changes of sign in this sequence is unaltered except when 



to functions which become infinite between the limits. Let us first 
consider the following particular case : f(x) is continuous for every 
value of x which lies between a and b f and for x = b } but it becomes 
infinite for x = a. We will suppose for definiteness that a<b. 
Then the integral of f(x) taken between the limits a + e and 
h (e > 0) has a definite value, no matter how small e be taken. If 
this integral approaches a limit as e approaches zero, it is usual and 
natural to denote that limit by the symbol 

b 

f(x)dx. 



If a primitive of f(x), say F(x), be known, we may write 


f 


f(x) dx — F(b) — 1 F(a + e) , 


and it is sufficient to examine F(a + e) for convergence toward a 
limit as e approaches zero. We have, for example, 


r b M dx _ M r 1 1 

J a+ e(x-*y~ ft a )*" 1 

If [x> 1, the term l/e ll ~ 1 increases indefinitely as e approaches zero. 
But if /x is less than unity, we may write = e l ~^, and it is 

clear that this term approaches zero with e. Hence in this case 
the definite integral approaches a limit, and we may write 


, =£1. 


r M dx = M(b - a) 1 -' 1 
Ja (*-«)* 1 — ft 


If fi = 1, we have 


r b Mdx _ 
J a+E *-a~ 


M log 


b — a 


and the right-hand side increases indefinitely when e approaches zero. 
To sum up, the necessary and sufficient condition that the given inte- 
gral should approach a limit is that y, should be less than unity. 


•It is possible, if desired, to read the next chapter before reading the closing sec- 
tions of this chapter. 



if fx is positive. It follows from the above that the area bounded by 
the z axis, the fixed line x = b, the curve, and its asymptote, has a 
finite value provided that /x < 1. 

If a primitive of f(x) is not known, we may compare the given 
integral with known integrals. The above integral is usually taken 
as a comparison integral, -which leads to certain practical rules which 
are sufficient in many cases. In the first place, the upper limit b 
does not enter into the reasoning, since everything depends upon the 
manner in which /(x) becomes infinite for x = a. We may therefore 
replace b by any number whatever between a and which amounts 
to writing f* = fj +e -f J\ In particular, unless f(x) has an infi- 
nite number of roots near x = a, we may suppose that f(x) keeps 
the same sign between a and c. 

We will first prove the following lemma: 


Let (x) be a function which is positive in the interval (a, bf 
and suppose that the integral (x) dx approaches a limit as e 

approaches zero. Then . if \f(x) | < <f> (x) throughout the whole inter- 
val j the definite integral / a & +e /(x) dx also approaches a limit. 


If f(x) is positive throughout the interval (a } b ), the demonstration 
is immediate. For, since f(x) is less than </>(x), we have 



dx < 


f 

*Sa+ i 


c f> (x) dx. 


Moreover $* +Q f(f) dx increases as e diminishes, since all of its ele- 
ments are positive. But the above inequality shows that it is con- 
stantly less than the second integral ; hence it also approaches a 
limit. If f(x) were always negative between a and b , it would 
be necessary merely to change the sign of each element. Finally, 
if the function f(x) has an infinite number of roots near x = a, we 
may write down the equation 


f /(*) dx = f [/(*) + I /(*) I ]clx- f \f(x) j dx. 

•Ja-he + e t/a+e 


also approaches a limit, and the lemma is proved. 

It follows from the above that if a function /(a) does not approach 
any limit whatever for x — a, but always remains less than a fixed 
number, the integral approaches a limit. Thus the integral 
J 0 l sin(l/x)cfcc has a perfectly definite value. 


Practical rule . 
the form 


Suppose that the function f(x) can be written in 


/(*) 


'H x ) 

(x — a,y 


where the function \j/(x) remains finite when x approaches a. 


If fx < 1 and the function if/ (x) remains less in absolute value than 
a fixed number M, the integral approaches a limit. But if p > 1 and 
the absolute value of is greater than a positive number m, the 
integral approaches no limit. 

The first part of the theorem is very easy to prove, for the abso- 
lute value of f{x) is less than M/(x — ay, and the integral of the 
latter function approaches a limit, since p < 1. 

In order to prove the second part, let us first observe that \jj (x) 
keeps the same sign near x = a, since its absolute value always 
exceeds a positive number m. We shall suppose that 0 

between a and b. Then we may write 


J pb pb 

f (x) dx > / 

ft + € «-/ ft -)~ 


m dx 
(x — ay’ 


and the second integral increases indefinitely as e decreases. 

These rules are sufficient for all cases in which we can find an 
exponent fx such that the product ( x — a) f(x) approaches, for 
x = a, a limit IC different from zero. If \x is less than unity, the 
limit b may be taken so near a that the inequality 



Moreover tlie function /(x), being continuous, keeps the same sign; 
hence the integral f f{ b f(x) dx increases indefinitely in absolute 
value* 


Examples. Let /(sc) = P/Q be a rational function. If a is a root 
of order m of the denominator, the product (x — a) m f(x) approaches 
a limit different from zero for x = a. Since m is at least equal to 
unity, it is clear that the integral e f(x) dx increases beyond all 
limit as e approaches zero. But if we consider the function 


/(*) = 


iM , 

Vii(K) 


where P and R are two polynomials and R(x) is prime to its deriv- 
ative, the product (x — a) l/2 f(x) approaches a limit for x = a if a 
is a root of R(x), and the integral itself approaches a limit. Thus 
the integral 


x 


o 


l + e 


dx 

Vl — X 2 


approaches rr/2 as e approaches zero. 

Again, consider the integral JT 1 log x c?x. The product x 1/2 logx 
has the limit zero. Starting with a sufficiently small value of x, we 
may therefore write log x < Mx ~ 1/2 , where M is a positive number 
chosen at random. Hence the integral approaches a limit. 

Everything which has been stated for the lower limit a may be 
repeated without modification for the upper limit b , If the function 
/ ( 3 ) is infinite for x = b, we would define the integral dx to be 

the limit of the integral dx as d approaches zero. If f(x) 

is infinite at each limit, we would define (x) dx as the limit of 
the integral f (x) dx as e and d both approach zero independ- 
ently of each other. Let c be any number between a and b. Then 
we may write 


*The first part of the proposition may also he stated as follows: the integral has 
a limit if an exponent (x can be found (0 < fx< 1) such that the product (cc — n)^/(x) 
approaches a limit A as x approaches a, — the case where A = 0 not being excluded. 


ancl each ol the integrals on the right should approach a limit in 
this case. 

Finally, if f(x) becomes infinite for a value c between a ancl b, 
we would define the integral f ( ' t f(x)dx as the sum of the limits of 
the two integrals *'f(x)dx, fj* f(x)dx, and we would proceed 
in a similar maimer if any number of discontinuities whatever lay 
between a and b. 

It should be noted that the fundamental formula (G), which was 
established under the assumption that f(x) was continuous between 
a and b, still holds when f(x) becomes infinite between these limits, 
provided that the primitive function F (x) remains continuous. For 
the sake of definiteness let us suppose that the function /(a;) becomes 
infinite for just one value c between a and b. Then we have 

J pb s*c— e' pb 

' f(x)dx = lim I f(x)dx~ f lim f f(x)dx ; 

« e'=0i/« e = 0 c/c+e 


and if F ( x ) is a primitive of f(x ), this may be written as follows : 



dx = lim F(o — e') ~ F(a) + F(Z>) — lim F(c + e). 
€'=0 e = n 


Since the function F(x ) is supposed continuous for x = c, F(c + e) 
and F(c — e') have the same limit F (c) , and the formula again 
becomes 

b 

f(x) dx — F(b) — F(a). 



The following example is illustrative : 



= 6 . 


If the primitive function F(x) itself becomes infinite between a and 
b, the formula ceases to hold, for the integral on the left lias as yet 
no meaning in that case. 

The formulae for change of variable ancl for integration by parts 
may be extended to the new kinds of integrals in a similar manner 
by considering them as the limits of ordinary integrals. 


90. Infinite limits of integration. Let /(sc) be a function of x which 
is continuous for all values of x greater than a certain number a. 


r 


f(x)dx. 


If a primitive of f(x) be known, it is easy to decide whether the 
integral approaches a limit. For instance, in the example 


£ 


dx 

1 + r 


= arc tan l 


the right-hand side approaches tt/2 as l increases indefinitely, and 
this is expressed by writing the equation 


£ 


0 dx 
l-fa 2 


7 r 
2* 


Likewise, if a is positive and /x — 1 is different from zero, we have 


/ 


t 


k dx 

X* 



If fx is greater than unity, the right-hand side approaches a limit as 
l increases indefinitely, and we may write 


+ ~kdx_ k 

X* (/x — T)af L ~ l 

On the other hand, if /x is less than one, the integral increases indefi- 
nitely with l. The same is true for /x = 1, for the integral then 
results in a logarithm. 

When no primitive of f(x) is known, we again proceed by com- 
parison, noting that the lower limit a may be taken as large as we 
please. Our work will be based upon the following lemma : 

Let <£ (x) be a function which is 'positive for x > a, and suppose that 
the integral JJ <j> (x) dx approaches a limit . Then the integral fjf(%) dx 
also approaches a limit provided that \f(x) | ~ (x) for all values of 

x greater than a. 

The proof of this proposition is exactly similar to that given above. 
If the function f(x ) can be put into the form 




where the function il/(x\ remains finite when x is infinite, the follow- 


jlj me ausotute vacuo oj f { x ) is greater than a positive number m 
and fji is less than or equal to unity , the integral approaches no limit . 

For instance; the integral 


f 


cos ax 
l-\- x 2 


dx 


approaches a limit; for the integrand may be written 
cos ax 1 cos ax 


1+ x 1 


X 2 


and the coefficient of 1/x 2 is less than unity in absolute value. 

The above rule is sufficient whenever we can find a positive num- 
ber i fi for which the product x^f(x) approaches a limit different from 
zero as x becomes infinite. The integral approaches a limit if /x is 
greater than unity, but it approaches no limit if /x is less than or 
equal to unity.* 

Tor example, the necessary and sufficient condition that the inte- 
gral of a rational fraction approach a limit when the upper limit 
increases indefinitely is that the degree of the denominator should 
exceed that of the numerator by at least two units. Finally, if we 
take 


/(*) = 


_it L 

s/r(x) 


where P and R are two polynomials of degree p and r, respectively, 
the product x r/2 ~ v f(x) approaches a limit different from zero when 
x becomes infinite. The necessary and sufficient condition that the 
integral approach a limit is that p be less than r/2 —1. 


91. The rules stated above are not always sufficient for determin- 
ing whether or not an integral approaches a limit. In the example 
f(x) = (sin x) /x, for instance, the product x fl f(x) approaches zero if 
/x is less than one, and can take on values greater than any given 
number if /x is greater than one. If /x = 1, it oscillates between -f-1 
and —1. Hone of the above rules apply, but the integral does ap- 
proach a limit. Let us consider the slightly more general integral 


The integrand changes sign for x = krr. v\ e are therefore led to 
study the alternating series 

(24) a 0 — Hi -j- a 2 ^3 d - * ’ * 4“ ( — l) ?l + 

where the notation used is the following : 



Substituting y + m r for x, the general term a n may be written 


r 17 sin?/ _ 

a n = I e-« TJ - na ” — dy. 

* 1 y + nir J 

It is evident that the integrand decreases as n increases, and hence 
a„ +1 < a n . Moreover the general term a, t is less than JJ(l/n 7 r)dy f 
that is, than 1/n. Hence the above series is convergent, since the 
absolute values of the terms decrease as we proceed in the series, 
and the general term approaches zero. If the upper limit l lies 
between nir and ( 'n -f- 1 ) 7 r, we shall have 

i 

er ax — — dx = S n ± 6a n , 0 < 0 < 1, 



where S n denotes the sum of the first n terms of the series (24). As 
l increases indefinitely, n does the same, a n approaches zero, and the 
integral approaches the sum S of the series (24). 

In a similar manner it may be shown that the integrals 

+ ~ + 

I si nx 2 dx, I cos x 2 dx, 

o Jo 

which occur in the theory of diffraction, each have finite values. 
The curve y = sin x 2 , for example, has the undulating form of a sine 
curve, but the undula tions becom e sharper and sharper as we go out, 
since the difference V (n + l) tt — ■yjnnr of two consecutive roots of 
sin x 2 approaches zero as n increases indefinitely. 


Remark. This last example gives rise to an interesting remark. As x increases 
indefinitely sin x 2 oscillates between - 1 and + 1. Hence an integral may 



1+ x° sin 2 a; 


remains positive wlien x is positive, and it does not approach zero, since 
f(lc7t) = kit. In order to show that the integral approaches a limit, let us con- 
sider, as above, the series 


where 


<*o H- fli d F + ■ 

•> (n + 1) IT 


J r* (n + I) ir 

1 

nrr 


xdx 


+ £ 6 sin 2 z 


As x varies from mt to ( n + 1) tf, cc G is constantly greater than ?i 6 tt g , and we may 
write 


a n < (ft + 1) 




(n + 1 )tt 


dx 


1 4- 9i G ?r 6 sm 2 x 


A primitive function of the new integrand is 


- - - — arc tan ( Vl + tan x), 

VlH- n c 7 


and as x varies from nit to (n + 1) 7r, tana; becomes infinite just once, passing 
from + oo to — oo. Hence the new integral is equal (§ 77) to ?r/Vl + #?r G , and 
we have 

^ (n+l)** 

— -jzr v. r 

It follows that the series 2 a n is convergent, and hence the integral f* f(x) dx 
approaches a limit. 

On the other hand, it is evident that the integral cannot approach any limit 
if f(x) approaches a limit h different from zero when x becomes infinite. Eor 
beyond a certain value of x , f(x) will be greater than | h / 2 1 in absolute value 
and will not change sign. 

The preceding developments bear a close analogy to the treatment of infinite 
series. The intimate connection which exists between these two theories is 
brought out by a theorem of Cauchy’s which will be considered later (Chapter 
VIII). We shall then also find new criteria which will enable us to determine 
whether or not an integral approaches a limit in more general cases than those 
treated above. 


92. The function T(a). The definite integral 


(25) 



+ 00 

X a~l e -x dx 


has a determinate value provided that a is positive. 
ITor, let us consider the two integrals 


The second integral always approaches a limit, for past a sufficiently large value 
of x we have x a ~ l e~ x < 1/x 2 , that is, e a: >£«+ 1 . As for the first integral, the 
product x l ~ a f{x) approaches the limit 1 as a approaches zero, and the necessary 
and sufficient condition that the integral approach a limit is that 1 — a be less 
than unity, that is, that a he positive. Let us suppose this condition satisfied. 
Then the sum of these two limits is the function T(a), which is also called Euler's 
integral of the second kind. This function T(a) becomes infinite as a approaches 
zero, it is positive when a is positive, and it becomes infinite with a. It lias 
a minimum for a = 1.4616321 ••• , and the corresponding value of T(a) is 
0.885G032 • • -. 

Let us suppose that n>l, and integrate by parts, considering e~ x dx as the 
differential of — er x . This gives 

r( 0 ) = - [»“- 1 e-*] 0 += ° + (a - 1) 

but the product x a ~ l e~ x vanishes at both limits, since a > 1, and there remains 
only the formula 

(26) r(a) = (a — 1) T(a — 1). 

The repeated application of this formula reduces the calculation of T(a) to 
the case in which the argument a lies between 0 and 1. Moreover it is easy to 
determine the value of T(a) when a is an integer. For, in the first place, 

r(l) = e~*dx =»*- !>-*]+” =1, 
and the foregoing formula therefore gives, for a = 2, 3, • • • , n • * •, 

r( 2 ) = r(l) = 1 , r(3) = 2 r( 2 ) - 1 . 2 ; 

and, in general, if n is a positive integer, 

(27) r(n) = 1 . 2 . 3- • • (ft - 1) = (n - 1)!. 

93. Line integrals. Let AB be an arc of a continuous plane curve, 
and let P (x, y) be a continuous function of the two variables x and 
y along AB, where x and y denote the coordinates of a point of AB 
with respect to a set of axes in its plane. On the arc AB let ns 
take a certain number of points of division ni u m 2 , • • •, m u • • whose 
coordinates are (x lt y x ), (x 2 , yf), • • •, (x i9 y t ), and then upon each 
of the arcs 'in i _ l m i let us choose another point n t (£., ^ at random. 
Finally, let ns consider the sum 

( P(£i> Vi) 0 ®i — a ) 4- vd ( x 2 ~ #i) 4 

( 4” Vi) ( x i X i~l) 4" • * * 


( 28 ) 


In order to establish the existence of this limit, let us first sup- 
pose that a line parallel to the y axis cannot meet the arc A B in 
more than one point. Let a and b be the abscissae of the points A 
and B, respectively, and let y = be the equation of the curve AB. 
Then $(x) is a continuous function of x in the interval (a, b) } by 
hypothesis, and if we replace y by in the function P(x } y), the 
resulting function 4>(cc) =P[ar, <£(&)] i s also continuous. Hence we 
have 

and the preceding sum may therefore be written in the form 


HQ («i - a) + HQ (*s - .)+■•■ + HQ ( x i ~ x i- !) + •••• 


It follows that this suin approaches as its limit the ordinary definite 
integral 



-l 


= P[X> £(»)]<&; 


and we have finally the formula 


f P(x, y)dx = f 

*y yli? a 


b 

P[x , <£(:c)]cfa;. 


If a line parallel to the y axis can meet the arc in more than 

one point, we should divide the arc 

into several portions, each of which 

is met in but one point by any line 

parallel to the y axis. If the given 

arc is of the form ACDB (Fig. 14), 

for instance, where C and D are 

points at which the abscissa has an 

extremum, each of the arcs A C , CD , o\ " ' 

DB satisfies the above condition, and . . 

Fig. 14 

we may write 

f P(x. y)dx = f P(x, y)dx + f P(x, y) dx + I P(x,y)dx. 
J ACDB Jac Jen Jdb 

But it should be noticed that in the calculation of the three integrals 




posed of portions of different curves, such as straight lines, arcs of 
circles, and so on. 

A case which occurs frequently in practice is that in which the 
coordinates of a point of the curve AB are given as functions of a 
variable parameter 

* = y =*$(?)> 

where and together with their derivatives <£'(£) and \p\t), 
are continuous functions of t. We shall suppose that as t varies 
from a to J3 the point ( x, y) describes the arc AB without changing 
the sense of its motion. Let the interval (A, f3) be divided into a 
certain number of subintervals, and let t imml and t { be two consecu- 
tive values of t to which correspond, upon the arc AB , two points 
m i _ l and m £ whose coordinates are (x £ _ l5 y { ~i) and (x iy y^), respec- 
tively. Then we have 

x i x i-i = fiiPi) (Pi ~ ^‘-1) > 

where lies between and t v To this value 9 i there corresponds 
a point (£ 0 rji) of the arc hence we may write 


SP(6, vd (*< - asi-i) = 2P[>(0 £ ) ; *(«,)] Wd (*< - t^), 


or, passing to the limit, 


f y)dx= f 
Jab Jq: 


ft 

p i <l>(f)> #)] 4 P'(t)dt. 


An analogous formula for J Qdy may be obtained in a similar manner. 
Adding the two, we find the formula 


( 29 ) 


f Pdx -j- Qdy = C 
Jab Jo: 




which is the formula for change of variable in line integrals. Of 
course, if the arc AB is composed of several portions of different 
curves, the functions c fi(t) and will not have the same form 
along the whole of AB, and the formula should be applied in that 
case to each portion separately. 



portion ot tiie plane bounded, by an arc A MB, a straight line which 
does not cut that arc, and the two perpendiculars AA 0 , BB 0 let fall 
from the points A and B upon the straight line (§§ Go, 78, Fig. 9). 
Let us now consider a continuous closed curve of any shape, by 
which we shall understand the locus described by a point M whose 
coordinates are continuous functions x =/(/,), y = <£(£) of a param- 
eter t which assume the same values for two values t 0 and T of 
the parameter t. The functions f(f) and may have several 
distinct forms between the limits t 0 and T\ such will be the case, 
for instance, if the closed contour C be composed of portions of 
several distinct curves. Let M 0 , M u il/ 2 , • • *, il/ t _ 1} • • •, M n _ lt M 0 

denote points upon the curve C corresponding, respectively, to the 
values t 0 , t u f 2 , *••, ti_ x , ti, " t n _ i, T of the parameter, which 
increase from t Q to T. Connecting these points in order by straight 
lines, we obtain a polygon inscribed in the curve. The limit 
approached by the area of this polygon, as the number of sides is 
indefinitely increased in such a way that each of them approaches 
zero, is called the area of the closed curve C.* This definition is 
seen to agree with that given in the particular case treated above. 
For if the polygon A 0 AQiQ 2 • • • BB 0 A Q (Fig. 9) be broken up into 
small trapezoids by lines parallel to AA 0 , the area of one of these 
trapezoids is (a, - x { _ 2 ) [/(a,) + f( x i- 1 )] /% or (a* - x t /(£•), 
where lies between x i __ 1 and x t . Hence the area of the whole 
polygon, in this special case, approaches the definite integral 
ff(x) dx. 

Let us now consider a closed curve C which is cut in at most two 
points by any line parallel to a certain fixed direction. Let us 
choose as the axis of y a line parallel to this direction, and as the 
axis of a? a line perpendicular to it, in such a way that the entire 
curve C lies in the quadrant xOy (Fig. 15). 

The points of the contour C project into a segment ab of the axis 
Ox, and any line parallel to the axis of y meets the contour C in at 
most two points, m x and w?- 2 . Let y x — and y 2 = i// 2 (x) be the 
equations of the two arcs Am x B and Am 2 B, respectively, and let 
us suppose for simplicity that the points A and B of the curve C 
which project into a and b are taken as two of the vertices of the 



ab f bB with the broken lines inscribed m the two arcs Am 2 B and 
AniiB, respectively. Passing- to the limit, it is clear that the area 
of the curve C is equal to the difference between the two areas 
bounded by the contours AvuBbaA and Art^BbaA, respectively, that 

is, to the difference between 
the corresponding definite in- 
tegrals 

/-*b 

I \j/ 2 (x)dx — I \j; l (x)dx. 

J a a 

These two integrals represent 
the curvilinear integral jydx 
taken first along Am 2 B and 
then along If we 

agree to say that the contour 
C is described in the positive 
sense when an observer standing upon the plane and walking around 
the curve in that sense has the enclosed area constantly on his left 
hand (the axes being taken as usual, as in the figure), then the above 
result may be expressed as follows : the area O enclosed by the 
contour C is given by the formula 



Fig. 15 



where the line integral is to be taken along the closed contour C in 
the positive sense. Since this integral is unaltered when the origin 
is moved in any way, the axes remaining parallel to their original 
positions, this same formula holds whatever be 
the position of the contour C with respect to 
the coordinate axes. 

Let us now consider a contour C of any form 
whatever. We shall suppose that it is possible <? 
to draw a finite number of lines connecting 
pairs of points on C in such a way that the 
resulting subcontours are each met in at most 
two points by any line parallel to the y axis. 

Such is the case for the region bounded by the 

r,nnt.nnr (1 in .FScr "wfiipTi mew rlitnrlp infn f It i>qq 



other, and the area bounded by the closed curve C is still given by 
the line integral — jy dx taken along the contour C in the positive 
sense. 

Similarly, it may be shown that this same area is given by the 
formula 

(31) 12 = J xdy ; 

J(C) 

and finally, combining these two formulae, we have 




J xdy — ydx } 

(C) 


where the integrals are always taken in the positive sense. This 
last formula is evidently independent of the choice of axes. 

If, for instance, an ellipse be given in the form 


its area is 


sc = <2 cos t, y = b sin t, 


i r 

O = - I ab(cos 2 t -j- sin 2 tf) dt = 7 rab. 
* Jo 


95. Area of a curve in polar coordinates. Let us try to find the 
area enclosed by the contour OAM BO (Fig. 17), which is composed 
of the two' straight lines OA, OB , and the arc AMB , which is 
met in at most one 
point by any radius 
vector. Let us take 
0 as the pole and a 
straight line Ox as 
the initial line, and 
let p == f(w) be the 
equation of the arc 
AMB. 

Inscribing a polygon in the arc AMB, with A and B as two of 
the vertices, the area to be evaluated is the limit of the sum of such 
triangles as OMMK 



Fig. 17 


But the area of the triangle OMM f is 



provided that the angles Aw are taken sufficiently small, and that 
we may therefore neglect the term eA<o in evaluating the limit. 
Hence the area sought is the limit of the sum 'Ip 2 Aw/% that is, it 
is equal to the definite integral 



where ^ and <d 2 are the angles which the straight lines OA and OB 
make with the line Ox . 

An area bounded by a contour of any form is the algebraic sum 
of a certain number of areas bounded by curves like the above. If 
we wish to find the area of a closed contour surrounding the point 
(9, which is cut in at most two points by any line through 0, for 
example, we need only let a> vary from 0 to 2i r. The area of a com 
vex closed contour not surrounding O (Fig. 17) is equal to the dif- 
ference of the two sectors OAM BO and GAN BO, each of which may 
be calculated by the preceding method. In any case the area is 
represented by the line integral 

IP* 

taken over the curve C in the positive sense. This formula does 
not differ essentially from tlie previous one. For if we pass from 
rectangular to polar .coordinates we have 


x — p cos Wj y = p sin w, 

dx = cos uydp — p sin civ, dy = sin w dp -f- p cos w dc o, 
x dy — y dx = p 2 du>. 

Finally, let us consider an arc AMB whose equation in oblique 
coordinates is y =f(x). In order to find the area bounded by this 
arc AMB, the x axis, and the two lines AA 0 , BB 0 , which are parallel 
to the y axis, let us imagine a polygon inscribed in the arc AMB, and 
let ns break np the area of this polygon into small trapezoids by 
lines parallel to the y axis. The area of one of these trapezoids is 



lies in the interval x t ). Hence the area in question is equal 

to the definite integral 

.v 

f{x) dx, 

where x Q and X denote the abscissae 
of the points A and B, respectively. 

It may be shown as in the similar 
case above that the area bounded by 
any closed contour C whatever is given 
by the formula 



Note . Given a closed curve C (Pig. 15), let us draw at any point 
M the portion of the normal which extends toward the exterior, 
and let a, /3 be the angles which this direction makes with the axes 
of x and y, respectively, counted from 0 to 7 r. Along the arc Am x B 
the angle /3 is obtuse and dx = — ds cos (3. Hence we may write 






Along Bm 2 A the angle /3 is acute, but dx is negative along Bm, 2 A 
in the line integral. If we agree to consider ds always as positive, 
we shall still have dx = — ds cos /3. Hence the area of the closed 
curve may be represented by the integral 


!■ 


y cos ds, 


where the angle is defined as above, and where ds is essentially 
positive. This formula is applicable, as in the previous case, to a 
contour of any form whatever, and it is also obvious that the same 
area is given by the formula 


/■ 


x cos a ds. 


These statements are absolutely independent of the choice of axes. 


lively. It is clear that we may replace either of these curves by a combination 
of two closed curves without double points. Thus the closed contour OAOBO 

is equivalent to a combination of the 
two contours OAO and OBO. The 
integral taken over the whole contour 
is equal to the area of the portion 
OAO less the area of the portion 
OBO. Likewise, the other contour 
may he replaced by the two closed 
curves ApBqCrA and AsBtCuA, and 
the integral taken over the whole con- 
tour is equal to the sum of the areas of ApBsA, BtCqB, and ArCuA , plus twice 
the area of the portion AsBqCuA . This reasoning is, moreover, general. Any 
closed contour with any number of double points determines a certain number 
of partial areas tri, cr 2 , • • •, <r p , of each of which it forms all the boundaries. 
The integral taken over the whole contour is equal to a sum of the form 

TRicri ?H2 cr 2 4- * ' • + WlplTp, 

where mi, m*., • • •, m p are positive or negative integers which may be found by 
the following rule: Given two adjacent areas <r, a separated by an arc^ab of the 
contour C, imagine an observer walking on the plane along the contour in the sense 
determined by the arrows; then the coefficient of the area at his left is one greater 
than that of the area at his right. Giving the area outside the contour the coeffi- 
cient zero, the coefficients of all the other portions may he determined successively. 

If the given arc AB is not closed, we may transform it into a closed curve by 
joining its extremities to the origin, and the preceding formula is applicable to 
this new region, for the integral f xdy — y dx taken over the radii vectores OA 
and OB evidently vanishes. 



y. FUNCTIONS DEFINED BY DEFINITE INTEGRALS 

97. Differentiation under the integral sign. We frequently have to 
deal with integrals in which the function to be integrated depends 
not only upon the variable of integration but also upon one or more 
other variables which we consider as parameters. Let f(x } a) be a 
continuous function of the two variables x and a when x varies from 
a: 0 to X and a varies between certain limits a 0 and We proceed 
to study the function of the variable a which is defined by the 
definite integral 



Since the function f(x, a) is continuous, this integrand, may be made 
less than any preassigned number c by taking A a sufficiently small. 
Hence the increment A F(a) will be less than c\X — cc 0 j in absolute 
value, which shows that the function F(a) is continuous. 

If the function f(x , a) has a derivative with respect to a, let us 
write 

f(x, a + Aa) -f(x, a) = A <z[f a (as, «) + «], 


where e approaches zero with A a. Dividing both sides of (33) by 
A a, we find 


F(a + Aar) - F(a) 
A a 


= f fa ( X > a ) 


clx 4 * 


J edx ; 


and if y be the upper limit of the absolute values of c, the absolute 
value of the last integral will be less than y\X — x 0 \. Passing to 
the limit, we obtain the formula 

(34) d £ = f/ Jx ’ a)dX - 


In order to render the above reasoning perfectly rigorous we must 
show that it is possible to choose A a so small that the quantity e 
will be less than any preassigned number 77 for all values of x between 
the given limits x 0 and X. This condition will certainly be satisfied 
if the derivative f a (x, a) itself is continuous. For we have from 
the law of the mean 


f(x, a + A a) — f(x, a) = A ocf a (», a 4" 6Xa), 0 < 0 < 1, 

and hence 

e =/«<3 <* + dA a). 

If the function f a is continuous, this difference e will be less than y 
for any values of x and a, provided that | A a | is less than a properly 
chosen positive number h (see Chapter VI, § 120). 

Let us now suppose that the limits X and x 0 are themselves func- 
tions of a. If AAT and Xx 0 denote the increments which correspond 


-i 


• T o + 


f(x, a + Lct)dX) 


or, applying the first law of the mean for integrals to each of the 
last two integrals and dividing by A a, 

F(a + Aar) — P(a) _ C A /(s, a + Art r) -f(x, a) ^ 

Ac* Jx„ Ac* 

+ ^f(X + 9&X, c* + A a) 

— - 1 f(x o + 9'Ax 0 , a + A«). 


As A a approaches zero the first of these integrals approaches the 
limit found above, and passing to the limit we find the formula 

(35) g -jT/.fc a)dx + - ^f(x „ a), 

m* i * * 

which is the general formula for differentiation under the integral 
sign . 

Since a line integral may always be reduced to a sum of ordinary 
definite integrals, it is evident that the preceding formula may be 
extended to line integrals. Let us consider, for instance, the line 
integral 

F(a) = f P(x, y, a) dx + Q(x, y, a) dy 


taken over a curve AB which is independent of a. It is evident that 
we shall have 


F 



v , a ) dx + Qafa y, a ) d v> 


where the integral is to be extended over the same curve. On the 
other hand, the reasoning presupposes that the limits are finite and 
that the function to be integrated does not become infinite between 
the limits of integration. We shall take up later (Chapter VIII, 
§ 175) the cases in which these conditions are not satisfied. 



whence, applying 


C dx l x 

I — _ arc tan " 7 = ; 

J 0 ar + a vtt va 

the formula (34) ?i — 1 times, we find 


(- 1 )*- 1 1.2 •■■(*• 


-i) f— 

Vo (**+« 


(03 3 4-a) n c£<x ,l_1 


f cc 

—pz arc tan — - 
wa 


98. Examples of discontinuity. If the conditions imposed are not satisfied for 
all values between the limits of integration, it may happen that the definite inte- 
gral defines a discontinuous function of the parameter. Let us consider, for 
example, the definite integral 


*(*> = 



sin a dx 

1 — 2x cos a + x' 2 


This integral always has a finite value, for the roots of the denominator are 
imaginary except when a = /C7r, in which case it is evident that F(a) = 0. Sup- 
posing that sin a ^ 0 and making the substitution x = cos a + t sin cr, the indefi- 
nite integral becomes 



sin a dx 
2x cos <x + x 2 



arc tanL 


Hence the definite integral F(a) has the value 

/I — cos a\ , / — 1 — cos a\ 

arc tan — arc tan ( ) , 

\ sin a ] \ sin a J 

where the angles are to be taken between — %/2 and it/2. But 

1 — cos a — 1 — cos a 

— : x : =-1, 


and hence the difference of these angles is ± 7r/2. In order to determine the 
sign uniquely we need only notice that the sign of the integral is the same as 
that of sin a. Hence F(a) = ± 7r/2 according as sin a is positive or negative. 
It follows that the function F(a) is discontinuous for all values of a of the form 
hi r. This result does not contradict the above reasoning in the least, however. 
For when x varies from — 1 to +1 and a varies from — e to + c, for example, 
the function under the integral sign assumes an indeterminate form for the sets 
of values a = 0, x — - 1 and a = 0, x = + 1 which belong to the region in ques- 
tion for any value of e. 

It would be easy to give numerous examples of this nature. Again, consider 
the integral 


r 


dx. 


where the sign to he taken is the sign of ?n, since the limits of the transformed 
integral are the same as those of the given integral if m is positive, hut should 
he interchanged if m is negative. We have seen that the integral in the second 
member is a positive number N (§ 91). Hence the given integral is equal to dt JV 
according as m is positive or negative. If m = 0, the value of the integral is 
zero. It is evident that the integral is discontinuous for m = 0. 


VI. APPROXIMATE EVALUATION’ OF DEFINITE INTEGRALS 


99 . Introduction. When no primitive of f(x) is known we may 
resort to certain methods for finding an approximate value of the 
definite integral dx. The theorem of the mean for integrals 

furnishes two limits between which the value of the integral must 
lie, and by a similar process we may obtain an infinite number of 
others. Let us suppose that <j>(x) <f(x) < \ p(x) for all values of x 
between a and b (a < b). Then we shall also have 

J p b pb pb 

c f>(x)dx< I f(x)dx < / ij/(x)dx. 

a J a da 

If the functions $(x) and ij/(x ) are the derivatives of two known 
functions, this formula gives two limits between which the value of 
the integral must lie. Let us consider, for example, the integral 



1 dx 

Vl— cc 4 




Now Vl — V = Vl — x' 2 Vi+ x' 2 , a,nd the factor V 1 + x 2 lies 
between 1 and V2 for all values of x between zero and unity. 
Hence the given integral lies between the two integrals 

f 1 dx 1 £ 1 dx 

Jo Vl — x 2 V2 Jo Vl — x 2 

that is, between n r/2 and i r/(2V2). Two even closer limits may 
be found by noticing that (l+a: 2 )~ 1/2 is greater than 1 — x 2 /2, 
which results from the expansion of (1 + ?0~ 1/2 by means of Taylor’s 
series with a remainder carried to two terms. Hence the integral 
I is greater than the expression 


idea of tlie exact value of the integral. In order to obtain closer 
approximations we may break up the interval (a, b) into smaller 
subintervals, to each of which the theorem of the mean for inte- 
grals may be applied. If or definiteness let us suppose that the 
function f(x) constantly increases as x increases from a to b. Let 
us divide the interval (a, b ) into n equal parts (& — a, = nit). Then, 
by the very definition of an integral, J^f(x)dx lies between the 
two sums 

5 = h\f(a) +f(a + h) + • • • +f[a + (n - 1) h]\, 

S = h\f(a + h) +f(a + 2h) H f f(a + nh)\. 

If we take (*S* + .<?)/ 2 as an approximate value of the integral, the 
error cannot exceed | S — s | / 2 = | [ (b — a) /2 n] [/(&) —/(a)] |. The 
value of (S + s)/2 may be written in the form 

^ | f( a ) + f( a + h) + 1j) + f(a 4- 2 Ji) ^ 

f[a + (n - 1) A] +f(a + nh) ) 

+ 2 r 


Observing that \f(a + ih) + /[a + (i + 1) A] \h/2 is the area of 
the trapezoid whose height is A and whose bases are f(a + ih) and 
f(a + ih + A), we may say that the whole method amounts to 
replacing the area under the curve y = f(x ) between two neighbor- 
ing ordinates by the area of the trapezoid whose bases are the two 
ordinates. This method is quite practical when a high degree of 
approximation is not necessary. 

Let us consider, for example, the integral 



1 dx 
l+x 2 ' 


Taking n = 4, we find as the approximate value of the integral 


sU + # + l + i + i = 0 - 78279 -’ 


and the error is less than 1/16 = .0625.* This gives an approxi- 
mate value of 7 t which is correct to one decimal place, — 3.1311 • • • . 


* Found from tlie formula \S — s\/ 2. In fact, the error is about .00200, the exact 



intervals for each of which that condition is satisned. 


100. Interpolation. Another method of obtaining an approximate 
value of the integral f*f(x)dx is the following. Let us determine 
a parabolic curve of order n, 

y — <£( x ) = a o 4- aix H b a n x n , 

which passes through (n + 1) points B 0) B u • ••, B n of the curve 
y = f{x ) between the two points whose abscissae are a and b. 
These points having been chosen in any manner, an approximate 
value of the given integral is furnished by the integral JT b 
which is easily calculated. 

Let (x 0 , y 0 ), (x t , yj, •• •, (x n} y n ) be the coordinates of the (n + 1) 
points B 0 , B ly • ••, B n . The polynomial <j>(x) is determined by 
Lagrange’s interpolation formula in the form 


4>( X ) — + 2/l AT + b yiX { d b Vn^n) 

where the coefficient of is a polynomial of degree n, 

x _ fa — «:„) • • • fa - Xj_{) fa - e,- + 1 ) ■ • • fa — a;,,) ^ 
4 fat — *o) • " fai - x i- 1) fat — *f+l) •••(*<— “A 


which vanishes for the given values aj 0 ; , % n > except for x — x iy 
and which is equal to unity when x = x { , Hence we have 


X b n pb 

$(x) clx = ^ Vi I X i dx . 
~J {) Ja 


The numbers are of the form 


x 0 = a + 6 0 (b — a), x x = a + ^(6 — a), * • •, = a + 0 n (6 — a), 

where 0 < 0 O < 0i < • • • < S 1. Setting x — a + (b — a)t, the ap- 
proximate value of the given integral takes the form 

(36) ‘ (b — a) (KqIJo 4* dC 1 y 1 4- • • • + A u y, t ), 

where K { is given by the formula 


K f = 


1 


(f ^o) * ’ ' ft flt-l) ft ^t + l) • ' ' ft ®n) 

{0 t - *o) • • ■ (0 t - ^ . i) (tf, - 0 i+1 ) • • • (0, - e n ) 


dt . 


If we divide the main interval (a, b) into subintervals whose 
ratios are the same constants for any given function f(x) whatever, 

fchft nmnhp.rs Q n . 0. . . ... ft fl.nr] lipnn.p n.lsn thp nnmliprs T\ . ovp inrlo. 


ically, it is convenient to divide the interval (a, b) into equal parts, 
and it is only necessary to measure certain equidistant ordinates of 
this curve. Thus, dividing it into halves, we should take 0 o = 0, 
$i = 1/2, 0 2 = 1, which gives the following formula for the approxi- 
mate value of the integral : 

b — a , 

I = —q~ Oo + 4yi + y 2 ). 

Likewise, for n = 3 we find the formula 

I = — g (y o + 3y x -f- 3y 2 + ^ 3 ) ; 

and for = 4 

L = ■ (7yo 4- 3%y 1 + 12y 2 4- 32y 3 4- 7y 4 ). 

The preceding method is due to Cotes. The following method, 
due to Simpson, is slightly different. Let the interval (a, b ) be 
divided into 2n equal parts, and let ?/ 0 ), .Vd ^ 2 ? •••> y 2n ordi- 

nates of the corresponding points of division. Applying Cotes* 
formula to the area which lies between two ordinates whose indices 
are consecutive even numbers, such as y 0 and y 2 , ?/ 2 and y i} etc., we 
find an approximate value of the given area in the form 

1 = K y ° + 42/1 + + + 4 2/3 + y*) + ' * * 

+ (y».-2 + 4 ysn-i + y2«)]> 

whence, upon simplification, we find Simpson’s formula : 

y ^ 

I = 0~ [y<> + 2/2/t + 2 (y 3 4 - ^4 + — b 2/2* -2) 

+ 4 (yi + 2/s +- — b y 2n _i)] • 

101. Gauss’ method. In Gauss’ method other values are assigned 
the quantities 0 £ . The argument is as follows : Suppose that we 
can find polynomials of increasing degree which differ less and less 
from the given intergrand f(x) in the interval (a, b). Suppose, 
for instance, that we can write 

f(x) = a 0 4- (x x x 4- 4~ ■ * • 4~ <x 2n _i x 2n ~ l 4~ A 2?i (rc) , 

1 

rryVn-nn 4-V. n -nAW rl Z> / i o Incin n fl vnfl ^ -Pah nil 


<f)(x) be a polynomial of degree n — 1 which assumes tlie same 
values as does f(x ) for these values of x. Then Lagrange’s inter- 
polation formula shows that this polynomial may be written in the 
form 

2n — l 

4>(x) = ^ <x m <l> m (x) + R 2n (x 0 ) (*) H h 

m = 0 

where and ^ are at most polynomials of degree n — 1. It is 
clear that the polynomial depends only upon the choice of 

x 0 , x u • ••, x n _ v On the other hand, this polynomial </> m (x) must 
assume the same values as does x m for x ~ x Q , x = x lf • • *, x = 

For, supposing that all the except a, n and also R Zn (x) vanish, 
f(x) reduces to a m x m and $(x) reduces to a m cj> m (x). Hence the 
difference x m — c fi m (x) must be divisible by the product 

P n (x) = (x- x 0 ) (x - x x ) * • • (x - x n ^). 

It follows that x in — P n Q, m -n( x )i where Q m __ n (x) is a poly- 
nomial of degree m — n, and that x m — <f> m (x) = 0 if m < n — 1. 

The error made in replacing dx by f^<j>(x)dx is evidently 

given by the formula 

2n— 1 nh r*b 

(37) Va m I O’" - <f> m (x)] dx + I R ln (x) dx 

m2o Ja Ja 

n — 1 r>b 

- X R 2‘‘ (*■) I %( x ) dx - 

i= 0 Ja 

The terms which depend upon the coefficients a Q , a x , • • •, a n ^ l vanish 
identically, and hence the error depends only upon the coefficients 
a n , a n+i> " > a 2 n-i an< ^ ^ ie remainder R in (x). But this remain- 
der is very small, in general, with respect to the coefficients 
a ny a n + v nr 2tt-1 . Hence the chances are good for obtaining a 

high degree of approximation if we can dispose of the quantities 
cc 0 , x u *’•; x n- i i n such a way that the terms which depend upon 
<x n , a n + i> ***> a 2 n - 1 also vanish identically. For this purpose it is 
necessary and sufficient that the n integrals 



*This is a property of any function which is continuous in the interval (a, b), 



[(*-“)* (*-&)"]• 

It is therefore sufficient to take for x () , x u • • •, x n „ 1 the n roots of 
the equation P n = 0, and these roots all lie between a and b . 

We may assume that a = — 1 and & = + 1, since all other cases 
may be reduced to this by the substitution x — (b -f a) /2 + 1 (b — a) J2. 
In the special case the values of x 0 , x u • ••, x n _ l are the roots of 
Legendre’s polynomial X n . The values of these roots and the 
values of K { for the formula (36), up to n = 5, are to be found to 
seven and eight places of decimals in Bertrand’s Traite de Calcid 
integral (p. 342). 

Thus the error in Gauss’ method is 

I Ii 2n (x)dx-'^R !n (x { ) %(x)dx, 

a i= 0 t/ u 

where the functions %(x) are independent of the given integrand. 
In order to obtain a limit of error it is sufficient to find a limit of 
It 2 ,i( x )j that is. to know the degree of approximation with which 
the function f(x) can be represented as a polynomial of degree 
2n — 1 in the interval (a, b). But it is not necessary to know 
this polynomial itself. 

Another process for obtaining an approximate numerical value of 
a given definite integral is to develop the function f(x) in series and 
integrate the series term by term. We shall see later (Chapter VIII) 
under what conditions this process is justifiable and the degree of 
approximation which it gives. 

102. Amsler’s planimeter. A great many machines have been invented to 
measure mechanically the area hounded by a closed plane curve.* One of the 
most ingenious of these is Amsler’s planimeter, whose theory affords an interest- 
ing application of line integrals. 

Let us consider the areas A x and A 2 hounded by the curves described by two 
points A i and A 2 of a rigid straight line which moves in a plane in any manner 
and finally returns to its original position. Let (%, y x ) and (a 2l y 2 ) he the coor- 
dinates of the points and A 2 , respectively, with respect to a set of rectangu- 
lar axes. Let l be the distance A\ A 2 , and d the angle which AiA 2 makes with 


•*- A description of these instruments is to be found in a work by Abdank- 
Abalcanowicz: Les intagraphes, la courbe integrate et ses applications (Gauthier- 


me positive x axis, in uiuur iu ueums muuuu ui wu uuc auaijuwuij, y i> 
and 6 nmst be supposed to be periodic functions of a certain variable parameter t 
which resume the same values when t is increased by T. We have Xo—Xi + I cos 0, 
y 2 = 2/1 4- l sin 0, and hence 

x^dy^ — 2/2 dx 2 = Xydyi — yidxi 4 - l 2 dd 

+ L (cos 0 dyi — sin 0 dx \ + Xi cos 0 d0 4- 2/i sin 0 dQ) . 

The areas Ai and A2 of the curves described by the points Ai and A 2, under the 
general conventions made above (§ 90), have the following values : 



J Xidyi - y\dx u 


A2 : 


- f x 2 dy% - 


• 2/2 dx 2 . 


Hence, integrating each side of the equation just found, we obtain the equation 
A 2 =A 1 + ^ j* dO 4- ~ £ f Q0S & “ sin 9 d Xl + f ( x i cos 9 + Vi sin 6) t 


where the limits of each of the integrals correspond to the values to and to + T 
of the variable t. It is evident that fd 0 = 2 Kit, where Jr is an integer which 
depends upon the way in which the straight line moves. On the other hand, 
integration by parts leads to the formulae 


i 

s 


Xicos 0d0 = 
2/i sin QdO — 


X\ sin 0 — sin 0 dx 1 , 
— 2/1 cos 0 4- j* cos 0 dyi. 


But Xi sin 0 and yi cos 0 have the same values for t = t Q and t = to 4- T. Hence 
the preceding equation may be written in the form 


A s = Ai 4- Knl 2 4* l J ' cos 0 dyi — sin 0 dxi. 


Now let s be the length of the arc described by Ai counted positive in a certain 
sense from any fixed point as origin, and let a be the angle which the positive 
direction of the tangent makes with the positive x axis. Then we shall have 

cos 0 dyi — sin 0 dxi = (sin a cos 0 — sin 0 cos a) ds = sinT ds , 

where V is the angle which the positive direction of the tangent makes with the 
positive direction Ai A 2 of the straight line taken as in Trigonometry. The 
preceding equation, therefore, takes the form 

(38) A2 = Ai 4- Knl 2 4- 1 j ' sinW ds. 

Similarly, the area of the curve described by any third point A 8 of the straight 
line is given by the formula 


A3 = Ai 4- Krtl ' 2 4- V J* sinW ds, 


(39) 


(40) 


Ai (23) -1- A a (31) + A 3 (12) + Kit (12) (23) (31) = 0, 

where (ik) denotes the distance between the points Ai and Ak (£, h = 1, 2, 3) 
taken with its proper sign. As an application of this formula, let us consider 
a straight line A\ A 2 of length (a -j- b ), whose extremities A\ and A 2 describe the 
same closed convex curve C. The point A 3 , which divides the line into seg- 
ments of length a and &, describes a closed curve C' which lies wholly inside C. 
In this case we have 

A a =Ai, (12) = a + &, (23) = -6, (31) = - a, If = 1 ; 

whence, dividing by a - 1 - &, 

A x — A3 = 

But Ai — A 3 is the area between the two curves C and C'. Hence this area is 
independent of the form of the curve 0. This theorem is due to Holditch. 

If, instead of eliminating JsinFds between the equations (38) and (39), we 
eliminate Ai, we find the formula 

(41) A 3 = A 2 + Kit {l '* - V) + (V -l)J sinFds. 

Amsler’s planimeter affords an application of this formula. Let A 1 A 2 Az be a 
rigid rod joined at A 2 with another rod OA 2 . The point 0 being fixed, the point 
A 3 , to which is attached a sharp pointer, is made to describe the curve whose area 
is sought. The point A 2 then 
describes an arc of a circle or 
an entire circumference, accord- 
ing to the nature of the motion. 

In any case the quantities A 2 , If, 

Z, V are all known, and the area 
A 3 can he calculated if the in- 
tegral f sin FcZs, which is to he 
taken over the curve G\ described 
by the point A\, can be evaluated. 

This end A.\ carries a graduated ® 
circular cylinder whose axis coin- 
cides with the axis of the rod AiA 3l and which can turn about this axis. 

Let us consider a small displacement of the rod which carries Ai A Z A 3 into 
the position A\A 2 A 3 . Let Q be the intersection of these straight lines. About 
Q as center draw the circular arc Aicx and drop the perpendicular A[P from 
A 1 upon AiA 2 . We may imagine the motion of the rod to consist of a sliding 
along its own direction until Ai comes to a, followed by a rotation about Q which 
brings a to A{. In the first part of this process the cylinder would slide, with- 
out turning, along one of its generators. In the second part the rotation of 
the cylinder is measured by the arc aA{. The two ratios ccA\/A\P and 
AiP/nvcAiAi approach 1 and sinF, respectively, as the arc A[Ai approaches 
zero. Hence cxA( = As (sinF + e), where e approaches zero with As. It follows 



1. Show that the sum 1/n + l/(n -f 1) -f + 1/2 n approaches log 2 as n 

increases indefinitely. 

[Show that this sum approaches the definite integral f (] l [1/(1 + x)] dx as its 
limit.] 

2. As in the preceding exercise, find the limits of each of the sums 

ft , n , ... , n 
n 2 + 1 n 2 + 2 2 n 2 + ( n — l) 2 * 

11, 1 

— ■- H -- rrrzr z rr -)- • * • 4 r- . - r -r: — ~ ? 

Vn 2 — 1 V» a — 2 2 Vn 2 — (n — l) 2 

hy connecting them with certain definite integrals. In general, the limit of 
the sum 

n 

»), 

1=0 


as n becomes infinite, is equal to a certain definite integral whenever <£(£, n) is 
a homogeneous function of degree — 1 in i and n. 

3. Show that the value of the definite integral f Q n/2 log sin x dx is 
- (tt/ 2) log 2. 

[This may he proved hy starting with the known trigonometric formula 


. Tt . 27? 

sin -sm 

n n 


• sm 


(n — 1) tc __ 


n 


or else by use of the following almost self-evident equalities : 

7T 7T * 7T 

log sin x dx = J^log cos x dx = ~ jT log 




4. By the aid of the preceding example evaluate the definite integral 

I tan x dx . 




5. Show that the value of the definite integral 

»i . 


I 


log (1 -f x) 
iq-x 2 


dx 


is (7r/8)log2. 

[Set x = tan 0 and break up the transformed integral into three parts.] 
6*. Evaluate the definite integral 



formula of trigonometry, we are led to seek the limit of the expression 


7T 

log 

n 


~<T — 1 

+ 1 


(a 2 ” 




as n becomes infinite. If a lies between — 1 and + 1, this limit is zero. If 
a 2 > 1, it is % log a 2 . Compare § 140.] 

7. Show that the value of the definite integral 


X 


Vi 


sin x dx 

, 

2 a cosx -f a 2 


where a is positive, is 2 if a < 1, and is 2/a if a> 1. 

8*. Show that a necessary and sufficient condition that f(x) should be inte- 
grate in an interval (a, b) is that, corresponding to any preassigned number <?, 
a subdivision of the interval can be found such that the difference S — s of the 
corresponding sums S and s is less than e. 

9. Let/(x) and <p(x) be two functions which are continuous in the interval (a, &), 
and let (a, xi, x 2l •••,&) be a method of subdivision of that interval. If rj. 
are any two values of x in the interval x t ), the sum 2/(&) (p(i (Xi — Xi-\) 
approaches the definite integral f(x) <j>(x) dx as its limit. 

10. Let /(sc) be a function which is continuous and positive in the interval (a, b). 
Show that the product of the two definite integrals 



is a minimum when the function is a constant. 


11. Let the symbol Ij 1 denote the index of a function (§ 77) between x 0 
and sci. Show that the following formula holds: 


a ’o *0 f{ X ) 


where e = + 1 if f(x 0 ) > 0 and /(Xi) < 0, e = - 1 if f{x 0 ) < 0 and f(xi) > 0, and 
e = 0 if f(x o) and f(x{) have the same sign. 

[Apply the last formula in the second paragraph of § 77 to each of the func- 
tions f(x) and 1 //(sc).] 

12*. Let TJ and V he two polynomials of degree n and n — 1, respectively, 
which are prime to each other. Show that the index of the rational fraction 
V/U between the limits — oo and H- oo is equal to the difference between the 
number of imaginary roots of the equation U + iV = 0 in which the coefficient 
of i is positive and the number in which the coefficient of i is negative. 

rTTw'PATT'n?. Thril.pf.in dp. la KnaiAtA m ath/hnn tin up.. Vnl. VTT. n 19S.T 


[Let /(a) and <£(x) be two functions each of which is continuous in the inter- 
val (a, b) ami the first of which, /(x), constantly increases (or decreases) and 
has a continuous derivative. Introducing the auxiliary function 


$(z) = f y>{x)dx 

*J a 


and integrating hy parts, we find tlie equation 

f /(*) <£( x ) dx = f(b) <!>(&) - f f / {x)$(x)dx. 

J (t a 

Since f'(x) always lias the same sign, it only remains to apply the first theorem 
of the mean for integrals to the new integral.] 


14. Show directly that the definite integral / xdy — ydx extended over a 
closed con tom* goes over into an integral of the same form when the axes are 
replaced by any other set of rectangular axes which have the same aspect. 


15. Given the formula 


evaluate tlie integrals 


/. 


pb 1 

i cos Xx dx = - (sin Xh — sin Xa) , 
da X 

. f- 


+ 1 sin Xx dx , 


z 2 p cos Xx dx . 


16. Let us associate the points (x, y) and (x', y') upon any two given curves * 
C and C' y respectively, at which the tangents are parallel. The point whose 
coordinates are x%=px + qx\ yi = py -f qy\ where p and q are given constants, 
describes a new curve C\. Show that the following relation holds between the 
corresponding arcs of the three curves : 

= ± ps ± qs'. 

IT. Show that corresponding arcs of the two curves 


x = - f(t) + 4>'(t ) , „,(»' = r (<) - /(*) “ *'(<) , 

v = /'W - W(t) + *(*). W =/'(*> + WV) - *$) 


have the same length whatever be tlie functions /(f) and <£(t). 


18. From a point M of a plane let us draw the normals MP i, • • - , MP n to 
71 given curves Ci, C 2 , • • *, C n which lie in the same plane, and let k be the 
distance jlfP*. The locus of the points M, for which a relation of the form 
F(li , l 2i • • •, l n ) = 0 holds between the n distances k, is a curve r. If lengths 
proportional to cF/dk he laid off upon the lines MPi, respectively, according to 
a definite convention as to sign, show that the resultant of these n vectors gives 
the direction of the normal to V at the point M. Generalize the theorem for 
surfaces in space. 


19. Let C be any closed curve, and let us select two points p and p' upon the 



a constant length L upon the normals to tlie given curve. Show that the area 
between the two curves is equal to ± nl 1 + si, where s is the length of the given 
curve. 

21. Let C be any closed curve. Show that the locus of the points A, for 
which the corresponding pedal has a constant area, is a circle whose center is 
fixed. 

[Take the equation of the curve C in the tangential form 
x cost -f y sin 2 =/($).] 

22. Let C be any closed carve, Ci its pedal with respect to a point A, and C 2 
the locus of the foot of a perpendicular let fall from A upon a normal to C. 
Show that the areas of these three curves satisfy the relation A = Ai — A». 

[J3y a property of the pedal (§ SO), if p and o> are the polar coordinates of a point 
on Cu the coordinates of the corresponding point of C 2 are p' and w -f ?r/2, and 
those of the corresponding point of C are r = vV 2 + p'~ 2 and 4> — w + arc tan p'/p. ] 

23. If a curve C rolls without slipping on a straight line, every point A which 

is rigidly connected to the curve C describes a curve which is called a roulette. 
Show that the area between an arc of the roulette and its base is twice the area 
of the corresponding portion of the pedal of the point A with respect to G. Also 
show that the length of an arc of the roulette is equal to the length of the corre- 
sponding arc of the pedal. [Steiner ] 

[In order to prove these theorems analytically, let X and Y be the coordi- 
nates of the point A with respect to a moving system of axes formed of the 
tangent and normal at a point M on C. Let s be the length of the arc OM 
counted from a fixed point 0 on (7, and let co be tlie angle between the tangents 
at 0 and M. First establish the formulae 

ds -}■ dX — Y dw , dY -f~ X doi = 0 , 

and then deduce tlie theorems from them.] 

24*. The error made in Gauss’ method of quadrature may be expressed in 
the form 

/ (2,l) (£) ^ 2 r 1.2.3- -7i l 2 

1 . 2 • • • 2 n X 2n 4- 1 Ll . 2 • - (2n - 1) J ’ 


where £ lies between — 1 and +1. 


[Mansion, Comptes rendus , 1886.] 



CHAPTER Y 


INDEFINITE INTEGRALS 

We shall review in this chapter the general classes of elemen- 
tary functions whose integrals can be expressed in terms of ele- 
mentary functions. Under the term elementary functions we shall 
include the rational and irrational algebraic functions, the exponen- 
tial function and the logarithm, the trigonometric functions and 
their inverses, and all those functions which can be formed by a 
Unite number of combinations of those already named. When the 
indefinite integral of a function f(x ) cannot be expressed in terms 
of these functions, it constitutes a new transcendental function. 
The study of these transcendental functions and their classification 
is one of the most important problems of the Integral Calculus. 


I. INTEGRATION OF RATIONAL FUNCTIONS 

103. General method. Every rational function f(x) is the sum of 
an integral function E(x) and a rational fraction 7 j (ce)/< 2(V), where 
P(x) is prime to and of less degree than Q(x ). If the real and 
imaginary roots of the equation Q(x) be known, the rational frac- 
tion may be decomposed into a sum of simple fractions of one or the 
other of the two types 

A Mx 4- N 

(x — a) m 9 \_(x — u:) 2 -J- /3 2 ] n 

The fractions of the first type correspond to the real roots, those 
of the second type to pairs of imaginary roots. The integral of 
the integral function E(x) can be written down at once. The inte- 
grals of the fractions of the first type are given by the formulae 

C a dx A 

J (x — d) in (yi — l)(x — ci) m ~ 1 ’ 1 m ’ 

f AdX . i „ n \ i-p <vyi 1 


dt, 


I MX 4 * N 1 / Mot + N + Mfit 

J [(x - a) 2 + p~y J (i+ t 2 y 

and there remain two kinds of integrals : 

r tdt r dt 
J (l + tY J (T+ **)*' 

Since tdt is half the differential of 1+ 1 2 , the first of these inte- 
grals is given, if n > 1, by the formula 


r tdt 

J (i + 


P 2 


(1 + t*) n 2 (n ~ 1) (1+ ty~ l 2(n-l) [(x - or ) 2 + /3 2 ] 71-1 
or, if n = 1, by the formula 




(x — • a) 2 + /3 2 


The only integrals which remain are those of the type 

dt 


Si 


(i + t 2 y 

If n = l, the value of this integral is 



arc tan t = arc tan 


x — a 

T - ' 


If n is greater than unity, the calculation of the integral may be 
reduced to the calculation of an integral of the same form, in which 
the exponent of (1 + t 2 ) is decreased by unity. Denoting the inte- 
gral in question by I n) we may write 



dt 

(!'+>)" 



14 - t 2 -t 2 
(i 4- t 2 y 



dt 

(1 4-" t 2 ) 71 - 1 


I 


t 2 dt 

(i 4- t 2 y 


From the last of these integrals, taking 


tdt __ 1 

(l + V ~ ~ 2 (n - 1) (1 + t 2 )”- 1 ’ 


u = t, do = 


Substituting this value in the equation for I n , that equation becomes 

T 2n — 3 jt 

2 n _ 2 n “ 1 2(n~l)(l+t 2 y- 1 

Repeated applications of this formula finally lead to the integral 
7j = arc tail t. Retracing our steps, we find the formula 


_ (2n - 3) (2n - 5) ■ ■ ♦ 3 . 1 
In “ (2vi - 2) (2?i - 4) ... 4 . 2 


arc tan t + R(f) 


where R ( t ) is a rational function of £ which is easily calculated. 
We will merely observe that the denominator is (1 -f- tf 2 )”” 1 , and that 
the numerator is of degree less than 2n — 2 (see § 97, p. 192). 

It follows that the integral of a rational function consists of 
terms which are themselves rational; and transcendental terms of 
one of the following forms : 

log (x — a ), log [(a? — or) 2 -j- /? 2 ], arc tan — - — • 

P 

Let us consider, for example, the integral /[l/(# 4 — 1)] dx. The 
denominator has two real roots -f 1 and — 1, and two imaginary 
roots + i and — i. We may therefore write 


1 A B Cx + D 

x^ • — ■ 1 ce — 1 x + 1 1 + x 2 


In order to determine A, multiply both sides hy x — 1 and then set 
x = 1. This gives vl=l/4, and similarly = — 1/4. The iden- 
tity assumed may therefore be written in the form 

1 _ 1 / 1 1_\ _ Cx +D 

x* — 1 4 \# — 1 x -j- 1/ 1-fa 2 


or, simplifying the left-hand side, 

— 1 _ Cx + D 

2 (1 -f x 2 ) 1 -f x 2 

It follows that C = 0 and D = — - 1/2, and we have, finally, 

11 1 1 

z 4 -l 4(sc-l) 4(*+l) 2 (x 2 + 1) ’ 

which gives 


dx 


1 


x — 1 


1 


dx 


/: 


{x 2 - l) n 


If n > 1, we may either break up the integrand into partial frac- 
tions by means of the roots •+• I and — 1, or we may use a reduction 
formula similar to that for I n . But the most elegant method is to 
make the substitution x = (1 -{- z)/(l — z)> which gives 


x 


2 


-1 = 


4s 

(i 


dx = 


2 dz 




<— — dz 


Developing (1 — s) 2n ~ 2 by the binomial theorem, it only remains 
to integrate terms of the form Az* 1 , where ^ may be positive or 
negative. 


104. Hermite’s method. We have heretofore supposed that the 
fraction to be integrated was broken up into partial fractions, which 
presumes a knowledge of the roots of the denominator. The fol- 
lowing method, due to Hermite, enables us to find the algebraic 
part of the integral without knowing these roots, and it involves 
only elementary operations, that is to say, additions, multiplications, 
and divisions of polynomials. 

Let f(x) /F(x) be the rational fraction which is to be integrated. 
We may assume that f(x) and F(x) are prime to each other, and 
we may suppose, according to the theory of equal roots, that the 
polynomial F(x) is written in the form 

where X 1} X 2 , •• •, X p are polynomials none of which have multiple 
roots and no two of which have any common factor. We may now 
break up the given fraction into partial fractions whose denomina- 
tors are X l9 X \ , 

+ 4?-l . i?, 

F(x) Xt Zl Xp 

where A { is a polynomial prime to X { . Dor, by the theory of high- 


Let us set X = X u Y— X\ • • • A r £, and Z = /(«). Then this identity 
becomes 

BA\ + AXl---X*=f(x), 

or, dividing by F(x), 

/(*) = A B 

F(x) x t ^ XI" x } ; 

It also follows from the preceding identity that if f(x) is prime to 
F(x), A is prime to X x and B is prime to X\ • • • A£. Bepeating the 
process upon the fraction 

B 

y2 Y p * 

-A-2 * ’ * p 


and so on, we finally reach the form given above. 

It is therefore sufficient to show how to obtain the rational 
of an integral of the form 


/ 


A dx 



part 


where <j>(x) is a polynomial which is prime to its derivative. Then, 
by the theorem mentioned above, we can find two polynomials B 
and C such that 

+ C r ^'(jc) = A , 

and hence the preceding integral may be written in the form 


S9-S 


Bcj> + C<t>' 



<$>dx 

V 


If n is greater than unity, taking 
u = C, v = 

and integrating by parts, we get 


-1 

<n- l)*- 1 ’ 


/ 



( n — 


i r c' 

n-lj ft 1 - 1 


dx , 


whence, substituting in the preceding equation, we find the formula 



one, and we shall then have an expression of the form 

where R(x) is a rational function of x, and ^ is a polynomial whose 
degree we may always suppose to be less than that of <£, but which 
is not necessarily prime to <j>. To integrate the latter form we must 
know the roots of <j>, but the evaluation of this integral will intro- 
duce no new rational terms, for the decomposition of the fraction 
leads only to terms of the two types 

A Mx + N 

x — a (x — a) 2 + fi 2 ’ 

each of which has an integral which is a transcendental function. 

This method enables us, in particular, to determine whether the 
integral of a given rational function is itself a rational function. 
The necessary and sufficient condition that this should be true is 
that each of the polynomials like f should vanish when the process 
has been carried out as far as possible. 


It will be noticed that the method used in obtaining the reduction formula 
for I n is essentially only a special case of the preceding method. Let us now 
consider the more general integral 


f 


dx 

(Ax 2 4 2 Bx 4 C) n ' 


A* 0, B 2 -AC*0. 


From the identity 

A (Ax* + 2Bx + C)- (Ax + B) 2 = AC- B 2 
it is evident that we may write 


/ 


dx 


(Ax 2 4 2 Bx 4- C) 


f 

i» AC — B 2 J 

_i_ r 

IC-B 2 J 


dx 


(Ax 2 -f 2 Bx 4 C) n " 1 
(Ax + B) V* + ?1* L 


(Ax 2 4 2 Bx 4 C) n 


Integrating the last integral hy parts, we find 
Ax 4 B 


/ 


(Ax 4 B) 


-dx = 


Ax 4 B 


(. Ax 2 + 2B» + C) n 2 (n - 1) ( Ax 2 + 2 Bx + C ) n ~ 1 



Note. In applying Hermite’s method it becomes necessary to solve the fol- 
lowing problem : given three polynomials A, B, (7, of degrees in , n, p , respectively , 
iu/o 0 / which, A and B , are prime to each other, find two other polynomials u and v 
such that the relation Au + Bv = C is identically satisfied. 

In order to determine two polynomials u and v of the least possible degree 
which solve the problem, let ns first suppose that p is at most equal to m + n - 1. 
Then we may take for u and v two polynomials of degrees n — 1 and m — 1, 
respectively. The m -f n unknown coefficients are then given by the system of 
m n linear non-homogeneous equations found by equating the coefficients. 
For the determinant of these equations cannot vanish, since, if it did, we could 
find two polynomials u and v of degrees n — 1 and m - 1 or less which satisfy 
the identity Au + Bv = 0, and this can he true only when A. and B have a 
common factor. 

If the degree of G is equal to or greater than m + n, we may divide C by AB 
and obtain a remainder C f whose degree is less than m + n. Then C = A BQ + C', 
and, making the substitution u — BQ = u 2 , the relation Au + Bv = C reduces to 
Aui + Bv = C This is a problem under the first case. 



integrals of rational functions it is natural to consider the inte- 
grals of irrational functions. We shall commence with the case in 
which the integrand is a rational function of x and the square root 
of a polynomial of the second degree. In this case a simple substitu- 
tion eliminates the radical and reduces the integral to the preceding 
case. This substitution is self-evident in case the expression under 
the radical is of the first degree, say ax + b. If we set ax + b = t 2 , 
the integral becomes 

J* R(x , V ax H- b)dx = J ' R^~ tj 

and the integrand of the transformed integral is a rational function. 

If the expression under the radical is of the second degree and 
has two real roots a and b 9 we may write 

V'l (* - «-) (x-b) = (x- b ) ^Ja 
and the substitution 

V t x — a A a — bt 2 

A = t, or x — — 

x—b 9 A— tf 

actually removes the radical. 

If the expression under the radical sign has imaginary roots, the 
above process would introduce imaginaries. In or der to get to the 
bottom of the matter, let y denote the radical V Ax 2 -j- 2Bx + C. 
Then x and y are the coordinates of a point of the curve whose 
equation is 

(1) y 2 = Ax 2 A- 2 Bx + C, 

and it is evident that the whole problem amounts to expressing the 
coordinates of a point upon a conic by means of rational functions 
of a parameter. It can be seen geometrically that this is possible. 
For, if a secant 

y — f3 — t(x — a ) 

be drawn through any point (a, /?) on the conic, the coordinates of 
the second point of intersection of the secant with the conic are 
given by equations of the first degree, and are therefore rational 
functions of t. 

If the trinomial Ax 2 4- 2Bx 4- C has imaginary roots, the coefii- 



If — y JTL ~r U y 


cuts the hyperbola in a point whose coordinates are 
C - 1 2 . . rr C — t 2 


2tVZ-2B 


y 


= t + ^7i 


2tVl-2B 


If A < 0, the conic is an ellipse, and the trinomial Ax 2 -f 2Bx 4- C 
must hare two real roots a and by or else the trinomial is negative 
for all real values of x. The change of variable given above is pre- 
cisely that which we should obtain by cutting this conic by the 
moving secant 

y = t(x— a). 

As an. example let us take the integral 


/ 


dx 

(x 2 + k) Vcc 2 + k 


The auxiliary conic y 2 = x 2 4- 7c is an hyperbola, and the straight line 
x 4- y = t, which is parallel to one of the asymptotes, cuts the hyper- 
bola in a point whose coordinates are 


x = y=y/x 2 + k = ^(t + 

Making the substitution indicated by these equations, we find 


dx • 


dt (t 2 4~ 7c 

~w~ 


ff-S- 


itdt 
o t 2 + 7c) 2 


t 2 q- 7c 


or, returning to the variable x , 

dx x — Vrs 2 -f- 7c 


h 


7c Var 2 4* 7c 


x 1 

Jc Vsc 2 4 -7c 7c 


(x 2 4- &) § 

where the right-hand side is determined save for a constant term. 
In general, if AC — B 2 is not zero, we have the formula 


/ 


dx 

(Ax 2 4- 2Bx 4- C) 3 


1 Ax 4- B 

AC — B 2 VAx 2 4- 2Bx 4- C 


In some cases it is easier to evaluate the integral directly without 
removing the radical. Consider, for example, the integral 


or setting Ax + B = t, 


hi-- 


dt 


; = —}= log (t + V^ + ^IC — -G 2 ). 


■V A J Vi 2 + AC - B' 2 V;1 

Returning to the variable x, we have the formula 


f 


dx 


V/lx 2 + 2Bx + C Vyi 


= lo g(Ax + B + Vyl Vkcc 2 -f- + C ) . 


If the coefficient of a; 2 is negative, the integral may be written in 
the form 


/: 


dx 




Vyl da 


V- yicc 2 + 2Bx + C J Vyl C + 5 a - (Ax - £) 2? 


yi > 0. 


The quantity AC + B 2 is necessarily positive. Hence, making the 
substitution 

Ax-B = t -VAC + 13 2 , 
the given integral becomes 


1 _ C dt ^ 1 

VI J Vl — £ 2 V. 


VI 


arc sin t. 


Hence the formula in this case is 


/ 


dx 

V- Ax 2 + 2Bx + C 


1 . Ax-B 

— 7= arc sin 7= — • 

Vyl VilC + £ 2 


It is easy to show that the argument of the arcsine varies from — 1 
to 4- 1 as x varies between the two roots of the trinomial. 

In the intermediate case when yl = 0 and B =£ 0, the integral is 
algebraic : 


I 


-*====- 5 ^ W+c. 

V2 Bx + C B 


Integrals of the type 


c/ \Axy- miy W 


(x — ctj -f- u 

where 

^l 1= ryU 2 + 2Ba + C, B^Aa + B, C 1 = A. 


It should be noticed that this integral is algebraic if and only if 
the quantity a is a root of the trinomial under the radica l. 

Let us now consider the integrals of the type / Vx 2 4- A dx . Inte- 
grating by parts, we find 


/ 


Vx 2 4- A dx = x Vx 2 + yf 



x 2 dx 
Vx 2 + A 


On the other hand we have 


«/ v^ + vi J J - 


Adx 


Vx 2 + 4 

= ^ Vx 2 4- -I cZx — A log(x 4- Vx 2 4- *4). 
From these two relations it is easy to obtain the formulae 

(2) J Vx 2 4 -Adx— ~ Vx 2 "+ 4- ^-log (x 4- Vx 2 + d.), 

(3) f-^==== = | Va: 2 " T ^ | log (* + V* 2 + 4'). 

The following formulae may be derived in like manner : 

(4) ^ a 2 — x 2 dx = ~ Vo 2 — x 2 4- 

< 6 > /ot 


. X 

arc sm -> 
a 


x i i a 

Vr-r-f-v arc sm - * 
A Ax 


106. Area of the hyperbola. The preceding integrals occur in the evaluation 
of the area of a sector of au ellipse or an hyperbola. Let us consider, for 
example, the hyperbola 


x 2 y‘ 



I - 

/ a 

a 


Vx^ - a^ux, 


that is, by the formula (2), 

liR 

2 a L 


x Vx 2 — a 2 — a 2 


(x + Vx 2 — a 2 \ 

"H — ; — jj- 


But MP = y = (6/a) Vx 2 — a 2 , and the term (6/2a) x Vx 2 — a 2 is precisely the 
area of the triangle OMP. Hence the area S of the sector OAM , bounded by 
the arc AM and the radii vectores OA 
and OikT, is 

*-!**•( XX 


“X s (; + !)' 


This formula enables us to express 
the coordinates x and y of a point M 
of the hyperbola in terms of the area S. 
In fact, from the above and from the 
equation of the hyperbola, it is easy to 
show that 

2 S 

5 + 2 = ,a, 

a b 


\ y 

y 

\ x 

/sAx 

Vo 

X A 


Fig. 21 




( 25 _2S\ b / — 

= _/ e « 6 _J_ e ab J , y ~ „( e ab _ e abj. 


The functions which occur on the right-hand side are called the hyperbolic 
cosine and sine : 


cosh x : 


e* 4- e~ x 


sinh x = 


e x - <r z 


The above equations may therefore be written in the form 


.25 , . . 2S 

x = a cosh —5 y = 6 smh — • 
ab ab 


These hyperbolic functions possess properties analogous to those of the trigo- 
nometric functions.* It is easy to deduce, for instance, the following formula? : 


cosh 2 x — sinh 2 x = 1, 
cosh (x -f- y) = cosh x cosh y 4- sinh x sinh 
sinh (x + i/) = sinh x cosh y 4- sinh y cosh x. 


* A table of the logarithms of these functions for positive values of the argument 


y = b sin - • 
ab 


x = a cos — ) 
ab 

In the case of a circle of unit radius, and in the case of an equilateral hyperbola 
whose semiaxis is one, these formula) become, respectively, 

a; = cos 23, ?/ = sii^S; 

£ = cosh2S, y = sinh 2N. 

It is evident that the hyperbolic functions bear the same relations to the equi- 
lateral hyperbola as do the trigonometric functions to the circle. 

107. Rectification of the parabola. Let us try to find the) length of the arc of 
a parabola 2 py=x 2 between tlio vertex 0 and any point M. 'Hie general 
formula gives 

arc OM 

or, applying the formula (2), 

x Vx 2 




arc OM = 


The algebraic term in this result is precisely the length MT of the tangent, 
for we know that OT~x/ 2, and lienee 


MT 2 = 7/ + 


x 2 __ x i x 2 _ x‘ 2 (:r 2 -}- p 2 ) . 


4 ip 2 ' 4 Ip' 2 

If we draw the straight line connecting T to the focus F, the angle MTF will 

bo a right angle. Hence we 
have 



FT 


whence wo may deduce a curi- 
ous property of the parabola. 

Suppose that the parabola 
rolls without slipping on the x 
axis, and let us try to find the 
locus of the. focus, which is sup- 
posed rigidly connected to the 
parabola. When tin*, parabola 
is tangent at M ' to the x axis, OM' = arc OM. The point T has come into a 
position T' such that M'T' = MT, and the focus F is at a point F' which is 
found by laying off T'F' = TF on a line parallel to the y axis. The coordi- 
nates X and Y of the point F' are then 


X = arc OM 


- MT = ? log ) 

2 v p / 


to which we may add the equation 

_2X 

x — Vx 2 -f p 2 = — pe p» 


since the product of the two left-hand sides is equal to - p 2 . Subtracting these 
two equations, we lind 

, v t _?£ 

vx 2 + p 2 — ( ei> - f e 

and the desired equation of the locus is 

r=f( a 7 + «-y)=£o«*H. 

4 \ / 2 p 

This curve, which is called the catenary , is quite easy to construct. Its form 
is somewhat similar to that of the parabola. 


108. Unicursal curves. Let us now consider, in general, the inte- 
grals of algebraic functions. Let 

(6) F(x, y) = 0 

be the equation of an algebraic curve, and let R(x, y) be a rational 
function of x and y . If we suppose y replaced by one of the roots 
of the equation (6) in R(x, y ), the result is a function of the single 
variable x, and the integral 

f R(x } y)dx 


is called an Abelian integral with respect to the curve (6). When 
the given curve and the function R(x, y) are arbitrary these inte- 
grals are transcendental functions. But in the particular case where 
the curve is unicursal, i.e. when the coordinates of a point on the 
curve can be expressed as rational functions of a variable param- 
eter t , the Abelian integrals attached to the curve can be reduced at 
once to integrals of rational functions. Bor, let 

x=f(t), y = 4>(t) 

be the equations of the curve in terms of the parameter t. Taking 
t as the new independent variable, the integral becomes 




c/(o> 


dt, 



conversely, that every curve of degree n which has this number of 
double points is unicursal. I shall merely recall the process for 
obtaining the expressions for the coordinates in terms of the param- 
eter. Given a curve C n of degree n, which has 8 = (ii — l)(?i — 2)/2 
double points, let us pass a one-parameter family of curves of degree 
n — 2 through these 8 double points and through n — 3 ordinary points 
on C n . These points actually determine such a family, for 

(to — V)(n — 2) (n-2)(»+l) 

- +n~6- g ’ 

whereas (n — 2)(n + 1) /2 points are necessary to determine uniquely 
a curve of order n — 2. Let P(x , y) 4- tQ(x, y) = 0 be the equation 
of this family, where t is an arbitrary parameter. Each curve of the 
family meets the curve C n in n(?i — 2) points, of which a certain num- 
ber are independent of t. namely the n — 3 ordinary points chosen 
above and the 8 double points, each of which counts as two points of 
intersection. But we have 

n — 3 + 28 = n — 3-j-(n — l)(n ~ 2) = n(n — 2) — 1 , 

and there remains just one point of intersection which varies with t. 
The coordinates of this point are the solutions of certain linear equa- 
tions whose coefficients are integral polynomials in t f and hence they 
are themselves rational functions of t Instead of the preceding we 
might have employed a family of curves of degree n — 1 through the 
(n — V)(n—2)/2 double points and 2n — 3 ordinary points chosen at 
pleasure on C n . 

If n = 2, (n — 1 )(n — 2)/ 2 ~ 0, — every curve of the second 
degree is therefore unicursal, as we have seen above. If n = 3, 
(ii — — 2)/ 2 — 1, — the unicursal curves of the third degree 

are those which have one double point. Taking the double point 
as origin, the equation of the cubic is of the form 

2 /) + V ) = 0 , 

where <£ s and <j> 2 are homogeneous polynomials of the degree of their 
indices. A secant y = tx through the double point meets the cubic 
in a single variable point whose coordinates are 

h(±±*l ?;= iMkll 

j 


point chosen at pleasure on the curve. Every conic of this family 
would meet the quartic in just one point which varies with the 
parameter. The equation which gives the absciss in of the points of 
intersection, for instance, would reduce to an equation of the first 
degree when the factors corresponding to the double points had 
been removed, and would give a as a rational function of the 
parameter. We should proceed to find y in a similar manner. 
As an example let us consider the lemniscate 

(x 2 + y 2 ) 2 = a 2 {x 2 — y 2 ) , 

which has a double point at the origin and two others at the imagi- 
nary circular points. A circle through the origin tangent to one of 
the branches of the lemniscate, 

x 2 + y 2 = t(x — y ) , 

meets the curve in a single variable point. Combining these two 
equations, we find 

t 2 (x - y) 2 = a 2 (x 2 - y 2 ) , 

or, dividing by x — y, 

t 2 (x — y) — a 2 (y + x). 

This last equation represents a straight line through the origin which 
cuts the circle in a point not the origin, whose coordinates are 


a 2 t(t 2 4 - a 2 ) 
t* + a 4 ’ 


a 2 t(t 2 — a 2 ) 

V = ir r +~a i 


These results may be obtained more easily by the following 
process, which is at once applicable to any unicursal curve of the 
fourth degree oue of whose double points is known. The secant 
y z=\x cuts the lemniscate in two points whose coordinates are 



The expression under the radical is of the second degree. Hence, 
by § 105, the substitution (1 — A)/(l + A) = ( a ft ) 2 removes the radi- 
cal. It is easy to show that this substitution leads to the expressions 


Note, When a plane curve lias singular points of higher order, it 
can be shown that each of them is equivalent to a certain number oi 
isolated double points. In order that a curve be unioursal, it is sulli- 
cient that its singular points should be equivalent to (u — 1 ) (n d)/2 
isolated double points. For example, a curve of order n which has 
a multiple point of order n — 1 is unioursal, ior a sonant through 
the multiple point meets the curve in only one variable point. 


109. Integrals of binomial differentials. Among the other integrals 
in which the radicals can be removed may be mentioned t.lm follow- 
ing types : 


J Ji [a:, (ax + bf\dx, J ' ll(x, V«.r + h, 



A Jrx -{- 


where R denotes a rational function and whore the exponents 
cr, ex", are commensurable numbers. For the first typo it is 
sufficient to set ax + b = t (I . In the second type the substitution 
ax-\-b~ t 2 leaves merely a square root of an expression of the 
second degree, which can then be removed by a second substitution. 
Finally, in the third type we may set a; = t n , where J> is a common 
denominator of the fractions A, 

In connection with the third type we may consider a class of 
differentials of the form 


x m (ax n +■ b) v dx, 


which are called binomial differentials. Let us suppose that the 
three exponents m, n, p are commensurable . If p is an integer, the 
expression may be made rational by means of tin*, substitution 
x = t D , as we have just seen. In order to discover further eases 
of integr ability, let us try the substitution ax 11 -{-b = t. This gives 


x — 



dx = 


na 



dt , 


n 




,\ 7,1 + 1 -i 


J 


whence it is clear that another case of integrability is that in which 
(m -f np + V)/n = (m 4- l)/rc +/) is an integer. To sum up, the 
integration can be performed whenever one of the three numbers 
p, (in -f~ 1 ) fiij (m + 1 )/n 4 -p is an integer. In no other case can the 
integral be expressed by means of a finite number of elementary 
functional symbols when m, n, and p are rational. 

In these cases it is convenient to reduce the integral to a simpler 
form in which only two exponents occur. Setting ax 11 = bt, we find 





J* x m (ax 11 -f -by 


m + 1 r* m + 1 


(1 + 


Neglecting the constant factor and setting q = (m 4- l)/n — 1, we 
are led to the integral 




The cases of integrability are those in which one of the three num- 
bers p } q, p H- q is an integer . If p is an integer and q— r/s, we 
should set t = u\ If q is an integer and q> — r/s , we should set 
1 + t = u\ Finally, if p + q is an integer, the integral may be 
written in the form 


and the substitution 1 4 -t— tu% where p = r/s , removes the radical. 
As an example consider the integral 


J ' x Vl 4- x 3 dx. 


Here m = 1, n — Z,p~ 1/3, and (m -j- V)/n + p = 1. Hence this 
is an integrable case. Setting x s = t, the integral becomes 


IN 


1^4-4 4-.-. 4-n 


Z/i/3 


-f-ll Q t.ri/llrtol 


IT. ELLIPTIC AND HYPERELLIPTIC INTEGRALS 


110. Reduction of integrals. Let P(x) be an integral polynomial 
of degree^ which is prime to its derivative. The integral 



Vy *(&•)] tlx, 


where R denotes a rational function of x and the radical y = V P(x ), 
cannot be expressed in terms of elementary functions, in general, 
when p is greater than 2. Such integrals, which are particular 
cases of general Abelian integrals, can be split up into portions which 
result in algebraic and logarithmic functions and a certain number 
of other integrals which give rise to new transcendental functions 
which cannot be expressed by means of a finite number of elemen- 
tary functional symbols. We proceed to consider this reduction. 

The rational function R(x, y) is the quotient of two integral 
polynomials in x and y. Replacing any even power of y } such as 
t/ 2 ' 7 , by [P(x)] ? , and any odd power, such as y 2(I+l , by y [P(cc)]' 7 , we 
may evidently suppose the numerator and denominator of this frac- 
tion to be of the first degree in y 7 * 


R(x, y) = 


A + By 
C + Dy 


where A, B , C, D are integral polynomials in x . Multiplying the 
numerator and the denominator each by C — By, and replacing y 2 
by P(x ), we may write this in the form 


R(x, y) = 



where F , G, and K are polynomials. The integral is now broken 
up into two parts, of which the first Jf/K dx is the integral of a 
rational function. For this reason we shall consider only the second 
integral / Gy/K dx , which may also be written in the form 



where M and N are integral polynomials in x, The rational frac- 
tion M/JS r may be decomposed into an integral part E(x) and a 



x m ax 


ji ax 


Y m = 


j 


V J J (x) 


2 A 


X : n y/p(x) 


If the degree of P(x) is p, all the integrals Y m may he expressed 
in terms of the first p — 1 of them , y», j'i, •••, r P -» and certain 
algebraic expressions . 


For, let us write 
It follows that 


P(x) = a 0 x p + + • • •. 


A 

dx 


(.^” l Ap(x)) = mx m " 1 Vjp(sc) 4- 

__ 2mx m ~ J P(x) 4“ x m P ] (x) 

2 Vi^aT) 


The niunerator of this expression is of degree m + p — 1, and its 
highest term is (2m -f p) a Q x m + p ~ l . Integrating both sides of the 
above equation, we find 

2x m VP(cc) = (2m +p)a, 0 Y m+p _ 1 -\ , 

where the terms not written down contain integrals of the type 
Y whose indices are less than m -j-p — 1. Setting m — 0, 1, 2, • • •, 
successively, we can calculate the integrals Y p „ l9 Y p , ••• succes- 
sively in terms of algebraic expressions and the p — 1 integrals 
Y 0 , Y u ..., Y p _ 2 . 

With respect to the integrals of the second type we shall distin- 
guish the two cases where X is or is not prime to P(x ). 


1) If X is prime to P(cc), the integral Z n reduces to the sum of 
an algebraic term : a number of integrals of the type Y k , and a new 
integral 


f 


B dx 

X Vp~(x) 


ivhere B is a polynomial whose degree is less than that of X . 


Since X is prime to its derivative X 1 and also to P(x), X n is prime 
to PX Hence two polynomials X and ja can be found such that 
XX n 4- g-X'P = A , and the integral in question breaks up into 
two parts: 




X dx 

/ T~l /_\ 


P 


lVpx 1 


dx . 


X' 7 i 


= U > 


which gives 


i\P 


v = 


(71 — 1) X n ~ 


f 


X'dx 

X n 


z-tXJL | 1 f typ + f-r' ix 

(re - 1) A’” - 1 re - 1 J 2X n ~ i -Vp(x) 


The new integral obtained is of the same form as the first, except 
that the exponent of X is diminished by one. Repeating this 
process as often as possible, i.e. as long as the exponent of X is 
greater than unity, we finally obtain a result of the form 


C A dx __ r B dx r 

J 2“Vp(*) J xVp j 


C dx 

V? 




D V/-* 
A"* 1 ’ 


where B, C , D are all polynomials, and where the degree of B may 
always be supposed to be less than that of X. 


2) If X and P hare a common divisor D , we shall have X = FD, 
P = S.D, where the polynomials D, S, and F are all prime to each 
other. Hence two polynomials A and fx may be found such that 
A = AD 71 + /aF w , and the integral may be written in the form 




A dx 

f’Wp 


+ 


I 


(x dx 

D n Vp 


The first of the new integrals is of the type just considered. 
second integral , 


/ 


fx dx 

d“Vp 




The 


where D is a factor of P , reduces to the sum of an algebraic term 
and a number of integrals of the type Y. 

For, since D n is prime to the product D'S, we can find two poly- 
nomials Ai and fx 1 such that A ^D n + /x x D'S = fx. Hence we may write 


/ fxdx __ r Ai dx ^ C fx i 

iWp J Vp J d* 


ImSD 1 

^Jp 


dx. 


Replacing P by DS , let us write the second of these integrals in the 
form 


which gives 


/ 


fjj dx 
D" Vp 



A,! C&C 

Vp 




-I- [ W + Hf te. 

2n—lJ D n ~ 1 \P 


This is again a reduction formula ; but in this case, since the expo- 
nent n — 1/2 is fractional, the reduction may be performed even 
when D occurs only to the first power in the denominator, and we 
finally obtain an expression of the form 


/ 


[A dx 

d"VF 


kVp flldx 

~ — + JvF' 


where H and K are polynomials. 

To sum up our results, we see that the integral 


/ 


Mdx 

nVp 


can always be reduced to a sum of algebraic terms and a number of 
integrals of the two types 


/ 


x m dx 

~Vp’ 


I 


X x dx 

xVp’ 


where m is less than or equal to p — 2, where X is prime to its 
derivative X' and also to P, and where the degree of X 1 is less than 
that of X. This reduction involves only the operations of addition , 
multiplication , and division of polynomials. 

If the roots of the equation X = 0 are known, each of the rational 
fractions X t /X can be broken up into a sum of partial fractions of 
the two forms 

A Bx -f- C 

x — a (x — a) 2 -f- /3 2 

where A, B , and C are constants. This leads to the two new types 
C dx C (Bx+C)dx 

J (x - a)VF(xj’ J [(* - or) 2 + /3 2 }VF(xj’ 

which reduce to a single type, namely the first of these, if we agree 


are called integrals of the second hind wlien m is equal to or greater 
than y;/2 — 1. Integrals of the first kind have a characteristic 
property, — they remain finite when the upper limit increases 
indefinitely, and also when the upper limit is a root of P(x) 
(§§ 89, 90); hut the essential distinction between the integrals of 
the second and third kinds must he accepted provisionally at this 
time without proof. The real distinction between them will be 
pointed out later. 


Note. Up to the present we have made no assumption about the 
degree p of the polynomial P(x). If p is an odd number, it may 
always be increased by unity. Tor, suppose that P(x) is a poly- 
nomial of degree 2q — 1 : 


P(x) = AqX 2 * 1 " 1 + A ! x 2q ~ 2 + • •• -p A h „ x . 


Then let us set x = a + t/y, where a is not a root of P(x). 
gives 


P(x) = P(a) + P'(a) - + 


7X2(7 -DO) 1 _P 1 (y) 

if* ’ 


This 


where P x (y) is a polynomial of degree 2q. Hence we have 


Vp'(ij 



and any integral of a rational function of x and Vp( x) is trans- 
formed into an integral of a rational function of y and Vp x (y). 

Conversely, if the degree of the polynomial P(x) under the radi- 
cal is an even number 2g ) it may be reduced by unity provided a 
root of P(x) is known. Tor, if a is a root of P{x ), let us set 
x = a + 1/y. This gives 


P(x) = P'(a) --+ 


+ 


pv*\a) 1 
(%)! y Zq 


LM 

y** ’ 


where P x (y) is of degree 2g — 1, and we shall have 


V?(*) 


AEM. 

yl 


TTenep. tlip. infiPO'ra.nrl nf f.TiP f.rannfnrmAri i-n+po-ral will nnnfoi' 


can always be reduced by means of elementary operations to the sum of an inte- 
gral of a rational fraction, an algebraic expression of the form G-VP{x)/l , and 
a number of integrals of the first, second, and third kinds. Since we can also 
find by elementary operations the rational part of the integral of a rational 
fraction, it is evident that the given integral can always be reduced to the form 

f 2?[x, -VF^)]dx = F[x, VP(x}] 4- T, 

where F is a rational function of x and VP (a;), and where T is a sum of inte- 
grals of the three kinds and an integral J X\ /X dx , X being prime to its deriva- 
tive and of higher degree than X\, Liouville showed that if the given integral 
is integrable in algebraic terms, it is equal to F[x, VP(x)]. We should there- 
fore have, identically, 

*[*. VF^)] = 1 [Fix, V?®]}, 

and hence T = 0. 

Hence we can discover by means of multiplications and divisions of polynomials 
whether a given integral is integrable in algebraic terms or not , and in case it is, 
the same process gives the value of the integral . 

112. Elliptic integrals. If tlie polynomial P(x) is of the second 
degree, the integration of a rational function of x and P(x) can be 
reduced, by the general process just studied, to the calculation of the 
integrals 



■which we know how to evaluate directly (§ 105). 

The next simplest case is that of elliptic integrals, for which P(x) 
is of the third or fourth degree. Either of these cases can be 
reduced to the other, as we have seen just above. Let P(x) be a 
polynomial of the fourth degree whose coefficients are all real and 
whose linear factors are all distinct. We proceed to show that 
a real substitution can always be found which carries P(x) into a 
polynomial each of whose terms is of even degree. 

Let a, bj c, d be the four roots of P(x). Then there exists as 
involutory relation of the form 


Lab + M (a + b) + N = 0, 

Led + M(c + d) + N = 0, 

which are evidently satisfied if we take 

L = a + b — c — d, M — cd — ab , N = ab (c + d) — cd (a -f b ). 

Let a and /3 be the two double points of this involution, i.e. the 
roots of the equation 

Lu* + 2Mu + N= 0 . 


These roots will both be real if 


(cd — ab) 2 — (a + b — c — tZ)[a& (c -f d) — cc£(& + &)] > 0, 
that is, if 

(8) (a — c) (a — d)(b — c)(b — d)> 0 . 

The roots of P(x) can always be arranged in such a way that this 
condition is satisfied. If all four roots are real, we need merely 
choose a and b as the two largest. Then each factor in (8) is positive. 
If only two of the roots are real, we should choose a and b as the real 
roots, and c and d as the two conjugate imaginary roots. Then the 
two factors a — o and a — d are conjugate imaginary, and so are the 
other two, b — c and b — d. Finally, if all four roots are imaginary, 
we may take a and b as one pair and c and d as the other pair of 
conjugate imaginary roots. In this case also the factors in (8) are 
conjugate imaginary by pairs. It should also be noticed that these 
methods of selection make the corresponding values of X, M, N real. 

The equation (7) may now be written in the form 


( 9 ) 


x f — a x n — a 
x 1 — /3 x" — ft 


If we set (x — a)/(x ■ 


■ p) = y, or a: = (ft/ - «)/(y ■ 

PM. 


• 1), we find 


P(x)-- 


(y- 1 )‘ 


where P\(y) is a new polynomial of the fourth degree with real 
coefficients whose roots are 


a — a b — a c — a d — a 

«-/3’ b - f e — /?’ d- p' 



shall have L — 0, and one of the double points of the involution lies 
at infinity. Setting a = — N/2M, the equation (7) takes the form 

x' — a -{- x u — a = 0, 

and we need merely set x = a -f- y in order to obtain a polynomial 
which contains no term of odd degree. 

We may therefore suppose P(x) reduced to the canonical form 

P(x)= A 0 x 4 -j- Apx 2 -}- A%. 

It follows that any elliptic integral, neglecting an algebraic term 
and an integral of a rational function, may be reduced to the sum 
of integrals of the forms 


fv7, 


dx 


r xdx r 

*J AqX^A~Ai x^~\~A^ 


x z dx 


A qX^~\~A i x 2 A 2 ’Va 0 x 4 A-A 
and integrals of the form 

dx 


'y/ A 0 x 4 A- A i x 2 A- A 2 


The integral 


S (x — a) V A qX* + A x x 2 + A 2 

r x dx 

U =J : 

Jx n 


*<> -VAqX^A- Ai^A-^z 

is the elliptic integral of the first kind. If we consider x , on the 
other hand, as a function of u , this inverse function is called an 
elliptic function. The second of the above integrals reduces to an 
elementary integral by means of the substitution x 2 = u. The third 
integral 

£ x 2 dx 

J -VAqX 4 + A x x 


X y lA/ ~p -p Si. 2 

is Legendre’s integral of the second kind . Finally, we have the 
identity 

dx C xdx 


r dx r 

J (x — a) 'Vp(x) J ( 


(x — a ) Vp(x) J ( x 2 — a 2 ) Vp(cc) 
The integral 

/; 


+ a 


C dx 

J (x 2 — a 2 ) VjPi 


•) VjP(sc) 


dx 


(x 2 + Ii)^ A 0 x 4 + A t x 2 -f A 2 

T ipfrpn rl rp’s in'hprrm.l nf f.hp. f.h.rvd. Ir.iiid. 



a: = a cos cj>, y = 6 sin </> 

be the coordinates of a point of an ellipse. Then we shall have 
ds 2 — dx 2 + d\f = (a 2 sin 2 <j> + b 2 cos 2 <£) d<j> 2 , 
or, setting a 2 — b 2 ~ e?a?, 

ds =: <xV 1 — e z cos 2 cf> d<j). 


Hence the integral which gives an arc of the ellipse, after the sub- 
stitution cos <f> = t } takes the form 



Vl — V/^ 
Vi - t 2 


dt — a 



1 — e 2 t 2 

V(i-0(i- « 2 < 2 ) 


dt . 


It follows that the arc of an ellipse is equal to the sum of an inte- 
gral of the first kind and an integral of the second kind. 

Again, consider the lemniscate defined by the equations 


, t(t 2 -f a 2 ) 
t 4 + a 4 ’ 


y = a* 


t(t* - a?) 
i! 4 + a 4 


An easy calculation gives the element of length in the form 


ds 2 = dr? + dif = 


2a? 

t 4 + a 4 


dt*. 


Hence the arc of the lemniscate is given by an elliptic integral of 
the first kind.* 


113. Pseudo-elliptic integrals. It sometimes happens that an integral of the 
form f F[x, VP(x)] dx, where P(x) is a polynomial of the third or fourth 
degree, can he expressed in tetfms of algebraic functions and a sum of a •finite 
number of logarithms of algebraic functions. Such integrals are called pseudo- 
elliptic. This happens in the following general case. Let 

(10) Lx'z" -f Mix' + x") + 2? = 0 

be an involutory relation which establishes a correspondence between two pairs of 
the four roots of the quartic equation P(x) = 0. If the function f(x) be such that 
the relation 

< u > /w+/ (-frl) =0 

is identically satisfied, the integral J[f(x)/ VP (a)] dx is pseudo-elliptic. 



Lot us now make the substitution (x — a)/(x — /3) = y. This gives 


and consequently 


_ (« - g) gy 

( 1 - 2/) 2 ’ 


P(x) = 


^(y) 

(i-y) 4 ’ 


<&; _{a — fi)dy 


where P\ (?/) is a polynomial of the fourth degree which contains no odd powers 
of y (§ 112). On the other hand, the rational fraction f(x) goes over into a 
rational fraction <p(y), which satisfies the identity <p(y) 4- 4>(— y) = 0. For if 
two values of x correspond by means of (12), they are transformed into two 
values of y, say y' and y", which satisfy the equation y' -f y" — 0. It is evident 
that (fi(y) is of the form yf(y 2 ), where f is a rational function of y 2 . Hence 
the integral under discussion takes the form 


/ 


y^{y 2 )dy 


VAqV* -f AiV‘ 2 + A 2 


and we need merely set y 2 = z in order to reduce it to an elementary integral. 
Thus the proposition is proved, and it merely remains actually to carry out 
the reduction. 

The theorem remains true when the polynomial P(x) is of the third degree, 
provided that we think of one of its roots as infinite. The demonstration is 
exactly similar to the preceding. 

If, for example, the equation P(x) = 0 is a reciprocal equation, one of the 
involutory relations which interchanges the roots by pairs is %' x" — 1. Hence, 
if f(x) be a rational function which satisfies the relation f(x) + /( l/x) = 0, 
the integral f[f(x)/ VP(x)] dx is pseudo-elliptic, and the two substitutions 
{x — l)/(x H- 1) = 2/, y 2 = performed in order, transform it into an elementary 
integral. 

Again, suppose that P(x) is a polynomial of the third degree, 

P{x) = x(x-l)(x~Pj- 

Let us set a = oo, b = 0, c — 1, d = l/k 2 . There exist three involutory rela- 
tions which interchange these roots by pairs : 

1 l-k 2 x" 1 — x" 

S ~k*x"' X ~ \-x")' X ~l-Wx"' 

Hence, if f(x) be a rational function which satisfies one of the identities 


is pseudo-elliptic. From this others may be derived. For instance, if we s( 
x = z 2 , the preceding integral becomes 


f 


2 f(z*)dz 


V(1 - z 2 )(l - Wz 2 ) 


whence it follows that this new integral is also pseudo-elliptic if /(a 2 ) satisfy 
one of the identities 


™ +/ {ik) - 0 ■ m = 0 • 




The first of these cases was noticed by Euler.* 

III. INTEGRATION OF TRANSCENDENTAL FUNCTIONS 


’ lH. Integration of rational functions of sin x and cos x. It is we] 

known that since and eoscc may be expressed rationally in term 
of tan x/2 = t Hence this change of variable reduces an integra 
of the form 


I 


R (sin x } cos x ) dx 
to the integral of a rational function of t Eor we have 


x = 2 arc tan t, dx ~ 


2dt 


1 + * 2 

and the given integral becomes 


sin a? : 


2 1 


1 


OOSX — 


1 -t 2 


1+t 2 


/ 


R 


/ 2 t 

1 

, / 


i -mV 

i + _ J 


where &(t) is a rational function. Eor example, 

= log*; 

J sin a? J t b 




£&C 


log tan 

sm a? 2 


hence 


The preceding method has the advantage of generality; but it is 
often possible to find a simpler substitution which is equally suc- 
cessful. Thus, if the function /(sin x, cos#) has the period 7 r, it is 
a rational function of tan x, F(taaix). The substitution tan x — t 
therefore reduces the integral to the form 


As an example let us consider the integral 


f 


dx 


A cos 2 x -f- B sin x cos x -j- C sin 2 x + D ? 


where A , B } C, D are any constants. The integrand evidently has the 
period 7 r ; and, setting tan x = t, we find 


cos 2 x 



sin x cos x 


t 

1 +**’ 


sin 2 x = 


t 2 

1-M 2 ’ 


Hence the given integral becomes 


/ 


dt 

A -j- J3t -j- Ct 2 -f- D (1 “p £ 2 ) 


The form of the result will depend upon the nature of the roots 
of the denominator. Taking certain three of the coefficients zero, 
we find the formulae 


r dx 

/ — = tan x , 

J cos 2 # 

dx 

sin 2 x 

When the integrand is of the form R (sin x) cos x, or of the form 
72 (cos x) sin #, the proper change of variable is apparent. In the 
first case we should set sin x = t ; in the second case, cos x = t. 

It is sometimes advantageous to make a first substitution in order 
to simplify the integral before proceeding with the general method. 
For example, let us consider the integral 



/ 


dx 


sm x cos x 


= log tan#, 


wne re a, o, c arc- any mree constants, jli p is a puaiuivc uuxuuci 
and c£ an angle determined by the equations 

a = p cos <f> , b = p sin <j> , 

we shall have 

p = Vci, 2 + 6 2 , cos <£ = — . .? ■ - - i sin <j> = — > 

F r Va 2 + 6 2 Va 2 + 6 2 


and the given integral may be written in the form 



dx 

p cos (x — <p) 4- c 



dy 

p cos y + g 


> 


where x — dp — y. Let ns now apply the general method, setting 
tan y/2 — t. Then the integral becomes 



2 dt 

+ o + (c - p)t 2 ’ 


and the rest of the calculation presents no difficulty. Two different 
forms will be found for the result, according as p 2 — c 2 — a 2 4- b 2 — c 2 
is positive or negative. 

The integral 


/ 


m cos x n sin x -f- p 
a cos x + b sin x -+* c 


dx 


may be reduced to the preceding. Tor, let u = a cos x + b sin x -j- c , 
and let us determine three constants A, p, and v such that the equation 

m cos x + n sin x + v = \u + u ^ -|- v 

dx 

is identically satisfied. The equations which determine these num- 
bers are 

m = \a + pb, n = A& — * pa, p = Ac + v, 


the first two of which determine A and The three constants hav- 
ing been selected in this way, the given integral may be written in 
the form 



die 

A it + p *T v 


u 


dx = Ax 4* a log u -J- v { — * 

J 


dx 


cos x + $ sin x + c 


f— = 2 f- 

J 1 + G COS X J 1 


dt 


-f e H- (1 — e)£ 2 VI- 


/ du 

ITS 1 


by means of the successive substitutions tanx/2 = t, t — u V(i 4- e)/(l — e). 
Hence the indefinite integral is equal to 


— v . arc tan 
Vl — e 2 



As x varies from 0 to 7t, V(1 — e)/(l-f e)tanx/2 increases from 0 to -f oo, and 
the arctangent varies from 0 to nr/2. Hence the given definite integral is equal 
to re j V(1 — e 2 ). 


115. Reduction formulae. There are also certain classes of integrals 
for which reduction formulse exist. For instance, the formula for 
the derivative of tan” -1 # may be written 


j 

(tan" -1 ®) = (n — 1) tan”~ 2 # (1 + tan 2 #) , 

whence we find 


/ 


tan 1l xdx 


tan” -1 # 
n — 1 



x dx. 


The exponent of tan # in the integrand is diminished by two units. 
Repeated applications of this formula lead to one or the other of 
the two integrals 


J'dx — x, J'tvcaxdx = — log cos#. 

The analogous formula for integrals of the type / cot”# <2# is 
J*cot n xdx =“ ~~ — “ — cot”~ 2 #c£#. 

In general, consider the integral 



sin m # cos”# dx , 


where m and n are any positive or negative integers. When one of 
these integers is odd it is best to use the change of variable given 
above. If, for instance, n = 2p — 1, we should set sin # = t } which 
reduces the integral to the form ft m (1 — t 2 ) p dt. 

Let us, therefore, restrict ourselves to the case where m and n are 

both p.vp.n is. f.n int.p.Ofra.ls of the 



Taking cos 2 " x sin x dx as the differential of [— l/(2n + l)]cos 2 ” + 1 x, 
an integration by parts gives 

T .91 cos 2n+1 & . 2 m — 1 [* . n n /.< • 2 \ 7 

T = — sm 2m_1 cc ~ -f 7 r r- I sm 2m_J cc cos 2n cc (1 — sin 2 x) 

which may be written in the form 

r _ sin 2m-1 :r cos 2n+1 a; 2m— 1 j- 

) ^7«,n 2(m -f- n) 2(m + n) 

This formula enables ns to diminish the exponent m without alter- 
ing the second exponent. If nn is negative, an analogous formula 
may be obtained by solving the equation (A) with respect to I m _ lt B 
and replacing ?n by 1 — m : 


(B) / = 

\ ' -*■ — 77i, n 


sin 1 " 2 ”*# cos 2rt+1 sc 
1 — 2 m 


2 (ft — m + 1) 
1— 2m 




The following analogous formulae, which are easily derived, enable 
us to reduce the exponent of cos x : 


(C) 

(D) 



sin 277l+l x cos 2n_1 cc 
2 (m + n) 


+ 


2n — 1 y 

2(m + ft) 


sin 2m+l x cos 1-2 *# 2(m + 1 — ?j) j 

^ i nH 


1- 2ft 


1 — 2ft 


Repeated applications of these formulee reduce each of the num- 
bers m and n to zero. The only case in which we should be unable to 
proceed is that in which we obtain an integral where m + n = 0. 
But such an integral is of one of the types for which reduction for- 
mulae were derived at the beginning of this article. 


116. Wallis’ formulae. There exist reduction formulae whether the exponents 
m and n are even or odd. 

As an example let us try to evaluate the definite integral 


In 



sin™x dx ) 


where m is a positive integer. An integration by parts gives 


I m = {in - 1) J 2 sm J »- 2 x(l - sin 2 x) dx = (m — l)(I m _ 2 — I m ) > 


which leads to the recurrent formula 

(13) I m = — I— .. 

m 

Repeated applications of this formula reduce the given integral to Io = 7t/2 
if m is even, or to I\ = 1 if m is odd. In the former case, taking m = 2p and 
replacing m successively by 2, 4, 6, . • 2p, we find 

r _ 1 r r - S r r 2 P ~ 1 T 

-L2—--t0, i4 — ~i 2 , '•*, Hp— — hp-2, 

or, multiplying these equations together, 

T) _ 1 . 3 . 5 » ■ » (2p — 1) 7 r 
^ 2 . 4 . 6 • • . 2p 2 ’ 

Similarly, we find the formula 

r - 2 . 4 6 . . . 2p 

2jl + 1 ~ l.S.5-.-(2p + l)' 


A curious result due to Wallis may be deduced from these formula. It is 
evident that the value of I m diminishes as m increases, for sin m + 1 x is less than 
sin w x. Hence 

d-2 p ■+• 1 ^ ^2 p ^ fyp — h 


and if we replace hp-i by their values from the formulae above, we 

find the new inequalities 


n,> l> ir v 


2p -h l’ 


where we have set, for brevity, 


2 2 4 4 2p ~ 2 2p 

1 3 3 5 2jp — 1 2p — 1 ' 


It is evident that the ratio 7t/2U p approaches the limit one as p increases indefi- 
nitely. It follows that tz/2 is the limit of the product R p as the number of 
factors increases indefinitely. The law of formation of the successive factors is 
apparent. 


117. The integral f cos (ax + b) cos (a f x + V) • • • dx. Let us consider 
a product of any number of factors of the form cos (ax 4- b ), where 
a and b are constants, and where the same factor may occur several 

timp.s Thfi formula. 



of n factors by the sum of two products of n — 1 factors each. 
Eepeated applications of this formula finally reduce the given inte- 
gral to a sum of the form SI/ cos (.hr + B), each term of which is 
immediately integrable. If A is not zero, we have 



Ax + B)dx = 


sin (Ax -f B) 

A + 


C, 


while, in the particular case when A = 0, / cos B dx~ x cos B 4 - C. 

This transformation applies in the special case of products of 
the form 

cos°‘x sin”#, 


where m and n are both positive integers. For this product may 
be written 


cos m # cos” 



and, applying the preceding process, we axe led to a sum of sines and 
cosines of multiples of the angle, each term of which is immediately 
integrable. 

As an example let us try to calculate the area of the curve 



which we may suppose given in the parametric form x — a cos 8 0 , 
y ~b sin 8 #, where 0 varies from 0 to 2tt for the whole curve. The 
formula for the area of a closed curve, 


gives 



J x cly — y dx, 

(C) 



sin 2 0 cos 2 0d$. 


But we have the formula 

(sin 6 cos 6y = g sin 2 20 = ^ (1 — cos 4 ( 9 ) . 

Hence the area of the given curve is 


J 


4 


J 


J'shr'x ( lx = 

^ sin 4 x dx = J* 


3 sin x — sin 3x 7 3 cos x cos 3x 

dx = — + + C, 


12 


3 — 4 cos 2x -f- c os 4x 3x sin 2x sin 4x 
8 * = 8" 4 32 ^ 


S' 

I 


=S l 

■/ 

J* cos 4 x dx = p 


cos 2 a; eftc 
cos 8 x dx 
cos 4 x dx 


+ cos 2x 


dx 


3 cos x + cos 3a; 


cfcc 


x , sin 2a; , 

-i + ~r +c ‘ 

_ 3 sin a; ( sin 3x , ^ 
4 12 ^ ^ * 


3 + 4 cos 2a; + cos 4x _ 3x , sin 2cc sin 4a; 

— s *=¥ + -i- + -m~ +c ’ 


A general law may be noticed in these formulae. The integrals 
F(x) = J Q X sin 7 ' x dx and <$>(a?) = f Q gos ti x dx have the period 27 t 
when n is odd. On the other hand, when n is even, these integrals 
increase by a positive constant when x increases by 2i r. It is evi- 
dent a priori that these statements hold in general. For we have 


or 


F(x 


s*2tt + x 

' sin n x dx + / sin ?l x^x, 

0 J 2tt 

J r*2i ir r*x /-* 27 r 

' sin n xdx + I sin w x dx = F(x) + / sin"xdx, 
o Jo Jo 


since sin x has the period 27 t. If n is even, it is evident that the 
integral ^ 27r sin n x dx is a positive quantity. If n is odd, the same 
integral vanishes, since sin (x + ir) — — sin x. 


Note. On account of the great variety of transformations appli- 
cable to trigonometric functions it is often convenient to introduce 
them in the calculation of other integrals. Consider, for example, 
the integral / [1/(1 + x 2 )^~\dx. Setting x = tan <£, this integral 
becomes f cos <£ d<f> = sin <j> + C. Hence, returning to the variable x, 


f 


dx 


(1 + * 2 ) 1 VT +~ 


+ c, 



R(x)=E(x) + jf + ^+--- + j*> 

where E( a), -4 a , • • •, A>> * 1 , • * •> X p are polynomials, and X t is 

prime to its derivative. The given integral is then equal to the 
sum of the integral / E(x)e tox dx, which we learned to integrate in 
§ 85 by a suite of integrations by parts, and a number of integrals 
of the form 

J X* 

There exists a reduction formula for the case when n is greater 
than unity. Tor, since X is prime to its derivative, we can determine 
two polynomials A and p which satisfy the identity A = XX + p,Z'. 
Hence we have 

fAf*dx CXe^dx , f'v.X'e"* _ 

+ J— *’ 

and an integration by parts gives the formula 



X f dx 
’ X n 


1 per* 1 + po)) 

n-lX*- 1 * n-lj X n ~ l 


dx. 


Uniting these two formulae, the integral under consideration is 
reduced to an integral of the same type, where the exponent n is 
reduced by unity. Repeated applications of this process lead to 
the integral 



where the polynomial B may always be supposed to be prime to 
and of less degree than X. The reduction formula cannot be applied 
to this integral, but if the roots of X be known, it can always be 
reduced to a single new type of transcendental function. For 
definiteness suppose that all the roots are real. Then the integral 
in question can be broken np into several integrals of the form 



dx. 



UsU, 


Tlie latter integral f [1/log it]du is a transcendental function which 
is called the integral logarithm. 


119. Miscellaneous integrals. Let us consider an integral of the form 
J* e aT /(sin X) cos x)dx, 


where / is an integral function of sin x and cos x. Any term of 
this integral is of the form 


' sm m x cos n cc dx, 


where m and n are positive integers. We have seen above that the 
product sin m x cos' 1 # may be replaced by a sum of sines and cosines 
of multiples of x. Hence it only remains to study the following 
two types : 


e ax cos bx dx 


■ f 


e ax sin bx dx 


Integrating each of these by parts, we find the formulae 


e ax cos bx dx — 


e ax sin bx 

a 

b 

~~b 

cos bx 


b 


& sin bx dx, 


J e ax sin bx dx — 1- - J e ax cos bx dx . 

Hence the values of the integrals under consideration are 


_ _ e ax (a cos bx 4- b sin bx) 

e ax cos bx dx = — T7~T * 9 

a 2 + V 


e™ sin bx dx = 


e ax (a sin bx — b cos bx) 


V W Oil X o , 7 f> 

J & 2 4 - v 

Among the integrals which may be reduced to the preceding 
types we may mention the following cases : 


J* f( log x)x m dx, 
f f(x) arc sin x dx, 


f /( arc sin x) dx , 
ff(x) arc tan x dx, 




1. Evaluate the indefinite integrals of each of the following functions : 
1 1 x 4 — x 3 — 3x 2 — x 1 + Vl 4- £ 


(a > 4 + l ) 2 
1 


x(x 3 + 1) 3 


(x 2 + l) 3 


1 — Vx 


1 4* V 1 4~ x 


1 




1 4- £ 4- Vl 4~ £ 3 1- vT+~x Vx 4- Vx + 1 H- Vx(x + 1) 


cos 2 a; 


xe^cosx, 


v 

%'i tana;. 


Va -f x' 1 + 2 

2. Find the area of the loop of the folium of Descartes : 

x 3 4- U z — 3axy = 0 . 

3. Evaluate the integral Jydx , where & and y satisfy one of the following 
identities : 

(x 2 - a 2 ) 2 - ay 2 (2y + 3a) = 0 , ?/ 2 (a - x) = x 3 , y (x 2 4- y 2 ) = a (y 2 - x 2 ) . 

4. Derive the formulae 

sin”x cos nx 


/ sin 71 - 1 x cos (n + 1 )xd% — 
/ sin”- 1 x sin (n 4- 1) x dx = 
/cos-1 x cos (a 4- 1) x dx = 
/ cos”- 1 x sin (ft + l)xdx = - 


sm tt xsm?ix 

n 

cos n x sin nx 
n 

cos n x COS 7iX 

n 


• + C, 
+ C, 
4 - G , 
+ 0. 


5. Evaluate each of the following pseudo-elliptic integrals : 

(1 4 - x 2 ) dx [' (1 - x 2 ) dx 


[Euler.] 


{-* 

J (i- 


x^Vl + z* 


Si 


(1 4* x 2 ) Vl 4- x 4 
6. Reduce the following integrals to elliptic integrals ; 

Ii(x) dx 


f 


Va( 1 4- x® j 4h &x(l 4- a; 4 ) 4- cx 2 (l 4- x 2 ) 4- dx s 
J* JR(x) dx 


Va(l 4- x 8 ) 4-" bx^(i 4- x 4 ) 4- cx i 
where R(x) denotes a rational function. 



Then there exist three involutory relations of the form 


Mix" + Ni 
LiZ" + Mi* 


i = 1, 2, 3, 


which interchange the roots by pairs, 
identity 

3 

m + %/( 

i=i \ 


If the rational function f(x) satisfies the 

MjX + JSfi \ _ 0 
LiX + Mi) 


the integral / [/(x)/VP (x)] dx is pseudo-elliptic (see Bulletin de la Socitte mathe- 
matique , Vol. XV, p. 106). 


8. The rectification of a curve of the type y = Ax* leads to an integral of 
a binomial differential. Discuss the cases of integr ability. 


9. If a> 1, show that 



dx 

(a — x) VI — x 2 


it 

Va 2 - l 


Hence deduce the formula 



x 2n dx 

Vl — x 2 


1 . 3 . 5 • • • (2n - 1) 
2 . 4 . 6 • . • 2n 


10. If A C — B 2 > 0, show that 



dx 

(Ax 2 + 2 Bx -f- C) n 


1 . 3 . 5 • « • (2n — 3) An-i 
2 . 4 . 0 ■ • • (2n - 2) * (AC - P 2 )“+*‘ 


[Apply the reduction formula of § 104.] 


11. Evaluate the definite integral 


I 


sin 2 xdx 


1 + 2a cos x -f a 2 


12. Derive the following formulae : 



dx 

— 2ax -f a 2 Vl — 2 ( 0x + j3 2 



a\ 3>0, 



. (1 — ax)(l — /3x) dx 
(1 - 2ax + a 2 )(l - 2@x + /S 2 ) Vl - i 2 


7zr 2 — a:/3 
2 1 — a(3 


13*. Derive the formula 


1 


1 4- x 


sm ait 


15. Setting I 2hq = ft? ( t + I) 17 dt, deduce tlie following reduction formulae ; 
(P 4- q 4- 1) Ip, f j = t q + l (t 4- l) p + pip _ i, , 

(* - 1) = ^ + 1 (* + I) 1 "* - (2 + q-p)I-p + i, q , 

and two analogous formulae for reducing the exponent q. 


16. Derive formulas of reduction for the integrals 
x n dx 




■VAx* + 2 Bx + C 


-f 


dx 


(x — a)” 1 VAx 2 4- 2#3 4- C 


17*. Derive a reduction formula for the integral 


18. Has the definite integral 


J f* 1 x n dx 
o Vl- X 4 
ms to that < 

r 1 dx 

Jo vrr 


Hence deduce a formula analogous to that of Wallis for the definite integral 


a finite value ? 


J r»-+-a 

0 


3* 

dx 


14- a* sin 2 3 


19. Show that the area of a sector of an ellipse bounded by the focal axis 
and a radius vector through the focus is 

a =^- 2 r dt - 

2 Jo (l+^cosw) 2 ’ 

where p denotes the parameter b 2 /a and e the eccentricity. Applying the gen- 
eral method, make the substitutions tan w/2 = t, t = u V(l + e)/(l — e) succes- 
sively, and show that the area in question is 

A = ab I arc tan u — e — - — ) . 

V i + W 

Also show that this expression may he written in the form 
A = (0 - e sm ,4) , 

where q> is the eccentric anomaly. See p. 406. 

20. Find the curves for which the distance WT, or the area of the triangle 
MNT, is constant (Fig. 3, p. 31). Construct the two branches of the curve 


uwiivt; unu njuuiTuiM) luriiuua 


A n + i = (2)1 + 1 )A n - X 


dAn 

dx 


From this deduce the formulse 


A 2p = Uo p sin x + V2 p cos x , 

Mp + 1 = U 2p + 1 sin x + V 2p + 1 cos x , 


where U 2p , V2 P1 + Vtp+i are polynomials with integral coefficients, a 

where U 2p and U 2 p + 1 contain no odd powers of x. It is readily shown tl 
these formulae hold when n = 1, and the general case follows from the abc 
recurrent formula. 

The formula for A 2p enables us to show that 7r 2 is incommensurable. For 
we assume that 7 zr 2 /4 = b/a, and then replace x by rtf 2 in A 2p , we obtain 
relation of the form 


b\ 2 v 


&i = apJ~ f^l- 

V a 2 . 4 . 0 • • • 4p Jo V 


z 2 ) 2 J J cos ^ dz , 


where JTi is an integer. Such an equation, however, is impossible, for the rigl 
hand side approaches zero as p increases indefinitely. 


DOUBLE INTEGRALS 


I. DOUBLE INTEGRALS METHODS OF EVALUATION 
GREEN'S THEOREM 

120. Continuous functions of two variables. Let z — f(x, y) be a 
function of the two independent variables x and y which is contin- 
uous inside a region A of the plane which is bounded by a closed 
contour C, and also upon the contour itself. A number of proposi- 
tions analogous to those proved in §70 for a continuous function 
of a single variable can be shown to hold for this function. For 
instance, given any positive number e, the region A can be divided into 
subregions in such a way that the dijfere?ice between the values of z at 
any two gwints (x, ?/), (V, if) in the same subregion is less than e. 

We shall always proceed by means of successive subdivisions as 
follows : Suppose the region A divided into subregions by drawing 

parallels to the two axes at equal dis- 
tances 8 from each other. The corre- 
sponding subdivisions of A are either 
squares of side 8 lying entirely inside C, 
or else portions of squares bounded in 
part by an arc of C. Then, if the prop- 
osition were untrue for the whole region 
A , it would also be untrue for at least 
one of the subdivisions, say A t . Sub- 
dividing the subregion A x in the same 
manner and continuing the process indefinitely, we would obtain a 
sequence of squares or portions of squares A, A lf •••, A u , •••, for 
which the proposition would be untrue. The region A n lies between 
the two lines x = a n and x = b n) which are parallel to the y axis, 
and the two lines y = c n , y = d n , which are parallel to the x axis. 
As n increases indefinitely a n and b n approach a common limit A, 
and c n and d n approach a common limit /a, for the numbers a n , 
for example, never decrease and always remain less than a fixed 
number. It follows that all the points of A n approach a limiting 
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the reasoning is similar to that in § TO ; if the theorem stated were 
untrue, the function f(x, y) could be shown to be discontinuous at 
the point (A, /a), which is contrary to hypothesis. 

Corollary . Suppose that the parallel lines have been chosen 
so near together that the difference of any two values of z in any 
one subregion is less than e/2, and let 7 7 be the distance between 
the successive parallels. Let ( [x , y) and (x f , y') be two points inside 
or upon the contour C } the distance between which is less than rj. 
These two points will lie either in the same subregion or else in 
two different subregions which have one vertex in common. In 
either case the absolute value of the difference 

f( x , v ) -/« v') 

cannot exceed 2 e/2 = e. Hence, given any positive number e, another 
positive number rj can be found such that 

\f( x , y) -/(*'> y') | < « 

whenever the distance between the tivo points (x, y) and (x', ?/'), which 
lie in A or on the contour C , is less than rj. In other words, any func- 
tion which is continuous in A and on its boundary C is uniformly 
continuous. 

From the preceding theorem it can be shown, as in § TO, that every 
function which is continuous in A (inclusive of its boundary) is neces- 
sarily finite in A. If M be the upper limit and m the lower limit of 
the function in A , the difference M — m is called the oscillation. The 
method of successive subdivisions also enables us to show that the 
function actually attains each of the values m and M at least once 
inside or upon the contour C. Let a be a point for which z = m 
and b a point for which z — M, and let us join a and b by a broken 
line which lies entirely inside C. As the point ( x , y) describes this 
line, z is a continuous function of the distance of the point (x f y) 
from the point a. Hence z assumes every value /a between m and 
M at least once upon this line (§ 70 ). Since a and b can be joined 
by an infinite number of different broken lines, it follows that the 
function f(x, y) assumes every value between m and M at an infinite 
number of points which lie inside of C . 


within it. For example, a square whose side approaches zero or an 
ellipse both of whose axes approach zero is infinitesimal in all its 
dimensions. On the other hand, a rectangle of which only one side 
approaches zero or an ellipse only one of whose axes approaches zero 
is not infinitesimal in all its dimensions. 

121. Double integrals. Let the region A of the plane be divided 
into subregions a l: a 2 , • • •, a n in any manner, and let a) £ be the area of 
the subregion a if and Af* and vm the limits of /(sc, y) in a it Consider 
the two sums 

n n 

i= 1 i = 1 

each of which has a definite value for any particular subdivision 
of A. None of the sums 5 are less than where O is the area of 
the region A of the plane, and where m is the lower limit of f(x, y) 
in the region A ; hence these sums have a lower limit I. Likewise, 
none of the sums s are greater than MCI, where M is the upper limit 
of f(x, y) in the region A, hence these sums have an upper limit 
Moreover it can be shown, as in § 71, that any of the sums S is 
greater than or equal to any one of the sums $ j hence it follows 
that 

If the function /(sc, y) is continuous, the sums S and s approach 
a common limit as each of the subregions approaches zero in all its 
dimensions. For, suppose that 77 is a positive number such that the 
oscillation of the function is less than e in any portion of A which 
is less in all its dimensions than 77. If each of the subregions a lf 
ci 2 , * • *, a n be less in all its dimensions than 77 , each of the differences 
AT f — will be less than e, and hence the difference S — s will be 
less than eO, where Cl denotes the total area of A. But we have 

S-s = S~-f + I~I' + I'-s, 

where none of the quantities S — * /, I — V — s can be negative. 
Hence, in particular, / — /' <eOj and since e is an arbitrary posi- 
tive number, it follows that I = Moreover each of the numbers 
S ~ I and I — s can be made less than any preassigned number by 


and the region A is called the field of integration . 

If T];) he any point inside or on the boundary of the sub- 
region a { , it is evident that the sum 5/(£ f , 77J ^ lies between the two 
sums S and s or is equal to one of them. It therefore also 
approaches the double integral as its limit whatever be the method 
of choice of the point (£ f , ry). 

The first theorem of the mean may be extended without difficulty 
to double integrals. Let f(x, y) be a function which is continuous 
in A, and let <£(.r, y) be another function which is continuous and 
which has the same sign throughout A. Por definiteness we shall 
suppose that y) is positive in A. If M and m are the limits of 
f(x } y) in A, it is evident that * 

M 4>(£i) vd^i >/(£<; vd4>(£if vd^i > m 4>(fii, rji) Wi. 


Adding all these inequalities and passing to the limit; we find the 
formula 


/ j A x > V)<K X > y)dxdy = fL / j y)dxdy, 
J J(A) J */ \a) 


where lies between M and m. Since the function f(x , y) assumes 
the value ^ at a point (fi, rj) inside of the contour C , we may write 
this in the form 


(i) 


f£ f(x, y ) y) dx dy =/(£ v ) f £ f x ’ V) dx d V> 


which constitutes the law of the mean for double integrals. If 
<£(cc, y) = I, for example, the integral on the right, j j dx dy, extended 
over the region A, is evidently equal to the area O of that region. 
In this case the formula (1) becomes 


( 2 ) 


f f f( x > y)dxdy = 0/(1, v ). 
J J{A) 


y) is a constant Jc, we shall have M — vi = Jc, and these inequalities become 


a function which is continuous inside and upon a closed contour C. 
We shall further suppose for definiteness that this function is posi- 
tive. Let S he the portion of the surface represented by the equa- 
tion y) which is bounded by a curve r whose projection 

upon the xy plane is the contour C. We shall denote by E the por- 
tion of space bounded by the xy plane, the surface S, and the cylinder 
whose* right section is C, The region A of the xy plane which is 
bounded by the contour C being subdivided in any manner, let a t be 
one of the subregions bounded by a contour c i} and the area of 
this subregion. The cylinder -whose right section is the curve c { cuts 
out of the surface S a portion bounded by a curve y t . Let -pi and 
P { be the points of s { -whose distances from the xy plane are a mini- 
mum and a maximum, respectively. If planes be drawn through 
these two points parallel to the xy plane, two right cylinders are 
obtained which have the same base to,-, and whose altitudes are the 
limits and of the function f(x } y) inside the contour c if respec- 
tively. The volumes and v t of these cylinders are, respectively, 
m i M i and 0 )^ 1 ^ The sums S and s considered above therefore repre- 
sent, respectively, the sums %V i and of these two types of cylin- 
ders. We shall call the common limit of these two sums the volume 
of the portion E of space. It may be noted, as was done in the case 
of area (§ 78), that this definition agrees with the ordinary concep- 
tion of what is meant by volume. 

If the surface S lies partly beneath the xy plane, the double integral 
will still represent a volume if we agree to attach the sign — to the 
volumes of portions of space below the xy plane. It appears then that 
every double integral represents an algebraic sum of volumes, just as 
a simple integral represents an algebraic sum of areas. The limits of 
integration in the case of a simple integral are replaced in the case of a 
double integral by the contour which encloses the field of integration. 

123. Evaluation of double integrals. The evaluation of a double 
integral can be reduced to the successive evaluations of two simple 
integrals. Let us first consider the case where the field of integration 


*By tlie volume of a right cylinder we shall understand the limit approached by 
the volume of a right prism of tlie same height, whose base is a polygon inscribed in 
a right section of the cylinder, as each of the sides of this polygon approaches zero. 



K ik Bounded Dy tne lines a; = x { _ v x = x ( , y = y k _ l} y = y k is 
( x i - *<- i)Q/t - Vk-i)- 

Hence the double integral is the limit of the sum 

n in 

(3) S = y ,•*)(*,• - *i-i)Ofc - Vk-\), 

i=l k=l 

where (£ tt ., ij a .) is any point 
inside or upon one of the 
sides of R ik . 

We shall employ the in de- 
termination of the points 
(4t> yn) in order to simplify 
the calculation. Let us re- 
mark first of all that if f(x) 
is a continuous function in 
the interval (a, h ), and if the interval (a y b) be subdivided in any 
manner, a value can be found in each subintexval (sc i-1? x ( ) such 
that 

( 4 ) f f(x)dx=f(£ l )(x 1 -a)+f(£,)(x 2 -x 1 )-\ 

J a 

Lor we need merely apply the law of the mean for integrals to each of 
the subintervals (a, %), (x l7 x 2 ), • • •, (x n ~i, b) to find these values of £ f . 

How the portion of. the sum S which arises from the row of rec- 
tangles between the lines x = and x = x { is 

i, y n )(l/i - Vo) + VnXy* - Vi) +• * * 

4~ /(£**; Vik)(Vk — Vh- i ) +•"]• 

Let us take = £- 2 = • • • = £* m = a^-i, and then choose 7? n , r) i2 , 
in such a way that the sum 

/(*£-i, i?tO(yi - y°) +A x i- 1> WO* - 2/1) h — 

is equal to the integral J,, r f( x i-D y)dy, where the integral is to be 
evaluated under the assumption that x i _ 1 is a constant. If we pro- 
ceed in the same way for each of the rows of rectangles bounded by 
two consecutive parallels to the y axis, we finally find the equation 

(5) S = $(aj 0 )(fci — x 0 ) + $(a?i)(a a — *0 4 b — H > 



This function ®(x), defined by a definite integral; where x is con- 
sidered as a parameter; is a continuous function of x. As all the 
intervals x t — x i , 1 approach zero, the formula (5) shows that S 
approaches the definite integral 

J $(x) dx. 

x o 

Hence the double integral in question is given by the formula 


( 6 ) 



r x r Y 

dxdij— f dx I f(x, y) dy . 

«7.c 0 J if q 


111 other words, in order to evaluate the double integral, the function 
f(x, y) should first he integrated between the limits y 0 and Y, regard- 
ing x as a constant and y as a variable; and then the resulting func- 
tion, which is a function of x alone , should be integrated again between 
the limits x 0 and X . 

If we proceed in the reverse order, i.e. first evaluate the portion 
of S which comes from a row of rectangles which lie between two 
consecutive parallels to the x axis, we find the analogous formula 



dx dy ~ 



x 

f{x, y) dx. 


A comparison of these two formulae gives the new formula 



f{x } y) dy = 



x 

f(x, y)dx, 


which is called the formula for integration under the integral sign. 
An essential presupposition in the proof is that the limits x Q , X , y 0 , Y 
are constants, and that the function /(as, y) is continuous throughout 
the field of integration. 


Example. Let z = xy/a. Then the general formula gives 



f ( H x ) '/'(!/)< 

J J(R) 


<fi(x)dx X 


/ Ki i) d v- 


The two integrals on the right are absolutely independent of each 
other. 


Franklin * lias deduced from this remark a very simple demonstration of cer- 
tain interesting theorems of Tchebycheff. Let <p(x) and $(%) be two functions 
which are continuous in an interval {a, &), where a < b. Then the double integral 


f f IH X ) - Hy)l IH X ) ~ i'(y)]<tedy 

extended over the square bounded by the lines x = a, x = &, y = a, y = Ms equal 
to the difference 

p b pb pb 

2 (b - a) / (p(x)\J/(x)dx — 2 I <p{x)dx x I f(z)dx. 

Ja da d a 

But all the elements of the above double integral have the same sign if the two 
xunctions 0(x)‘and \j/(x) always increase or decrease simultaneously, or if one of 
them always increases when the other decreases. In the first case the two func- 
tions <p{x)-(p{y) and f{x) — \f/(y) always have the same sign, whereas they have 
opposite signs in the second case. Hence we shall have 

p b pb pb 

(6- a) / <p(x)\p(x)dx> <p(x) dx x I f{x)dx 

d a da da 

whenever the two functions <jj(x) and \j/(x) both increase or both decrease through- 
out the interval (a, b). On the other hand, we shall have 

(b-a)J' h <p(x)ifs(x)dx<J <p(x)dxx J f(x)dx 

whenever one of the functions increases and the other decreases throughout the 
interval. 

The sign of the double integral is also definitely determined in case <f>(x) = \p(x), 
for then the integrand becomes a perfect square. In this case we shall have 

(b — a) J* ^ , 

whatever be the function <f>(z), where the sign of equality can hold only when 
4>(x) is a constant. 

The solution of an interesting problem of the calculus of variations may be 
deduced from this result. Let P and Q be two fixed points in a plane whose 
coordinates are (a, A) and (&, 23), respectively. Let y = /(se) be the equation of 
any curve joining these two points, where /(a), together with its first derivative 
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f'(x), is supposed to be continuous in the interval ( a , b). The problem is to 
find that one of the curves y—f(x) for which the integral f*y' 2 dx is a 
minimum. But by the formula just found, replacing 0(x) by if and noting 
that f{a) = A and f(b) = B by hypothesis, we have 

(b — a) y' 2 dx't(B — A) 2 . 

The minimum value of the integral is therefore (B - A) 2 /(b - a), and that value 
is actually assumed when if is a constant, i.e. when the curve joining the two 
fixed points reduces to the straight line PQ. 


121 Let us now pass to the case where the field of integration is 
bounded by a contour of any form whatever. We shall first suppose 
that this contour is met in at most two points by any parallel to the 
y axis. We may then suppose that it is composed of two straight 

lines x = a and x = b (a < b) 



and two arcs of curves APB 
and A'QB 1 whose equations are 
= <j>i (x) and Y 2 = <£ 2 (cc), re- 
spectively, where the functions 
</>! and 4>r, are continuous be- 
tween a and b. It may happen 
that the points A and A { coin- 
cide, or that B and B' coin- 
cide, or both. This occurs, for 
instance, if the contour is a convex curve like an ellipse. Let us 
again subdivide the field of integration R by means of parallels to 
the axes. Then we shall have two classes of subregions : regular if 
they are rectangles which lie wholly within the contour, irregular 
if they are portions of rectangles hounded in part by arcs of the 
contour. Then it remains to find the limit of the sum 


S = 2 /(f, 77) ©, 

where is the area of any one of the subregions and (£, rj) is a point 
in that subregion. 

Let us first evaluate the portion of S which arises from the row 
of subregions between the consecutive parallels x = x — x t . 


suppose that the oscillation ot each ot the functions and <£ 2 (x) 
in each of the intervals (x*_ 1; x £ ) is less than 8, and that each of the 
differences' y k — y k _ x is also less than 8. Then it is easily seen that 
the total area of the irregular subregions between x — x i _ l and x ~ Xi 
is less than 4S(x* — and that the portion of 8 which arises 

from these regions is less than 4 HS(x t — in absolute value, 

where IT is the upper limit of the absolute value of /(x, y) in the 
whole field of integration. On the other hand, we have 




X i i n v" 

+ / , 
v Y2 


and since 1 Fj — y'\ and | F 2 — y" | are each less than 2B, we may write 



y)dy + iim, 


|A|<1. 


The portion of S which arises from the row of subregions under 
consideration may therefore be written in the form 



V)dy + SHOi 


■is], 


where 6 t lies between — 1 and + 1. The sum 8/7820* (x* — x { _{) is 
less than 8 7/8(6 — a) in absolute value, and approaches zero with 8, 
which may be taken as small as we please. The double integral is 
therefore the limit of the sum 


where 


$(«)(Z1 — «) H 1- <£(*;- i)C«i — X{-i) d , 

f( x , V) d V- 
n 


Hence we have the formula 


(7) f f /(*, y)dxdy = f dxf f(x, 

xj (72) xJ a r. 


y)dy. 


In the first integration x is to be regarded as a constant, hut 
the limits Y x and Y 2 are themselves functions of x and not 


x 2 + y z — R 2 — 0 . 

The limits for x are 0 and E, and if x is constant, y may vary from 0 to VE 2 — x‘ 2 . 
Hence the integral is 




x (E 2 — x 2 ) 
2a 


dx. 


The value of the latter integral is easily shown to he E 4 /8a. 


When the field of integration is bounded by a contour of any form 
whatever, it may be divided into several parts in such a way that 
the boundary of each part is met in at most two points by a parallel 
to the y axis. We might also divide it into parts in such a way that 
the boundary of each part would be met in at most two points by 
any line parallel to the x axis, and begin by integrating with respect 
to x. Let us consider, for example, a convex closed curve which lies 
inside the rectangle formed by the lines x = a, x = b, y = c, y = d } 
upon which lie the four points A , B , C, D, respectively, for which x 
or y is a minimum or a maximum.* Let y 1 = and y 2 — </> 2 (#) 
be the equations of the two arcs ACB and ADB ) respectively, and 
let x 1 = and x 2 = ^(y) be the equations of the two arcs CAD 
and CBD , respectively. The functions and cj> 2 (x) are continu- 
ous between a and b , and ij/ l (y) and i j/ 2 (y) are continuous between c 
and d. The double integral of a function f(x, y), which is continuous 
inside this contour, may be evaluated in two ways. Equating the 
values found, we obtain the formula 


( 8 ) 


J s*b /’!/, pd /*x 2 

dx / f(x, y) dy = I dy I f(x, y)dx. 

a C ij l U c <J 


It is clear that the limits are entirely different in the two integrals. 
Every convex closed contour leads to a formula of this sort. Eor 
example, taking the triangle hounded by the lines y = 0, x = a, 
y = x as the field of integration, we obtain the following formula, 
which is due to Lejeune DiricLlet : 



f{x, y) dy = 



f(x, y) dx . 



uuunucu uy uic .-juitiiguL mico — u<, ^ — ' J t if — JU } nxi, u ^ jj j. 

The double integral of /(x, y) extended over a rectangle bounded by the lines 
x = a, x = A", y = 6, y = 7, (a < X< A, b < F < B ), is a function of the coordi- 
nates X and Y of the variable corner, that is, 


F(X, F) = f A dx f /(®, y)<*y. 

Setting <f>(x) y)dy , a first differentiation with respect to X gives 

g= 3 >(X) = J^ 7(-ar,2/)dy. 


A second differentiation with respect to F leads to the formula 


(») 


d 2 F 

axar 


= /(X, Y). 


The most general function u(X, Y) which satisfies the equation (9) is evi- 
dently obtained by adding to F(X, F) a function 2 : whose second derivative 
d 2 z/dXdY is zero. It is therefore of the form 

(10) u(X, F) = f A dx f Y f(x, y)dy + ${X) + f (F), 

where <P(X) andi/^F) are two arbitrary functions (see § 38). The two arbitrary 
functions may be determined in such a way that w(X, F) reduces to a given 
function F(F) when X = a, and to another given function IT(X) when F = 6. 
Setting X=a and then F = b in the preceding equation, we obtain the two 
conditions 

V(Y) = cp(a) + f(Y) , U(X) = <p(X) + f(b ) , 

whence we find 

f{Y) = V(Y)-<p(a), t(b) = F(6) - </>{a ) , </>(X) = ^(X) - T(5) + <p(a ) , 

and the formula (10) takes the form 

(11) u(X,Y)= f A dx y)dy -+U(Z) +V(Y) -V(b). 

*Ja J b 

Conversely , if, by any means whatever, a function u{X , F) has been found 
which satisfies the equation (9), it is easy to show by methods similar to the 
above that the value of the double integral is given by the formula 

(12) f\lx f V(x, V) dy = u{X, Y) - u(X , 6) - u{cc, F) + u{a , b) . 

This formula is analogous to the fundamental formula (6) on page 155. 

The following formula is in a sense analogous to the formula for integration 


of any form. A function /(x, y) which is continuous in A varies between its 
minimum v 0 and its maximum V. Imagine the contour lines f(x , y) = v drawn 
where v lies between no and V, and suppose that we are able to find the area of 
the portion of A for which f(x, y) lies between v 0 and v. This area is a func- 
tion F(v) which increases with u, and the area between two neighboring contour 
lines is F(v + Av) — F(v) = A vF'(v A 6 An). If this area be divided into infinitesi- 
mal portions by lines joining the two contour lines, a point {£, i?) may be found 
in each of them such that /(£, 17) = v 4 OAv. Hence the sum of the elements 
of the double integral / ffdxdy which arise from this region is 

(v + 6 Av) F'(v -f 6 Av) Av . 

It follows that the double integral is equal to the limit of the sum 
2(u + 0 Av) F'(v + 6 Av) Av , 
that is to say, to the simple integral 

f \ F'(v) dv = VF( T) - f J F(v) dv . 

Jv 0 Jv o 

This method is especially convenient when the field of integration is bounded 
by two contour lines 

f{x,y) = v 0 , f{x, y) = V. 

For example, consider the double integral // Vl + x 2 4- S' 2 dx dy extended over 
the interior of the circle x 2 + y 2 = 1. If we set v — Vl + x 2 + y 2 , the field of 
integration is bounded by the two contour lines v = 1 and v = V2, and the 
function F(v ), which is the area of the circle of radius Vv 2 — 1, is equal to 
7 t(v 2 — 1). Hence the given double integral has the value 

f' / *2*v‘>dv = ^ (2 V2 - 1) . * 

Ji 3 

The preceding formula is readily extended to the double integral 
f f. /{a, V)<P(z, y)dxdy, 

where F(v) now denotes the double integral f JV(x, y)dxdy extended over that 
portion of the field of integration bounded by the contour line v = f(x , y). 

126. Green’s theorem. If the function f(x, y) is the partial deriva- 
tive of a known function with respect to either x or y, one of the 
integrations may be performed at once, leaving only one indicated 
integration. This very simple remark leads to a very important 



to y may be written 


dr r b r*dr r" 

g— dx d y = J dx J d y =J l p ( x > v») - p ( x > ?/0 ] dx - 

But the two integrals P(x, y^) dx and f b P(x, y^dx are line 
integrals taken along the arcs Am x B and Am 2 B, respectively; hence 
the preceding formula may be written in the form 

<13) 11 * 4 *° 

where the line integral is to be taken along the contour C in the 
direction indicated by the arrows, that is to say in the positive 
sense, if the axes are chosen as in the figure. In order to extend 
the formula to an area bounded by any contour we should proceed 
as above (§ 94), dividing the given region into several parts for each 
of which the preceding conditions are satisfied, and applying the for- 
mula to each of them. In a similar manner the following analogous 
form is easily derived : 

(14) //s }*“* =£«*>■ 

where the line integral is always taken in the same sense. Sub- 
tracting the equations (13) and (14), we find the formula 

(15) L P dx+Qdy = //(S “ Jy) dx dy> 

where the double integral is extended over the region bounded by C. 
This is Green's formula; its applications are very important. Just 
now we shall merely point out that the substitution Q = x and 
P = — y gives the formula obtained above (§ 94) for the area of a 
closed curve as a line integral. 


dy 


= -/ * 

C) 


P dx , 



II. CHANGE OF VARIABLES AREA OF A SURFACE 


I 21 the eyal nation of double integrals we have supposed up to the 
present that the held of integration was subdivided into infinitesimal 
rectangles by parallels to the two coordinate axes. We are now going 
to suppose the field of integration subdivided by any two systems of 
curves whatever. 

127. Preliminary formula. Let u and v be the coordinates of a point 
with respect to a set of rectangular axes in a plane, x and y the coor- 
dinates of another point with respect to a similarly chosen set of 
rectangular axes in that or in some other plane. The formulae 

(16) x -/('«■, v), y- v) 

establish a certain correspondence between the points of the two 
planes. We shall suppose 1) that the f unctions /(w, v) and <£(?<;, v) } 
together with their first partial derivatives, are continuous for all 
points (u f v) of the uv plane which lie within or on the boundary of 
a region A x bounded by a contour C x ; 2) that the equations (16) 
transform tlxe region A x of the uv plane into a region A of the 
xy plane bounded by a contour C, and that a one-to-one correspond- 
ence exists between the two regions and between the two contours 
in such a way that one and only one point of A x corresponds to any 
point of A ; 3) that the functional determinant A = Z>(/, <j>)/D(u, v ) 
does not change sign inside of C u though it may vanish at certain 
points of A x . 

Two cases may arise. When the point (?&, v) describes the con- 
tour Ci in the positive sense the point (sc, y) describes the contour C 
either in the positive or else in the negative sense without ever 
reversing the sense of its motion. We shall say that the corre- 
spondence is direct or inverse, respectively, in the two cases. 

The area O of the region A is given by the line integral 



taken along the contour C in the positive sense. In terms of the 
new variables u and v defined by (16) this becomes 

■O. = ~h C -ffot. 0 )V 


whence 


du 


ov 


= A = J Ai2 jn , 

-0(u, v) 


a ^±ff m*i dud „ 


or, applying the law of the mean to the double integral, 


(IT) 


• O = 


± Oi 


j) 

n (£> v)’ 


where (£, rj) is a point inside the contour C 1} and is the area of 
the region A x in the uv plane. It is clear that the sign 4- or the 
sign — should be taken according as A itself is positive or negative. 
Hence the correspondence is direct or inverse according as A is positive 
ov negative. 

The formula (17) moreover establishes an analogy between func- 
tional determinants and ordinary derivatives. Tor, suppose that the 
region A 1 approaches zero in all its dimensions, all its points approach- 
ing a limiting point (■ u , v). Then the region A will do the same, and 
the ratio of the two areas Q and approaches as its limit the abso- 
lute value of the determinant A. Just as the ordinary derivative is 
the limit of the ratio of two linear infinitesimals, the functional 
determinant is thus seen to be the limit of the ratio of two infinites- 
imal areas. From this point of view the formula (17) is the analogon 
of the law of the mean for derivatives. 


Remarks . The hypotheses which we have made concerning the correspondence 
between A and A 1 are not all independent. Thus, in order that the correspond- 
ence should he one-to-one, it is necessary that A should not change sign in the 
region A\ of the uv plane. For, suppose that A vanishes along a curve 71 which 
divides the portion of Ai where A is 
positive from the portion where A is 
negative. Let us consider a small arc 
of 71 and a small portion of A\ 
which contains the arc mini. This 
portion is composed of two regions a± 
and a[ which are separated by mini 
(Fig. 26). 

When the point (it, r) describes the 
region a \ , where A is positive, the point 
(a, y) describes a region a bounded by a contour mnpm , and the two contours 
mi nipiihi and mnpm are described simultaneously in the positive sense. When 



jover a part of the region a. Hence to any point ( x , y) m the common part 
inn correspond two points in the uv plane which lie on either side of the 
ine 7)ii ni . 

As an example consider the transformation AT = s, F = y 2 , for which A = 2y. 
If the point (x, y) describes a closed region which encloses a segment ab of the 
; axis, it is evident that the point (AT, F) describes two regions both of which 
ie above the X axis and both of which are hounded by the same segment AB oi 
-bat axis. A sheet of paper folded together along a straight line drawn upon it 
jives a clear idea of the nature of the region described by the point (X, F). 

The condition that A should preserve the same sign throughout A\ is not suf- 
icient for one-to-one correspondence. In the example X = x 2 — t/ 2 , F = 2 xy, 
he Jacobian A = 4 (x 2 -f y 2 ) is always positive. But if (r, 0) and (I?, w) are the 
jolar coordinates of the points (x, y) and (X, F), respectively, the formuhe of 
ransformation may be written in the form B = v\ = 2 6. As r varies from a 
o b (a < &) and 9 varies from 0 to 7t + a (0 < a< rf/2), the point (R, w) describes 
i) circular ring bounded by two circles of radii a 2 and b 2 . But to every value of 
he angle w between 0 and 2 a correspond two values of d, one of which lies 
letween 0 and nr, the other between % and % -f- or. The region described by the 
loint (X, F) may be realized by forming a circular ring of paper which partially 
verlaps itself. 


128. Transformation of double integrals. First method. Retaining 
he hypotheses made above concerning the regions A and A x and the 
ormulse (16), let ns consider a function F(x, y) which is continuous 
n the region A. To any subdivision of the region A x into subregions 
: u a 2j •••, cx n corresponds a subdivision of the region A into sub- 
egions a 1} a 2) • • *, a n . Let and <r; be the areas of the two corre- 
ponding subregions a t and a u respectively. Then, by formula (17), 




V(fi 0 ) 


} 


rhere u t and v t are the coordinates of some point in the region a { . 
?o this point (xc iy v { ) corresponds a point x t =f(u if v { ), y { = <f>(u i} v t ) 
f the region Hence, setting <£(w, v) = F[_f(ic, v ), v)], we 

lay write 



dience, passing to the limit, we obtain the formula 


be performed in the calculation of the new double integral, it is in 
general unnecessary to construct the contour C\ of the new field 
of integration A x . For, let us consider u and v as a system of 
curvilinear coordinates, and let one of the variables u and v in the 
formula} (10) be kept constant while the other varies. We obtain 
in this way two systems of curves u — const, and v = const. By 
the hypotheses made above, one and only one curve of each of these 
families passes through any 
given point of the region A. 

Let us suppose for definite- 
ness that a curve of the 
family v = const, meets the 
contour C in at most two 
points M x and M 2 which cor- 
respond to values % and u 2 
of u (% < u 2 ), and that each 
of the (v) curves which meets 
the contour C lies between 
the two curves v == a and 
v = b (a<b). In this case 
we should integrate first 
with regard to u , keeping v constant and letting u vary from 
to u 2 , where u x and ?/ 2 are in general functions of v, and then inte- 
grate this result between the limits a and b. 

The double integral is therefore equal to the expression 

J r b r v 2 

1 dv I v )> <K U > v)]\&\dudv. 

a *J\t, 

A change of variables amounts essentially to a subdivision of the 
field of integration by means of the two systems of curves Qa) and ('/'). 
Let to be the area of the curvilinear quadrilateral bounded by the 
curves (w), (u -f- da), (v), (v -f* do), where du and dv are positive. 
To this quadrilateral corresponds in tlie uv plane a rectangle whose 
sides are du and dv. Then, by formula (17), <u = | A(£, rj) | du dv, where 
£ lies between u and u -j- du, and tj between v and v + dv. The expres- 
sion | A (it, v) | du dv is called the element of area in the system of 
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Tf the arc is a closed curve enclosing the origin, we should 
If the arc ai> 18 . fi ld 0 f integration can 

take the limits - 0 -f ?• " 2 V^ n J type . Suppose, for 

he divided mto poi mn of the COI1 tonr C of a given 

instance, that the B be the two tangents from 

convex closed curve. Let OA ana ua ^ be ^ 

the origin to ^ 1S ^ d AMB respectively. For a 

r:z:: y P * * *» 

the value of the double integral is 


has one root X greater than c 2 , and another positive root y less than c 2 , for any 
values of x and y. Prom (19) and from the analogous equation where X is 
replaced by y we find 


( 20 ) 



V(\ — c'-i)( c 2 - m) 
, 


0</x<c 2 <X. 


To avoid ambiguity, we shall consider only the first quadrant in the xy plane. 
This region corresponds point for point in a one-to-one manner to the region of 
the \y plane which is bounded by the straight lines 

X = c 2 , y = 0 , y — c 2 . 

It is evident from the formulae (20) that when the point (X, y) describes the 
boundary of this region in the direction indicated by the arrows, the point (x, y) 
describes the two axes Ox and Oy in the sense indicated by the arrows. The 
transformation is therefore inverse, which is verified by calculating A : 

a ^ = _ I x ~ ft 

D(X, y) 4 VX/U (X ~ c 2 )(c 2 — y) ' 


130. Transformation of double integrals. Second method. We shall 
now derive the general formula (18) by another method which 
depends solely upon the rule for calculating a double integral. We 
shall retain, however, the hypotheses made above concerning the 
correspondence between the points of the two regions A and A x . 
If the formula is correct for two particular transformations 

( X = f{u, v), U =/l («', V 1 ) , 

( y = </>(«, v), (v =4 >! («', v ’) , 

it is evident that it is also correct for the transformation obtained 
by carrying out the two transformations in succession.. This follows 
at once from the fundamental property of functional determinants 


Similarly, if the formula holds for several regions A, D, O, • • L, 
to which correspond the regions A : , C u • ••, Z. 13 it also holds for 
the region .1 4- JJ -f C d 4- L. Finally, the formula holds if the 


transformation is a change of axes : 


x = x Q -f- x* cos a — if sin a, y = y {) + sin a -f- y ' cos a. 
Here A = 1, and the equation 

\ j F(x, y)dx. dij 


■ff’ 


1 F(.r 0 -f- x f cos a — if sin nr, y Q -f x' sin a -f if cos nr) dx r df 


is satisfied, since the two integrals represent the same volume. 

We shall proceed to prove the formula for the particular trans- 
formation 

( 21 ) x = <f>(x', y'), y = y\ 

which carries the region A into a region A* which is included "between 
the same parallels to the x axis, y = y 0 and y = y L . We shall sup- 
pose that just one point of A corresponds to any given point of A 1 and 

conversely. If a paral- 
lel to the x axis meets 
the boundary C of the 
region A in at most two 
points, the same will be 
true for the boundary 
O' of the region A '. To 
any pair of points m 0 
and m L on C whose or- 
dinates are each y cor- 
respond two points 
and m[ of the contour C But the correspondence may be direct or 
inverse. To distinguish the two cases, let us remark that if d<j>/dx' is 
positive, x increases with x\ and the points w 0 and m 1 and ml and 
m\ lie as shown in Fig. 29 ; hence the correspondence is direct. On 
the other hand, if c^/dx' is negative, the correspondence is inverse. 

Let us consider the first case, and let x 0 , x 1} sc,',, x[ be the abscissae 
of the points' m Q , m l3 ml, m[, respectively. Then, applying the for- 
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Fig. 20 


dy F(x, y)dx = dy> J? [>(*', y'), y'^^dF. 

Jy„ Jx Q J !lfi J. r' ^ 

But the Jacobian A reduces in this case to d^jdx 1 , and hence the 
preceding formula may be written in the form 

f f F ( x > y) dx(l y = f f F [</>( x ', y')> y'] | a | dx'dy'. 

J (A) xJ xJ(A') 

This formula can be established in the same manner if d<j>/dx' is 
negative, and evidently holds for a region of any form whatever. 

In an exactly similar manner it can be shown that the trans- 
formation 

(22) x-x\ y- xj,{x', j /') 

leads to the formula 

f f F ( x > y)dxdy = f f F[x', ?/')] | A | dx'dy', 

J J(A) J xJ (U ) 

where the new held of integration A r corresponds point for point to 
the region A. 

Let us now consider the general formulas of transformation 

(23) x = f(x 1} yx) , y=f x ( x i> Vx) , 

where for the sake of simplicity (x, y) and (x u y x ) denote the coor- 
dinates of two corresponding points m and M x with respect to the 
same system of axes. Let A and A l be the two corresponding regions 
bounded by contours C and C 1} respectively. Then a third point m' ? 
whose coordinates are given in terms of those of m and M x by the 
relations x' = x 1} y' = y, will describe an auxiliary region A', which 
for the moment we shall assume corresponds point for point to each 
of the two regions A and A t . The six quantities x, y, x u y u x\ y' 
satisfy the four equations 

»=/(»!) Vx), y=/i(®i, Vx), x' = xx, y' = y, 

whence we obtain the relations 

(24) x' = Xx, y' =/i (a"i, yx) , 

which define a transformation of the type (22). From the equation 
y' =/j( x y x ) we find a relation of the form y x — m-(x', y r ) ; hence 
we may write 


lne given transiormauon [Z6) amounts to a coinomation ox tne two 
transformations (24) anti (25), for each of which the general formula 
holds. Therefore the same formula holds for the transformation (23). 

Remark . We assumed above that the region described by the 
point m' corresponds point for point to each of the regions A and 
A x . At least, this can always be brought about. For, let us con- 
sider the curves of the region A x which correspond to the straight 
lines parallel to the x axis in A. If these curves meet a parallel to 
the y axis in just one point, it is evident that just one point m' of 
A' will correspond to any given point m of A. Hence we need 
merely divide the region A t into parts so small that this condition 
is satisfied in each of them. If these curves were parallels to the 
y axis, we should begin by making a change of axes. 

131. Area of a curved surface. Let S be a region of a curved sur- 
face free from singular points and bounded by a contour P. Let S 
be subdivided in any way whatever, let s £ be one of the subregions 
bounded by a contour y if and let m f be a point of s { . Draw the tan- 
gent plane to the surface 5 at the point m i7 and suppose s t taken so 
small that it is met in at most one point by any perpendicular to 
this plane. The contour y t projects into a curve y- upon this plane ; 
we shall denote the area of the region of the tangent plane bounded 
by y\ by As the number of subdivisions is increased indefinitely 
in such a way that each of them is infinitesimal in all its dimensions, 
the sum Scr £ approaches a limit, and this limit is called the area of 
the region S of the given surface . 

Let the rectangular coordinates x , y, z of a point of S be given in 
terms of two variable parameters u and v by means of the equations 

(26) x — f(u, v), y — v), z = v) , 

in such a way that the region S of the surface corresponds point for 
point to a region R of the uv plane bounded by a closed contour C. 
We shall assume that the functions f <j> 9 and t j/, together with their 
first partial derivatives, are continuous in this region. Let R be 
subdivided, let v t be one of the subdivisions bounded by a contour c i} 
and let a> £ be the area of r t . To corresponds on S a subdivision s { 
hounded by a contour y £ . Let o- £ be the corresponding area upon the 
tangent plane defined as above, and let us try to find an expression 



/?', y' and a", ft", y", respectively. Let X, Y, Z be the coordinates 
of a point on the surface S with respect to the new axes. Then, 
by the well-known formulae for transformation of coordinates, we 
shall have 

x = a' (x- X{ ) + p (y - y % ) + y' (s - O, 

Y = <x"(x - X t ) + - y.) + y"(s - *•) , 

z = a i ( x ~ x d + Pi Qj - y f ) + y* (« - *<). 

The area or; is the area of that portion of the XY plane which is 
bounded by the closed curve which the point ( X , Y) describes, as 
the point (u, v) describes the contour c { . Hence, by § 127, 


cr i = 0)i 


Y) 


where and v\ are the coordinates of some point inside of c*. An 
easy calculation now leads us to the form 


*>(*, Y) 
D{u[, v$) 


t oit\ D (v> z ) 


(P'y"-y ! n 

+ (y'a"-a'y") 


D(u'i, v\) 

x) 

D(u'i, v'J 


+ (a 1 ft" — ft' a") 


-Pfe ?/) 

w> o’ 


or, by the well-known relations between the nine direction cosines, 


. ± { ■o _gfe L £) | , 

] K u l,0 l 1 D (. u i> O Pt D ( u i> O Yl •£(«<> O i 


Applying the general formula (17), we therefore obtain the equation 

g . £&-*. )- + g . f ). + v . g ) . 

1 /)(«', v-) ^ P ‘ D{u[, v' { ) + D{u\, vD 

where and ?/! are the coordinates of a point of the region r { in the 
uv plane. If this region is very small, the point (ic\, v[) is very near 
the point (u i9 v^), and we may write 


+ 


£(?/, x ) _ -P(?/> «) 

v'i) D(u { , v { ) 

&(?/> «) 


D(«, cc) _ J)(s, x) 
£»«-, v'ft ~ D(u { , v { ) 


+ 4, 


3(7 V = 2(0/ 


^ D{Ui, + 


+ ^2<o/ 1 ^ + Pi4 4- y*e|'|, 


where the absolute value of 0 does not exceed unity. Since the 
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,1 r peri on s r- have been taken so 

gion R, sre may -« the re. ^ ^ ^ nr|:i , tl , (ullj 

.all that each ot the qu-.t es ^ ^ oertaM , 

um Scr; approaches the double integral 


JI 


DO/, 0 , oH^ + y^l 
, wl a D & 0 +/ ^(«>0 " } 


die dv, 


here «, ft y »1 the direction cosines ef the normal to the snrfaoe S 

these cl.ree.ion cosines. The e,.atio„ of the 
angent plane (§ 39 ) is 




whence 


; D(u, v ) 


D(u, v) 


+ {Z- 


iS 


r D( x ’ v) - n 
D(v, 0 ’ 

± 1 


J(y, 0 V[|rK)] + "' 

D{u, v ) jD(m, 0 ^('‘h 0 N L ( ) ) 

-boosing the positive sign in the last ratio, we obtain the formula 


D(y,0 , fl H?L£) + y 5feJ^ 

a p(«, 0 + ^ ^( w > 0 ^ 


-doi^t 2 

_D(ii j v) 

"he well-known identity 

rf _ ta r + <K-^ + -K^ +l . + ^ 


rD(«, *)T, r^fej^T 

Ld(«, 0-1 Lx>(«, 0-1 


- ( aa ' + W + co') 2 . 


hieh ™ employed by “ “ *° ’ rite “* , ™* ity 

,de, the radical in the form EG - F, where 


( 27 ) E = S 


'dx 

du 


S 


dx dx 
du dv 


^s(^ 0 


, , a • 




1 _ .hnn/l 1-hXr 


or surfaces. bquaring the expressions for dx , dy , and dx and adding 
the results, we find. 

(29) ds 2 = dh; 2 + + dz 2 = E die 2 + 2F du dv + G dv 2 . 

It is clear that these quantities E, F, and G do not depend upon 
the choice of axes, but solely upon the surface 5 itself and the inde- 
pendent variables u and v. If the variables u and v and the sur- 
face £ are all real, it is evident that EG — F 2 must be positive. 

132. Surface element. The expression EG — F 2 du dv is called the 
element of area of the surface S in the system of coordinates (u, v). 
The precise value of the area of a small portion of the surface bounded 
by the curves (u), (u -|- du), (v), (y + dv) is (■ EG — F 2 + e) du dv , 
where e approaches zero with du and dv. It is • evident, as above, 
that the term e du dv is negligible. 

Certain considerations of differential geometry confirm this result. 
Tor, if the portion of the surface in question be thought of as a small 
curvilinear parallelogram on the tangent plane to £ at the point (u, v), 
its area will be equal, approximately, to the product of the lengths 
of its sides times the sine of the angle between the two curves (u) 
and (y). If we further replace the increment of arc by the differ- 
ential ds, the lengths of the sides, by formula (29), are V E du and 
V Gdv , if du and dv are taken positive. The direction cosines of 
the tangents to the two curves (u) and (y) are dx /du, dy/du, dz/du 
and cx/dv, dy/dv, dz /dv, respectively. Hence the angle a between 
them is given by the formula 

o dx dx 

^ du dv F 

cos a = — 7 = = = 

MW 

whence sin a = Vj EG — F 2 / *> JeG . Forming the product mentioned, 
we find the same expression as that given above for the element of 
area. The formula for cos a shows that F — 0 when and only when 
the two families of curves (it) and (v) are orthogonal to each other. 

When the surface S reduces to a plane, the formulae just found 
reduce to the formulae found in § 128. For, if we set \j/(u, v) = 0, 
we find 
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snce V EG — F 2 reduces to |A|. 

Examples. 1) To find the area of a region of a surface ivhose equa - 
>n is z ~f(x, y) which projects on the xy plane into a region R in 
\ich the function fix., y), together with its derivatives p = df/dx and 
— df/dy , is continuous . Taking cc and y as the independent vari- 
les, we find E = 1 F~pq, G =1 -f <f, and the area in ques- 
)n is given by the double integral 

<30) a = /X . v ' i+2 '‘ +fdxia ~fL 

lere y is the acute angle between the z axis and the normal to the 
rface. 

2) To calculate the area of the region of a surface of revolution 
hoeen two plane sections perpendicular to the axis of revolution. 
it the axis of revolution be taken as the z axis, and let z = /(x) 
the equation of the generating curve in the xz plane. Then the 
ordinates of a point on the surface are given by the equations 

cc = pcosw, ?/ = / osin(o ; s =/(/>)> 

lere the independent variables p and w are the polar coordinates of 
e projection of the point on the xy plane. In this case we have 

ds 2 = dp 2 [l+f> 2 (p)] + phW, 

£ = l4-/' 2 (p), F= 0, G = p 2 . 

> find the area of the portion of the surface bounded by two plane 
stions perpendicular to the axis of revolution whose radii are p t and 
, respectively, p should be allowed to vary from p± to p 2 (pi< p 2 ) and 
Prom zero to 2n r. Hence the required area is given by the integral 

J p* Pi r /T>p t 

' dp I P Vl •i~/ ,2 (p) d<o = 2ir / P Vl +f\p)dp, 

Pi o Pi 


The geometrical interpretation of this result is easy : 2irp ds is 
the lateral area of a frustum of a cone whose slant height is ds and 
whose mean radius is p. Replacing the area between two sections 
whose distance from each other is infinitesimal by the lateral area 
of such a frustum of a cone, we should obtain precisely the above 
formula for A. 

For example, on the paraboloid of revolution generated by revolv- 
ing the parabola x % = 2 p& about the & axis the area of the section 
between the vertex and the circular plane section whose radius is r is 

A = 2tt jf V7+T* 4 = |; O 2 ~ .P 8 ] • 

III. GENERALIZATIONS OF DOUBLE INTEGRALS 
IMPROPER INTEGRALS SURFACE INTEGRALS 

133. Improper integrals. Let f(x, y ) be a function which is con- 
tinuous in the whole region of the plane which lies outside a closed 
contour T. The double integral of f(x, ?/) extended over the region 
between r and another closed curve C outside of T has a finite value. 
If this integral approaches one and the same limit no matter how 
C varies, provided merely that the distance from the origin to the 
nearest point of C becomes infinite, this limit is defined to be the 
value of the double integral extended over the whole region 
outside P. 

Let us assume for the moment that the function f(x, y) has a 
constant sign, say positive, outside T. In this case the limit of the 
double integral is independent of the form of the curves C. For, 
let C \ , C 2 , • • •, C n , • • • be a sequence of closed curves each of which 
encloses the preceding in such a way that the distance to the nearest 
point of C n becomes infinite with n. If the double integral I n extended 
over the region between T and C n approaches a limit /, the same will 
be true for any other sequence of curves C(, Cl, C\ n , ••• which 
satisfy the same conditions. For, if I\ n be the value of the double 
integral extended over the region between r and C' m , n may be 
chosen so large that the curve C n entirely encloses C\ n , and we 


where the value of the numerator tp(x, y) remains between two posi- 
tive numbers m and At. Choosing for the curves C the circles 
concentric to the above, the value of the double integral extended 
over the circular ring between the two circles of radii r and R is 
given by the definite integral 

R t j/(p cos oj, p sin c o)p dp 
It therefore lies between the values of the two expressions 

2 ”*X 7^' M, 1 A 

By § 90, the simple integral involved approaches a limit as R 
increases indefinitely, provided that 2a — 1 > 1 or a > 1. But it 
becomes infinite with R if a 2 1. 

If no closed curve can be found outside which the function f(x, y) 
has a constant sign, it can be shown, as in § 89, that the integral 
/ f V) d x dy approaches a limit if the integral f y) | dx dy 

itself approaches a limit. But if the latter integral becomes infinite, 
the former integral is indeterminate. The following example, due 
to Cayley, is interesting. Let f(x, if) == sin(cc 2 + 7/ 2 ), and let us inte- 
grate this function first over a square of side a formed by the axes 
and the two lines x = a, y = a. The value of this integral is 




sin ( x 2 + y 2 ) dy 



smx 2 dx x 


j jr*a 

cos / ( 

0 c/o 


cos x 2 dx 


J f*a 

sin y^dy . 
o 


As a increases indefinitely, each of the integrals on the right has 
a limit, by § 91. This limit can be shown to be V77-/2 in each case ; 
hence the limit of the whole right-hand side is n r. On the other 
hand, the double integral of the same function extended over the 
quarter circle bounded by the axes and the circle x 2 + y 2 ~ R 2 is 
equal to the expression 



its it uouuiut?a munjue, usoum/ces Between zero ana ir/z ana 
does not approacli any limit whatever. 

We should define in a similar manner the double integral of a 
function f(x, y) which becomes infinite at a point or all along a line. 
First, we should remove the point (or the line) from the field of 
integration by surrounding it by a small contour (or by a contour 
very close to the line) which we should let diminish indefinitely. 
For example, if the function y) can be written in the form 

f (x v \ = i&LSl 

J{,J) i(x- a y + ( y -byy 

in the neighborhood of the point (a, &), where ij/(x, y) lies between 
two positive numbers m and 31, the double integral of f(x. y) 
extended over a region about the point (a, b ) which . contains no 
other point of discontinuity has a finite value if and only if a is 
less than unity. 

134. The function B(p, q). We have assumed above that the contour C n 
recedes indefinitely in every direction. But it is evident that we may also sup- 
pose that only a certain portion recedes to infinity. This is the case in the above 
example of Cayley’s and also in the following example. Let us take the function 

f(x, y) = 4 x 2 v- l y 2( i- l e-* 2 -y\ 

where p and q are each positive. This function is continuous and positive in the 
first quadrant. Integrating first over the square of side a bounded by the axes 
and the lines x = a and y — a, we find, for the value of the double integral, 

f 2x 2 i>~ 1 er x2 dx x f 2y 2 <i- l e~v' i dy. 

Jo Jo 

Each of these integrals approaches a limit as a becomes infinite. Tor, by the 
definition of the function Y(p) in § 92, 

T(p) = f + 

J o 

whence, setting t = cc 2 , we find 

(31) T (p) = r + *2x a ^- 1 e-® s daj. 

J o 

Hence the double integral approaches the limit Y( p) Y(q) as a becomes infinite. 

Let us now integrate over the quarter circle bounded by the axes and the 
circle x 2 + y 2 = B 2 . The value of the double integral in polar coordinates is 

f 2p 2( -i ,+ v')- } erP*dp x f 2 2 eos 2 ^- 1 ^ sin 2 Q- 1 <pd<p . 



(32) B(p, q) = f 2 2 cos 2 !’* *1 sin 2 ?- 1 <f>d(p. 

Jo 

Expressing the fact that these two limits must he the same, we find the equation 

(33) T(p) T(q) = r (p + q) B(p, q). 

The integral B(p, q) is called Euler’s integral of the first kind. Setting t = sin 2 0, 
it may be written in tlic form 

(34) B(p, q) = f't'-m - t) p ~ l dt. 

J o 

The formula (33) reduces the calculation of the function B(p, q) to the calcu- 
lation of the function T. For example, setting p = q = 1/2, we find 

[ r G)] 2 = m) £****=*> 

whence T(l/2) = Var. Hence the formula (31) gives 

n+n „ V?? 

| er x “dx — 

Jo 2 

In general, setting q — 1 — p and takings between 0 and 1, we find 

\T~) J 

We shall see later that the value of this integral is tf/smpnr. 

135. Surface integrals. The definition of surface integrals is analogous to that 
of line integrals. Let 8 he a region of a surface hounded by one or more curves T. 
We shall assume that the surface has two distinct sides in such a way that if one 
side he painted red and the other blue, for instance, it will be impossible to pass 
from the red side to the blue side along a continuous path which lies on the sur- 
face and which does not cross one of the bounding curves.* Let us think of S as 
a material surface having a certain thickness, and let m and m' be two points 
near each other on opposite sides of the surface. At m let us draw that half of 
the normal mn to the surface which does not pierce the surface. The direction 
thus defined upon the normal will he said, for brevity, to correspond to that side 
of the surface on which m lies. The direction of the normal which corresponds 
to the other side of the surface at the point in' will be opposite to the direction 
just defined. 

Let z = <p(x, y) be the equation of the given surface, and let S he a region of 
this surface hounded by a contour V. We shall assume that the surface is met 
in at most one point by any parallel to the z axis, and that the function <f>(x , y) 


* It is very easy to form a surface which does not satisfy this condition. We need 

only deform a rectangular sheet of paper AB CD by pasting the side B 0 to the side AD 
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the corresponding directions of the normal make, respectively, acute and obtuse 
angles with the positive direction of the % axis. We shall call that side whoso 
corresponding normal makes an acute angle with the positive % axis the upper 
side. Now let P(x , y, z) be a function ofi the three variables x, y, and z which 
is continuous in a certain region of space which contains the region S of the sur- 
face. If z be replaced in this function by cf>(x , y), there results a certain function 
P [ x , y, 0 (x, y)] of x and y alone ; and it is natural by analogy with line integrals 
to call the double integral of this function extended over the region A, 


f f P[x, y, <£(x, y)]dxdy, 

J J(A) 


the surface integral of the function P(x, y, z) taken over the region S of the given 
surface. Suppose the coordinates x, y , and z of a point of S given in terms of two 
auxiliary variables u and v in such a way that the portion S of the surface corre- 
sponds point for point in a one-to-one manner to a region E of the uv plane. Let 
da- be the surface element of the surface &, and 7 the acute angle between the posi- 
tive z axis and the normal to the upper side of S. Then the preceding double 
integral, by §§ 131-132, is equal to the double integral 


J"J^P(®, y, z) cos 7 do-, 


where x, y, and z are to be expressed in terms of u and v. This new expression 
is, however, more general than the former, for cos 7 may take on either of two 
values according to which side of the surface is chosen. When the acute angle 7 
is chosen, as above, the double integral (35) or (30) is called the surface integral 


(37) J j* P(x, y, z) dx dy 

extended over the upper side of the surface S. But if 7 be taken as the obtuse 
angle, every element of the double integral will be changed in sign, and the new 
double integral would he called the surface integral / J Pdx dy extended over the 
lower side of S. In general, the surface integral/ J Pdx dy is equal to ± the double 
integral (35) according as it is extended over the upper or the lower side of S. 

This definition enables us to complete the analogy between simple and double 
integrals. Thus a simple integral changes sign when the limits are interchanged, 
while nothing similar has been developed for double integrals. With the gen- 
eralized definition of double integrals, we may say that the integral ///(x, y) dx dy 
previously considered is the surface integral extended over the upper side of the 
xy plane, while the same integral with its sign changed represents the surface 
integral taken oyer the under side. The two senses of motion for a simple inte- 
gral thus correspond to the two sides of the xy plane for a double integral. 

The expression (35) for a surface integral evidently does not require that the 
surface should he met in at most one point by any parallel to the z axis. In the 
same manner we might define the surface integrals 


d the more general uiw D 

M, WBriaWr-W ^ “* 10 ” 

r r [p cost + q oos a + B cosfl d<r 1 

, ■ rnn -rneles of the direction of the normal which cor- 
esponds £ r^deof in Mathematical Physic, 

Surface integrals are especially imp 

which the functions 

136. Stokes’ Then the definition of the line 

P(x, V , *), Ql*, V, 2). 2,1 

integral f Pdx + Qdy+Bdz 

Ad , . 

. c no for a line integral taken 

taken along the line I to sinular not' goS matter in detail. If the curve i 
along a plane curve, and we shall g ^ up ^ the su m of three line mte- 
is closed, the integral evidently m y Green’s theorem to each of these, 

grMs taken over closed plane cu^ApP e J integrai by ^ gum of three double 

? surface integrals enables us to state this resu m 

-irrsr a s: 

definiteness to be bounded by along the contour P. We shall 
corresponds a definite «nae of d«Jt mo ^ rf the contour let us draw 

assume the following convention. AXTV^ ^ ^ gide of t he surface under 
that half of the normal Mn 0 h ser ver with his head at n and his feet at If; 

consideration, and let us imagine an otaar^ ^ ^ ^ . g p0Sltlv6 sense 

of motion which the observer must take m 

order to have the region S at his left han . 
Thus to the two sides of the surface corre- 
spond two opposite senses of motion along 

the contour V. . , 

let us first consider a region S of a sur- 
face which is met in at most one point by 

any parallel to the * axis, and let us suppose 

the trihedron Oxyz placed as in Pig- 80, 
where the plane of the paper is the yz plane 
Tnd the x axis extends toward the observer. 
To the boundary T of 8 will correspond a 
closed contour 0 in the xy plane ; and these 
two curves are described simultaneously in 
. v»tt +Tm n,rrnws. Juen 



taken along the plane curve C. Let us apply Green’s theorem (§ 126) to this 
latter integral. Setting 


P(a, y) = P [x, y , 0(x, ?/)] 

for definiteness, we find 

3P(x, ?/) _ 3P 3P 30 __ 3P 3P cos /3 
3y 3y dz dy dy dz cosy 


where or, /3, y are the direction angles of the normal to the upper side of S. 
Hence, by Green’s theorem, 



dxdy 

cosy 


where the double integral is to be taken over the region A of the xy plane 
bounded by the contour C. But the right-hand side is simply the surface 
integral 



d<r 


extended over the upper side of S ; and hence we may write 


f P(x, y, z)dx = / ( —dz dx 

J JiS) dZ 


dP 

dy 


dxdy. 


This formula evidently holds also when the surface integral is taken over the 
other side of £, if the line integral is taken in the other direction along T. And 
it also holds, as does Green’s theorem, no matter what the form of the surface 
may be. By cyclic permutation of x, y , and z we obtain the following analogous 
formulae : 


f Q{x,y,z)dy = f f ^ dxdy — ^ dy dz 
J(T) J J (S) CZ dZ 

f B(x, y, z) dz — f I “ dy dz 

J J {S) d v 


8B, * 
— dz dx . 
dx 


Adding the three, we obtain Stokes ’ theorem in its general form : 
1 f P(x, y,z)dx + Q(x, y, z)dy + R(x, y, z)dz 


(38) -I 


(s-f) 


j dz dx. 


The sense in which T is described and the side of the surface over which the 



IV . analytical and geometrical applications 

137. Volumes. Let us consider, “ f Cylinder whose 

■ the xy plane, a surface A a ° T ^ suppose that the 

nerators are parallel to t - „ ^ 0 is a contour similar to 

ction of the cylinder by the pl ‘ " llels to the y axis and. two 
L at drawn in Fig- 25, ° f( x y ) is the equation of the 

unilinear ares APB and J Q • ' , § 12 4 by the integral 

ir face S, the volume in question xs gxven, by 4 


V 


r b rv 2 

= I dx f fix, y)dy. 

Ua 2/j. 


. , I r »« f( x v )dy represents the area A of a section 
ow the integral L j( > J) J , Hence the preceding 

is volume by a plane parallel to the y~ p 
irmula may be written m the form 


(39) 


7 


■f 


A dx. 


rhe volume of a blimdld^as above. Lor 

rface we should encums then find the difference between 

ators are parallel to the * ax formula (39) holds for 

m volumes like the preced W- ^ & 

iy volume which lies be w sur f a ce whatever, where A 

i < 5) and which is bounde y J ^ * parallel to the two 

enotes the area of a sec )® ^ in terval (a> 5) subdivided by the 

iven planes. Let us suppu . a. ...be the areas- 

omts a, x u a? 2 , • -i x «-i> ’ _ _ * = *,,•••, respectively, 

f the sections made by the planes - ^ ^ ^ 

Ihen the definite integral J a A dx is me 


A 8 (iBl — a )+ Al(#2 ’ 


-»!)+••• + ' 


ie geometrical meaning of ^^^^^cylinder whose base is 
l- instance, represents the v and whose height 

e section of the given solid by the * f- YO iume 


lution between two planes perpendicular to the axis of revolution. 
Let this axis be the z axis and let z =f(x) be the equation of the 
generating curve in the xz plane. The section made by a plane par- 
allel to the yz plane is a circle of radius f(x). Hence the required 
volume is given by the integral 7 r£’ [_f(x)~\ 2 dx. 

Again, let us try to find the volume of the portion of the ellipsoid 


a 1 


+ ^ + » = 
^ y 1 ^ c 2 


1 


bounded by the two planes x = x = X. The section made by a 
pla ne paralle l to the plane x = 0 is an ellipse whose semiaxes are 
b V 1 — x 2 ja l and c Vl — x 2 /a, 2 . Hence the volume sought is 



To find the total volume we should set x = — a and X = a, which 
gives the value $ s irabc. 


138. Ruled surface. Prismoidal formula. When the area A is an integral 
function of the second degree in x, the volume may he expressed very simply 
in terms of the areas B and B' of the hounding sections, the area b of the mean 
section, and the distance h between the two hounding sections. If the mean 
section be the plane of yz, we have 

V = f + (lx 2 + 2 mx + n) dx = 21 ~ + 2 na . 

J-a 3 

But we also have 

U — 2a, ,b = n , B = la 2 + 2ma + n , B' = la 2 - 2ma 4- n , 

whence n — b,a — /i/2, 2/a 2 = B + B' — 26. These equations lead to the formula 

(40) V=~[B + B' + 4b-], 

o 

which is called the prismoidal formula. 

This formula holds in particular for any solid hounded by a ruled surface and 
two parallel planes, including as a special case the so-called prismoid.* For, 
let y = ax -f p and z — bx 4- q he the equations of a variable straight line, where 
a, b , p, and q are continuous functions of a variable parameter t which resume 
their initial values when t increases from t 0 to T. This straight line describes 


* A prismoid is a solid bounded by any number of planes , two of which are paral- 


A = f (ax + p)(b'x -f q') dt , 

where a', b\ c', d' denote the derivatives of a, b, c, d with respect to t. These 
derivatives may even he discontinuous for a finite number of values between 
and T, which will be the case when the lateral boundary consists of portions of 
several ruled surfaces. The expression for A may be written in the form 

r T r T r T 

A = x" | ab'dt + x | (aq' -f pb') dt + / P<fdt , 

J l Q j to J to 

where the integrals on the right are evidently independent of x. Hence the 
formula (40) holds for the volume of the given solid. It is worthy of notice that 
the same formula also gives the volumes of most of the solids of elementary geometry. 


139. Viviani’s problem. Let C be a circle described with a radius OA (= li) 
of a given sphere as diameter, and let us try to find the volume of the portion 
of the sphere inside a circular cylinder whose right section is the circle G. 
Taking the origin at the center of the sphere, one fourth the required volume 
is given by the double integral 



extended over a semicircle described on OA as diameter. Passing to polar coor- 
dinates p and w,'the angle w varies from 0 to it/ 2, and p from 0 to R cos w. Hence 
we find 


7T 



or 





• B 8 sm8«)dw = ^.(--- 


Xf this volume and the volume inside the cylinder 
which is symmetrical to this one with respect to 
the z axis be subtracted from the volume of the 
whole sphere, the remainder is 


4 

3 



Again, the area O of the portion of the sur- 
face of the sphere inside the given cylinder is 




0 = 4 R 2 £ 2 (1 - sin «) da, = 4 IP fj - 1 


Subtracting the area enclosed by tlie two cylinders from the whole area of the 
sphere, the remainder is 


4 7tW - 8Ji 2 - d 


= 8 B*. 


140 . Evaluation of particular definite integrals. Tlie theorems estab- 
lished above, in particular the theorem regarding differentiation 
under the integral sign, sometimes enable us to evaluate certain defi- 
nite integrals without knowing the corresponding indefinite integrals. 
We proceed to give a few examples. 

Setting 




log (1 -b ax) 
1 + x* 


dx, 


the formula for differentiation under the integral sign gives 


d 

da 


A _ log(l + a-) C a 

«“ l + «‘ ~ + J. ( 


x dx 


(1 + ax)(l + x 1 ) 
Breaking up this integrand into partial fractions, we find 


whence 


(1 -b ax) (1 + x 2 ) 1 4- a 2 \1 + x 2 1 + 


x 4- a 


r 


x dx 


Jo (1 + ax) (1 + x 2 ) 
It follows that 

d A a 

da 


log (1 + o?) , 

— ^ -b — — ^ arc tan or. 


2 (1 + a 2 ) 1 + a 

log(l+ cf) 


T arc tan or + 2 

1 + a 2 2 (1 + a 2 ) 


whence, observing that A vanishes when a = 0 , we may write 

rUogCl+cr 2 ) 7 T" a 
A = | ~ 77— — ^da + v— — 5 arc tan a da. 

Jo 2(1+ a 2 ) J a 1+a 2 

Integrating the first of these integrals by parts, we finally find 


A — \ arc tan a log (1 + a 2 ) . 



rneil X lies ueiwomi cuiu u tum y ueovvetju aiij tvvu pusiuive 

umbers a and b. Hence, by the general formula of § 123, 


Jut 


pi pb pb pi 

I clx I x v dy = I dy I c 

0 a a t/0 

X “ [XX], 


x y dx. 


V+ 1' 


ence the value of the right-hand side of the previous equation is 


X 


dy <m 

v+t = log 


t+i 
a 1 


11 the other hand, we have 


'hence 



In general, suppose that P(x } y) and Q(x } y) are two functions 
■hicli satisfy the relation dPjdy = dQ/dx, and that x 0) x u y 0) y 1 are 
iven constants. Then, by the general formula for integration 
ader the integral sign, we shall have 


C x \ 7 

).. H. a**- 


r 

ii) 


,r dy r^ dx , 

x j x ** 

r x 1 r v 1 

/ {. p ( x > yO - p ( x > Vo ) ] *5 = 1 [ <2(31 » y) - Q(aj 0J y)] % • 

*A»/ 0 


lauchy deduced the values of a large number of definite inte- 
rals from this formula. It is also closely and simply related to 
rieen’s theorem, of which it is essentially only a special case, 
'or it may be derived by applying Green’s theorem to the line 
itegral fPdx + Qdy taken along the boundary of the rectangle 
Dimed by the lines x = x 0 , x = x lf y = y 0 , y — y\* 

In the following example the definite integral is evaluated by a 
pecial device. The integral 


or, making the substitution x == nr — y, 


c&c 


F(— a) = j log (1 — 2cir cos y + a 2 ) dy = F(a) . 

«yo 

2) F(a 2 ) = 2F(o:). For we may set 

2F(«) = F(a) + F(- a), 

whence 

2F(<?) = f [log(l — 2a cos ai + a: 2 ) + log (1 + 2a cos x + <z 2 )] 

*7o 

= / log(l — 2a 2 cos 2# + cJ)dx. 

Jo 

If we now make the substitution 2x = y, this becomes 
2F(a) = ~ J log (1 — 2a 2 cos y + a 4 ) dy 

i r 217 

+ 2 J lo § C 1 - — 2a:2 cos y + a4 ) fy- 

Making a second substitution y = 2 tt —■ z in the last integral, we 
find 

J r>27T ntr 

log (1 — 2a 2 cos y + <x 4 ) c?y = I log (1— 2a 2 cos# + a*)dz 9 

7T JO 

which leads to the formula 

2F(a) = \F(a*) + \F{a-) = F^). 


From this result we have, successively, 

F(a) = | F(«*) = \ F(« 4 ) = • ■ • • = ~ f{«*) . 

If | a | is less than unity, a 2n approaches zero as n becomes infinite. 
The same is true of F(o: 2n ), for the logarithm approaches zero. 
Hence, if | a \ < 1, we have l H \a) = 0. 



where \(3\ is less than unity. Hence we have in this case 
F(a) = — 7r log fi 2 = 7 r log a 2 . 

Finally, it can be shown by the aid of Ex.'C, p. 205, that E(± 1) == 0; 
hence F(a) is continuous for all values of a. 

141. Approximate value of logr(n + 1). A great variety of devices may be 
employed to find either the exact or at least an approximate value of a definite 
integral. We proceed to give an example. We have, by definition, 

r(n + l)= P x n e- x dx. 

Jo 

The function x n er* assumes its maximum value n M er n for x — n. As x increases 
from zero to n, x n e~ n increases from zero to n n e- )l (n> 0), and when x increases 
from n to + oo, x n er x decreases from n n e~ n to zero. Likewise, the function 
n n e ~ n e ~t- increases from zero to n n er n as t increases from — oo to zero, and 
decreases from n 1l e~ u to zero as t increases from zero to + oo. Hence, by the 
substitution 

(42) x n er x n n er n er t<l , 

the values of x and t correspond in such a way that as £ increases from — oo 
to +oo, x increases from zero to + oo. 

It remains to calculate dx/dt. Taking the logarithmic derivative of each side 
of (42), we find 

dx _ 2 tx 
dt x — n 

We have also, by (42), the equation 

£ 2 — x — n — n log . 

Por simplicity let us set sc = n + z, and then develop log (1 + z/n) by Taylor’s 
theorem with a remainder after two terms. Substituting this expansion in the 
value for £ 2 , we find 

.* rs z 2 n nz 2 

£2 — z — 71 = , 

[_» 2ji 2 (1+6>|) 2 J 2(n + 0zf 

where 6 lies between zero and unity. Prom this we find, successively, 


T(n + 1) = 2 n n e- n J er^dt + 2 n n er» J er (I - 6)tdt. 

The first integral is 

X + ao /» -J- so 

e~‘-cU = 2 I e- t2 dl = \/it. 
x Jo 


As for the second integral, though we cannot evaluate it exactly, since we do 
not know d, we can at least locate its value between certain fixed limits. For 
all its elements are negative between — oo and zero, and they are all positive 
between zero and + co. Moreover each of the integrals / 0 += ° is less in 
absolute value than J 0 + 50 tor dt = 1/2. It follows that 


(43) T(?i + 1) = V2 n n 11 e~ n 

where co lies between — 1 and + 1. 

If n is very large, c o/V2n is very small. 



Hence, if we take 


r(?i + 1) = n*er n V 2nit 


as an approximate value of T(n + 1), our error is relatively small, though the 
actual error may be considerable. Taking the logarithm of each side of (43), we 
find the formula 

(44) log T (n + 1) = (n + |) log n - n + 1 log (2 it) 4 e , 

where e is very small when n is very large. Neglecting e, we have an expression 
which is called the asymptotic value of logr(w4 1). This formula is inter- 
esting as giving ns an idea of the order of magnitute of a factorial. 


142. D’Alembert’s theorem. The formula for integration- under the integral 
sign applies to any function /(&, y) which is continuous in the rectangle of inte- 
gration. Hence, if two different results are obtained by two different methods 
of integrating the function /(cc, y ), we may conclude that the function f(x , y) is 
discontinuous for at least one imint in the field of integration. Gauss deduced 
from this fact an elegant demonstration of d’Alembert’s theorem. 

Let F(z) be an integral polynomial of degree min z. We shall assume for 
definiteness that all its coefficients are real. Replacing z by p( cosw -1- isinw), 
and separating the real and the imaginary parts, we have 

F(z)=P + iQ, 

where 

P = Aop m cos?nw -f A 1 p m ~ l cos (m — 1) w 4 • • * 4 A m , 

Q — A 0 p m sinmw Aip m ~ 1 sin (m — l)w H 4- A m -ip sin w. 

If we set V = arc tan (P/Q), we shall have 

q s A- P W Q d A-P S A 

dV dp dp dV_ dhJ dw 

dp P 2 4 Q 2 1 Sw P 2 4 Q 2 

and it is evident, without actually carrying out the calculation, that the second 


tlie two integrals 


(45) 




doj 


are unequal for a given value of JR, we may conclude that tlie equation F(z) = 0 
has at least one root whose absolute value is less than R. But the second inte- 
gral is always zero, for 


X 


^ an r 

dp dio 


da = 



and cV /dp is a periodic function of w, of period 2zr. Calculating the first inte- 
gral in a similar manner, we find 


fVr 

Jo dp5u 




[_du> Jp = o 


and it is easy to show that dV/du is of the form 


0F__ ~mAf } p 2m 4- • • • 

Sw A\ p 2m 4- • • • 

where the degree of the terms not written down is less than 2m in p, and where 
the numerator contains no term which does not involve p. As p increases indefi- 
nitely, the right-hand side approaches — m. Hence R may he chosen so large 
that the value of dV/dca, for p = R, is equal to — m - f e, where e is less than m 
in absolute value. The integral / 0 27r (— m -f- e)dco is evidently negative, and 
hence the first of the integrals (45) cannot be zero. 


EXERCISES 

1. At any point of the catenary defined in rectangular coordinates by the 
equation 

a ( 2 -2 

y = ~ ( e a A e a 

let us draw the tangent and extend it until it meets the x axis at] a point T. 
Revolving the whole figure about the x axis, find the difference between the areas 
described by the arc AM of the catenary, where A is the vertex of the catenary, 
and that described by the tangent MT (1) as a function of the abscissa of the 
point M, (2) as a function of the abscissa of the point T. 

[Licence, Paris, 1889.] 


2. Using the usual system of trirectangular coordinates, let a ruled surface 
be formed as follows: The plane zOA revolves about the x axis, while the gen- 
erating line JD , which lies in this plane, makes with the z axis a constant angle 


xOy , zOx, and zOA , where the angle 0 between the last two is less than 2?r. 

2) Find the area of the portion of the surface bounded by the planes xOy , 
zOx, zOA. 

[ Licence , Paris, July, 1882.] 

3. Find the volume of the solid bounded by the xy plane, the cylinder 
b‘ 2 x 2 4- a V 2 = a 2 5 2 , and the elliptic paraboloid whose equation in rectangular 
coordinates is 

2 5 — 

c p 2 g 2 

[Licence, Paris, 1882.] 


4. Find the area of the curvilinear quadrilateral bounded by the four con- 
focal conics of the family 


x 2 ?/ 2 
X + \-c 2 


- 1 , 


which are determined by giving X the values c 2 /3, 2c 2 /3, 4c 2 /3, 5c 2 /3, respectively. 

[Licence, Besangon, 1885.] 

5. Consider the curve 

y = V2 (sin x — cos x ) , 

where cc and y are the rectangular coordinates of a point, and where x varies 
from it j 4 to 57zr/4. Find : 

1) the area between this curve and the ce axis ; 

2) the volume of the solid generated by revolving the curve about the x axis ; 

3) the lateral area of the same solid. 

[Licence, Montpellier, 1898.] 


6. In an ordinary rectangular coordinate plane let A and B be any two 
points on the y axis, and let AMB be any curve joining A and B which, together 
with the line AB, forms the boundary of a region AMB A whose area is a pre- 
assigned quantity £. Find the value of the following definite integral taken 
over the curve A MB : 


f [<P(y)e x - my] dx + J>'(y)e x — m]dy, 

where on is a constant, and where the function <£{?/), together with its derivative 
is continuous. 

[ Licence , Nancy, 1895.] 

7. By calculating the double integral 


h od n + co 


J r* -[-co r» 

o */o 


Q-xy sin axdy dx 


Jo <J o 

in two different ways, show that, provided that a is not zero, 

■» + « 


■£ 


sm ax , , it 

dx = dfc - ■ 

x 2 


x 



area A is given by the double integral 



extended over the interior of the ellipse b 2 x 2 ~f- a 2 y 2 = a 2 l> 2 . Among the methods 
employed to reduce this double integral to elliptic integrals, one of the simplest, 
due to Catalan, consists in the transformation used in § 125. Denoting the 
integrand of the double integral by », and letting v vary from 1 to -f oo, it is 
easy to show that the double integral is equal to the limit, as l becomes infinite, 
of the difference 



This expression is an undetermined form ; but we may write 



and hence the limit considered above is readily seen to be 



10*. If from the center of an ellipsoid whose semiaxes are a, 5, c a perpen- 
dicular he let, fall noon the tangent nlane to the ellinsoid. the area of the surfane 



extended over the interior ot the triangle bounded by the straight lines y = xo, 
y — x, and x = X in two different ways, and thereby establish the formula 


-f(v)dy. 


f dx f\x ~y) n f(y)dy = f — ~ — j 

J *o J *o J Xa » + 1 

From this result deduce the relation 

f T dx f X dx- ■ ■ f f(x) dx = - — t— f *(x - y) <‘f(y) dy . 

(ft — 1)1 Jx n 


In a similar manner derive the formula 


j c* X nX p X r» X ^ X 

xdx x dx • • • I xdx f(x) dx = ■ - ■ — I (x 2 - y 2 ) n f(y) dy , 

*o Jx 0 Jx Q Jx Q 2 , 4 . o • • • 2 n Jx 0 

and verify these formulae hy means of the law for differentiation under the 
integral sign. 



MULTIPLE integrals 
integration or TOTAL differentials 

I. multiple integrals change of variables 
143. Triple * *> * 

iriables «, y, • ^ * cont “ f fil ^ e Region of space (E) 
mgulaT eoSrdinates are t L ieg ion be sub- 

ounded by one or more closed surfaces u s ^ ^ 

iYid tr ITv andletX^ ^ coordinates of any 

Xt Wj of tbe’subregion (0- Then the sum 

(i) 1,0 ^ Vt 

t •<- „ fhP number of the subregions (e ; ) is increased 
approaches a limit as maximum diameter of each of 

the triple integral of 

rzs"> — « *“** fte ■*“ (e) ’ ” d 

is represented by the symbol 


fff F(x,y , »)dxdydz. 

J J J{E) 


(2) u' t/W , 

■he proof that this limit exists is practically a repetition o o 
roof given above m the ol Mechanics, for 

ns^ “Sng the - « “ 

f y ' 5duTa(« V”fl* the density at any point, that is to say 
stance, and let K X >J> ) ingide an in&L itesimal sphere about 

she limit o e i a i ^ Tolume 0 { the sphere. If y-i and m 

the point (as, y, *) minimum value of ,i in the subregion (e t ), 

risTdSXtLmass inside that 

and **,«<, hence » , y pt follows that the total 

suitably chosen point of the subr ®g on < '> 
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mass is equal to the triple integral J f f^dxdy dz extended through- 
out the region ( E ). 

The evaluation of a triple integral may be reduced to the suc- 
cessive evaluation of three simple integrals. Let us suppose first 
that the region (£) is a rectangular parallelopiped bounded by the 
six planes x = x 0) x = X, y = y 0 , y = Y, z = z 0 , z = Z. Let (E) 
be divided into smaller parallelopipeds by planes parallel to the 
three coordinate planes. The volume of one of the latter is 
(x { — (? f k — y k _ j) (z t — ^_x), and we have to find the limit of 

the sum 

(3) S — Vifd) £ikl) ( X i ~~ X i- l)(Vk “ ” Z l-l) ) 

i k L 

where the point ($ iU , rj ikl , £,- w ) is any point inside the corresponding 
parallelopiped. Let us evaluate first that part of S which arises 
from the column of elements bounded by the four planes 


£ = ^- 1 , ® = y = Vk-i> v = yk> 

taking all the points (£ m , rj ikl , £ lVW ) upon the straight line x = x { _ l7 
y = y k _ lt This column of parallelopipeds gives rise to the sum 


( x i x i~i)(yk yk-i){.^( x i-i) zfc-n £0(»i ^o) + ■ * *] > 

and, as in § 123, the £’s may be chosen in such a way that the 
quantity inside the bracket will be equal to the simple integral 


Vk- 1 ) — F( x i- 1 ; ?/*-!> &)dz. 


It only remains to find the limit of the sum 

XX ( Xi ~ x< -0(Vk ~ Vk- 1)- 

% tc 

But this limit is precisely the double integral 


J J $(x, y) dx dy 


extended over the rectangle formed by the lines x = x 0 , x = A r , 
y = Vo, y — F. Hence the triple integral is equal to 



The meaning of this symbol is perfectly obvious. During the first 
tegration x and y are to be regarded as constants. The result will be 
function of x and y, which is then to be integrated between the limits 
and Y , x being regarded as a constant and y as a variable. The 
suit of this second integration is a function of x alone, and the last 
ep is the integration of this function between the limits x 0 and A'. 
There are evidently as many ways of performing this evaluation 
i there are permutations on three letters, that is, six. Tor instance, 
te triple integral is equivalent to 

Z pX pY pZ 

dz I dx I F(x } y ) z) dy = I 'Jf(z) dz , 

J* Q Jy n Jz n 

here M'(s) denotes the double integral of F(x, y } z) extended over 
te rectangle formed by the lines x = cr 0 , x = X, y = y 0 , y — Y. We 
ight rediscover this formula by commencing with the part of the 
un S which arises from the layer of parallelepipeds bounded by the 
to planes 2 = z = z t . Choosing the points (£, y, £) suitably, 
.e part of S 'which arises from this layer is 

Ld the rest of the reasoning is similar to that above. 

144:. Let us now consider a region of space bounded in any 
anner whatever, and let us divide it into subregions such that any 

line parallel to a suitably chosen 
fixed line meets the surface which 
bounds any subregion in at most 
two points. We may evidently 
restrict ourselves without loss of 
generality to the case in which a 
line parallel to the z axis meets 
the surface in at most two points. 
The points upon the bounding 
surface project upon the xy plane 
into the points of a region A 
bounded by a closed contour C. 
To every point ( [x , y) inside C cor- 





of elements bounded by tlie four planes x = x { _ 1: x = x i} y = y k _ l} 
y = y k is equal, by § 124, to the expression 


( x i ~ *i-i)(2/k - Vk 


->LC 


F( x i-i> Vb-i9 z ) dz + 


«.* > 


where the absolute value of c ik may be made less than any preassigned 
number e by choosing the parallel planes sufficiently near together. 
The sum 

~ X i~0Q/k - 2/*-l) 

i k 


approaches zero as a limit, and the triple integral in question is 
therefore equal to the double integral 


JL* 


<$>(£, y)dx dy 


extended over the region (d) bounded by the contour C, where the 
function $(z, y) is defined by the equation 


<£(*) V ) : 




y, z)dz 


If a line parallel to the y axis meets the contour C in at most two 
points whose coordinates are y = fa (x) and y = fa (as), respectively, 
while x varies from x 1 to x 2 , the triple integral may also be written 
in the form 

J r * 2 ry a r z * 

' dx j dy I F(x, y } z)dz. 

x 1 Jy 1 

The limits & x and z 2 depend upon both x and y } the limits y 1 and ?/ 2 
are functions of x alone, and finally the limits x x and x 2 are constants. 

We may invert the order of the integrations as for double inte- 
grals, but the limits are in general totally different for different 
orders of integration. 


Note . If [x ) be the function of x given by the double integral 



extended over the semum - — ^ writ ten 

the y* plane whose abscissa is *, the formula (5) may 
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I tJ f(x)dx . 
Jx , 
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whence we find successively 
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Vr ‘ 5 '“ ! ' S 2(b = i(R 2 - X 2 - V 2 ) . 


: [|(B 2 -X 2 )l/-|y 3 ] 


s/&- 
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' 3 =5 i(R 2 -x 2 ) ? , 
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1 J^ 2 ^(p-x^-y^dy- 

! J„„ )y » «W» .he definite in.eg.nl J /.*(-- **>><*■ 
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2 r 

1 f 2 i? 4 sin 4 0d^>. 

3t/o 

Hence the value of the given triple integral is, by § 116, *R 4 /16. 

14,5. Change of variables. Let 


(x = f(u, v, w), 

j y = 4>(U, V, W), 

= i jr(u , V, W ) , 

w formnh, ot transformation „hich establish . 


W 


-JJif 


[/(«> v > w )> 


Djf, *) 

D(u, v, w). 


du do dw , 


where the two integrals are extended throughout the regions ( E ) 
aiul (/ih), respectively. This is the formula for change of variables 
in triple integrals. 

In order to show that the formula (7) always holds, we shall 
commence by remarking that if it holds for two or more particular 
transformations, it will hold also for the transformation obtained by 
carrying out these transformations in succession, by the well-known 
properties of the functional determinant (§ 29). If it is applicable 
to several regions of space, it is also applicable to the region obtained 
by combining them. We shall now proceed to show, as we did for 
double integrals, that the formula holds for a transformation which 
leaves all but one of the independent variables unchanged, — for 
example, for a transformation of the form 


(8) x = a', y = y', z = i^(V, y\ z ') . 


We shall suppose that the two points M(x> y , z) and M f (x ', y\ z { ) are 
referred to the same system of rectangular axes, and that a parallel 
to the z axis meets the surface which 
bounds the region ( E ) in at most two 
points. The formulae (8) establish a corre- 
spondence between this surface and another 
surface which bounds the region ( E '). The 
cylinder circumscribed about the two sur- 
faces with its generators parallel to the 
z axis cuts the plane z = 0 along a closed 
curve C. Every point m of the region A 
inside the contour C is the projection of 
two points m x and ?n 2 of the first surface, 
whose coordinates are z x and z 2l respectively, and also of two 
points m[ and of the second surface, whose coordinates are z[ 
and respectively. Let us choose the notation in such a way 
that z x < z 2 , and z[ <zl. The formulae (8) transform the point m x 
into the point m[, or else into the point ra 2 . To distinguish the 
two cases, we need merely consider the sign of d\j/Jdz'. If difr/dz' is 



points m{ and m 2 , respectively. On the other hand, if d\ jz/dz' is 
negative, z decreases as z' increases, and m Y and m 2 go into and 
m[, respectively. In the previous case we shall have 



u 

JT 

A. 

ft 

II 

£ \ 

> y, K x > v> 

*')] 

d\j/ 

dz f 

dz' , 

whereas 

in the second case 







J F(x,y,»)dx = -J 

r *f[x, 
z \ 

Vi ^(*7 y> 

*•)] 

dxf/ 
dz ' 

dz '. 

In either case we may write 






(9) 

J F(x, y, «) dz = J 

r Fix, 

v, K x > y> 

*■>]! 

| dxjj\ 
\dz ( \ 

dz'. 


If we now consider the double integrals of the two sides of this 
equation over the region A, the double integral of the left-hand side, 


I I dx dy 
J J{A) 


■jT 


F(x, y, z)dz, 


is precisely the triple integral /// F(x, y, z) dx dydz extended through- 
out the region ( E ). Likewise, the double integral of the right-hand 
side of (9) is equal to the triple integral of 


F [*'> y\ K x '> v'i *')] 


d\f/ 

Hz' 


extended throughout the region (£'), which readily follows when 
x and y are replaced by x r and y' } respectively. Hence we have in 
this particular case 


SSSj 


F(x, y, z) dx dy dz 


■SSL 1 


F [_«■', y\ 'P{F, y ', «')] 


dj, 

d»< 


dx' dy' dz ' . 


But in this case the determinant D(x , y , z)/D{x\ y { , z ') reduces to 
difr/dz'. Hence the formula (7) holds for the transformation (8). 
Again, the general formula (7) holds for a transformation of the 



sections Jl and IV made in ( E ). and (#'), respectively, by any 
plane parallel to the xy plane correspond in a one-to-one manner. 
Then by the formula} for transformation of double integrals we 
shall have 


(in 


I / F(x, y, z) dx dy 

J J{It) 



= f f n/« *')> <K x '> y’> * 

% *'] 

JKf> 4>) 

D(x [ , y<) 


The two members of this equation are functions of the variable 
z — z' alone. Integrating both sides again between the limits z x 
and z 2 , between which z can vary in the region (I?), we find the 
formula 


( 12 ) 


//!/ 


F(x, y , z) dx dy dz 


= f f f 

J J . J{E') 


HA 4) 

D(x\y') 


dx'dy ] dz } . 


But in this case D(x , ?/, z)/D{x\ y\ z') = D(x : y)/D(x\ y l ). Hence 
the formula (7) holds for the transformation (10) also. 

We shall now show that any change of variables whatever 


(13) x = f(x x , y u z x ) , y = <t>(x u y u z{), s — \j/(x u y x , z L ) 

may be obtained by a combination of the preceding transformations. 
Tor, let us set x { = aq, y r = yi ? z l = z. Then the last equation of 

(13) may be written z l — \p(x\ y\ sq), whence z x = tt(x y\ z'). 
Hence the equations (13) may be replaced by the six equations 

(14) a; =f\x', y\ y\ «')], V = <£!>'> V'> V'> * = s ’> 

(15) x’ = x 1 , y' = y x , »' = f(x x , y u »i). 

The general formula (7) holds, as we have seen, for each of the 
transformations (14) and (15). Hence it holds for the transforma- 
tion (13) also. 

We might have replaced the general transformation (13), as the 
reader can easily show, by a sequence of three transformations of 


146. Element of volume. 

we find 


SSL* 


dx d \j drc 


Setting F(x , y, z) = 1 in the formula (7), 



J)( x, y, 
D(Uf v, w) 


dado dw. 


The left-hand side of this equation is the volume of the region (E). 
Applying the law of the mean to the integral on the right, we find 
the relation 


(1G) 


V = V t 


D(f, <f>, l/r) 
D(u, v j w) 


<£,v,£) 


where V l is the volume of (E^, and £, rj, £ are the coordinates of some 
point in (Ej). This formula is exactly analogous to formula (17), 
Chapter VI. It shows that the functional determinant is the limit 
of the ratio of two corresponding infinitesimal volumes. 

If one of the variables u, v, zu in (6) be assigned a constant value, 
while the others are allowed to vary, we obtain three families of 
surfaces, u = const., v — const., w = const., by means of which the 
region (E) may be divided into subregions analogous to the paral- 
lelepipeds used above, each of which is bounded by six curved faces. 
The volume of one of these subregions bounded by the surfaces 
(u), (« + **), (?)> (y + do), (w)j (' w + dw ) is, by (16), 


(. v , to) 



dudu dio , 


where du, dv } and dw are positive increments, and where e is infini- 
tesimal with die , dv, and dw. The term e du do dw may be neglected, 
as has been explained several times (§ 128). The product 


(17) 


dV- 


\ D(f, 6 f) 

| D(ti, v , to) 


du dv dw 


is the principal part of the infinitesimal AF, and is called the element 
of volume in the system of curvilinear coordinates (u, v, w). 

Let ds 2 be the square of the linear element in the same system of 
coordinates. Then, from (6), 


dx = -f '-du 4- ~ dv -f —• dw. 
on gv dw 


dy = ~ du 4* • 
J tiu 


dz = du + * 
ou 



(VJ) 

■— o 9 TG 3 X 3 X ^y 9 iC 

A ~ *j a; 9,7 ! = *J&y 3 = ^ Tu do’ 

where the symbol S means, as usual, that x is to be replaced by y 
and z successively and the resulting terms then added. 

The formula for tlV is easily deduced from this formula for ds 2 . 
For, squaring the functional determinant by the usual rule, we find 

d x dy dz 
du du du 

d x d y d z 
dv do do 

dx d y d z 
dw dw dw 

whence the element of volume is equal to V5f du dv dw . 

Let us consider in particular the very important case in which 
the coordinate surfaces ( u ), (?;), ( [w ) form a triply orthogonal system, 
that is to say, in which the three surfaces which pass through any 
point in space intersect in pairs at right angles. The tangents to 
the three curves in which the surfaces intersect in pairs form a tri- 
rectangular trihedron. It follows that we must have F x = 0, F 2 = 0, 
F z = 0] and these conditions are also sufficient. The formulae for 
dV and ds 2 then take the simple forms 

( 20 ) ds 2 = Ih du 2 + I-I 2 dv 2 + H z did \ dV = s/H x 1I 2 H z du dv dw . 

These formulae may also be derived from certain considerations of 
infinitesimal geometry. Let us suppose du, dv, and dw very small, 
and let us substitute in place of the small subregion defined above a 
small parallelopiped with plane faces. Neglecting infinitesimals of 
higher order, the three adjacent edges of the parallelopiped may be 
taken to be ^/1F X du, ^fu 2 dv, and dw, respectively. The for- 
mulas (20) express the fact that the linear element and the element of 
volume are equal to the diagon al and the volume of this parallelo- 
piped, respectively. The area ^Jn x H 2 du dv of one of the faces repre- 
sents in a similar manner the element of area of the surface ( w ). 

As an example consider the transformation to polar coordinates 


Hi 

f 3 

f 2 

F s 

h 2 

- Ft 

F, 

Fi 

Ih 


\ 


ft nr\ a i-k 


cin fi ein rk 


- 


p.na 0 


which the projection of OM on the xy plane makes with the positive 
x axis. In order to reach all points in space, it is sufficient to let p 
vary from zero to -f co, 0 from zero to 7 r, and <j> from zero to 27r. 
From (21) we find 

(22) ds 2 = dp 2 4- p 2 dO 2 -f p 2 sin 2 0d<j> 2 , 
whence 

(23) dV — p 2 sin 6 dp dO d<j>. 

These formulae may be derived without any calculation, however. 
The three families of surfaces (p), (0), (<j>) are concentric spheres 

about the origin, cones of revolution 
about the z axis with their vertices 
at the origin, and planes through 
the z axis, respectively. These 
surfaces evidently form a triply 
orthogonal system, and the dimen- 
sions of the elementary subregion 
~y are seen from the figure to be dp, 
p dO, p sin 6 dcj > ; the formulae (22) 
and (23) now follow immediately. 

To calculate in terms of the va- 
riables p, 0, and a triple integral 
extended throughout a region bounded by a closed surface S, which 
contains the origin and which is met in at most one point by a radius 
vector through the origin, p should be allowed to vary from zero to R , 
where R = /(0, <j>) is the equation of the surface ; 0 from zero to ir ; 
and from zero to 2ir. For example, the volume of such a surface is 

J p 2 .T p IT pR 

' d<fi dO p 2 sin 9 dp. 

0 Jo Jo 

The first integration can always be performed, and we may write 

Occasional use is made of cylindrical coordinates r , «, and z defined 
by the equations x = r cos w, y — r sin w, z — z. It is evident that 

ds 2 = dr 2 4- dio 2 4" dz 2 , 



where X is a variable parameter and a > b > c > 0 , form a family of confocal 
conics. Through every point in space there pass three surfaces of this family, — 
an ellipsoid, a parted hyperboloid, and an unparted hyperboloid. For the equa- 
tion ( 24 ) always has one root X* which lies between b and c, another root X 2 
between a and 6, and a third root X3 greater than a. These three roots X 1? X 2 , X 3 
are called the elliptic coordinates of the point whose rectangular coordinates are 
(x, y, z). Any two surfaces of the family intersect at right angles : if X be given 
the values Xi and X 2 , for instance, in ( 24 ), and the resulting equations be sub- 
tracted, a division by Xj — X 2 gives 


( 25 ) 


+ 


(X, - a)(X 2 - a) (Xi - &)<X* - b) (Xj - c)(X 2 - c) 


= 0, 


which shows that the two surfaces (X x ) and (X 2 ) are orthogonal. 

I11 order to obtain x, y, and z as functions of Xi, X 2 , X 3 , we may note that the 
relation 


(X - a)(X - &)(X - c) - x 2 (X - &)(X - c) - y 2 (X - c)(X - a) - z 2 (X - a)(X - b) 

= (X-Xi)(X-X 2 )(X-X 3 ) 

is identically satisfied. Setting X = a, X = &, X = c, successively, in this equa- 
tion, we obtain the values 


( 26 ) 


(X 3 - a) (a- Ax) (ft - X 2 ) 
(a — b)(a — c) 

(X 3 — &)(X 2 — b)(b — Xi) 
(a — b)(b — c) 

22 = - o)(^2 - c)^! - c) 


i r = 


((2 — c) (6 — c) 

whence, taking the logarithmic derivatives, 

x / dX 1 . dX 2 dX 3 

dx = - ( 1 1- 


2 \Xi — tt X 2 — u X 3 


dy 


_y ( d\i 

2 U- 


dXi dX 2 dX 3 
& X 2 — & X 3 


h)' 


dz — - 


z ( dXi 


•2 \Xi 


+ 


dX 2 
X 2 — < 


d\ s \ 
X 3 - c/ 


Forming the sum of the squares, the terms in dX t dX 2 , dX 2 dX 3 , dX 3 dXi must dis- 
appear by means of ( 25 ) and similar relations. Hence the coefficient of dX^ is 




a) 2 


+ 


y 2 . g 2 n 
(Xl _ b )2 (Xl _ c) 2 J ’ 


or, replacing x, y, 2: by their values and simplifying, 

1 (X 3 — Xi)(X 2 — Xi) 

•Mi = t r 


( 27 ) 
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148. Dirichlet’s integrals. Consider the triple integral 


fff '■V'Vz'O-- 


x — y~ z) s dxdydz 


taken throughout the interior of the tetrahedron formed by the four planes 
x = 0 , y = 0 , 2 = 0 , x -b y + z = 1 . Let us set 

X + y+Z-t, V + Z = £v, Z = £ltf, 

where £, 77 , ^ are three new variables. These formulae may be written in the form 


£ = x + y -b z, t} = 


y -f z 
x -b y + z’ 


r=- 


2/ -b 2 


and the inverse transformation is 

» = *(!-*). V = W), * = 


When x, y, and 2 are all positive and x + y -b 2 is less than unity, £, 77 , and f all 
lie between zero and unity. Conversely, if £, 77 , and f all lie between zero and 
unity, x, y, and 2 are all positive and x + y + z is less than unity. The tetra- 
hedron therefore goes over into a cube. 

In order to calculate the functional determinant, let us introduce the auxiliary 
transformation X = £, Y — £ 17 , Z = £77 f, which gives x = X — T, y = X — Z , 
2 = Z. Hence the functional determinant has the value 


JP(x, y, 2 ) _ JP(s, y, z) .P( X, JT, Z) _ 

w r,?>' 

and the given triple integral becomes 



£p + S + r + 2(l_ t)«T7? + r+l(l_ 77)?^ ( 1 ~ 


The integrand is the product of a function of £, a function of 77 , and a func- 
tion of Hence the triple integral may he written in the form 

j^ I fp + 5 +r+ 2 (l- l) s d? xf o \v+ r+1 (l- n)p<ii) x.f\r(i- £)idt, 

or, introducing r functions (see (33), p. 280), 

T{p + q 4- r -b 3)T(s +1) T{q -4- r + 2 )V(p +1) V(r -fl)r(g + 1) 

T(p + q -b r + s ~h 4) T(p -b q -f r -f 3) r(<? 4- r + 2)~ 

Canceling the common factors, the value of the given triple integral is finally 
found to be 



which, Logouiei wiiu cfii/cz, is continuous tiiroughout tile interior ot this surface. 
All the points of the surface S project into points of a region A of the xy plane 
which is bounded by a closed contour C. To every point of A inside C corre- 
spond two points of S whose coordinates are zi — fa (x, y) and z 2 = fa ( 21 , y ). 
The surface S is thus divided into two distinct portions Si and S 2 . We shall 
suppose that z\ is less than z 2 . 

Let us now consider the triple integral 



0B , , . 
— dxdydz 
dz 


taken throughout the region bounded by the closed surface S. A first integra- 
tion may be performed with regard to z between the limits z\ and z 2 (§ 144), 
which gives R(x, y , z 2 ) - y, z{). The given triple integral is therefore 
equal to the double integral 


f f [B(a, Vt Z*) - R(X, V, zifldzdy 


over the region A . But the double integral J J R (x, y , z 2 ) dxdy is equal to the 
surface integral (§ 135) 


if R(x, y, z)dxdy 

J J(S 2 ) 


taken over the upper side of the surface S 2 . Likewise, the double integral of 
jR(x, y, Zi) with its sign changed is the surface integral 


f f y, z) dx dy 
J 


taken over the lower side of Si . Adding these two integrals, we may write 


Iff — dx dy dz — j* J* R(x, y, z) dx dy , 


where the surface integral is to be extended over the whole exterior of the sur- 
face S. 

By the methods already used several times in similar cases this formula may 
be extended to the case of a region bounded by a surface of any form whatever. 
Again, permuting the letters x, y, and 2 , we obtain the analogous formulae 


Iff 

III 


dP 

dx 

dQ 

dy 


dxdy dz = ( ( P(x, y , z)dydz , 

J J(S) 

dxdydz = [ I Q(x , y, z) dz dx. 
J J(S) 


* Occasionally called Ostrogradsky'x theorem. The theorem of § 12 6 is sometimes 
called Riemann's theorem. But the title Green’s theorem is more clearly established 
and seems to be the more fitting. See Ency. dcr Math. TFiss., II, A, 7, b and c. — 
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Iff 


dP , dQ . dB\ . , , 

1 H ) dx dy dz 

dx dy dz J 

- f f P(x, y, z) dy dz 4- Q (x, y, z ) dz dx + B(x 1 y, z) dx dy , 

«/ 


where the surface integrals are to be taken, as before, over the exterior of the 
bounding surface. 

If, for example, we set P = x, Q = R =: 0 or Q = y , P = R = 0 or R — z 
P = Q = 0 , it is evident that the volume of the solid bounded by S is equal to 
any one of the surface integrals 


(29') 



150. Multiple integrals. The purely analytical definitions which have been 
given for double and triple integrals may be extended to any number of vari- 
ables. We shall restrict ourselves to a sketch of the general process. 

Let xi, Xo, • * • , x n be n independent variables. We shall say for brevity 
that a system of values x{, cc§ , • ■ • , of these variables represents a point in 
space of n dimensions. Any equation F(x i, x 2 , • • • , x n ) = 0, whose first member 
is a continuous function, will be said to represent a surface ; and if F is of the 
first degree, the equation will be said to represent a plane . Let us consider the 
totality of all points whose coordinates satisfy certain inequalities of the form 

(30) $i(x i, x 2 , •••, x u )< 0, i = 1, 2, •••, ft. 

We shall say that the totality of these points forms a domain D in space of n 
dimensions. If for all the points of this domain the absolute value of each of 
the coordinates xt is less than a fixed number, we shall say that the domain D is 
finite. If the inequalities which define J? are of the form 

(31) Xj ^ X], ^ X^ , $2 ^ x 2 ^ 1 * * * , X n ^ Xfi ^ , 

we shall call the domain a prismoid , and we shall say that the n positive quan- 
tities x\ — x\ are the dimensions of this prismoid. Finally, we shall say that a 
point of the domain JD lies on the frontier of the domain if at least one of the 
functions 1 /q in (30) vanishes at that point. 

)fow let D be a finite domain, and let /( xi, x 2 , • • • , x n ) be a function which 
is continuous in that domain. Suppose _D divided into subdomains by planes 
parallel to the planes Xi = 0 (t = 1, 2, • • . , n), and consider any one of the pris- 
moids determined by these planes which lies entirely inside the domain I). 
Let Aaq, Ax 2 , • • •, Ax* be the dimensions of this prismoid, and let £ 2l * • *, | n 
be the coordinates of some point of the prismoid. Then the sum 


(32) 


S = 2/(£ 1 , £«) Ax t Ax 2 • • • Ax n , 



denote it by the symbol 


'x i, x 2j - - - , x n )dx 1 dx» • • • dx„. 

The evaluation of an n- tuple integral may be reduced to the evaluation of 
n successive simple integrals. In order to show this in general, we need only 
show that if it is true for an (n - l)-tuple integral, it will also be true for an 
n,-tuple integral. For this purpose let us consider any point (xi , x 2 , • • • , x„) 
of D. Discarding the variable x n for the moment, the point (xi , x 2 , • • • , x n _i) evi- 
dently describes a domain D' in space of ( n ~ 1) dimensions. We shall suppose 
that to any point (x x , x 2 , x n -i) inside of D' there correspond just two 
points on the frontier of jD, whose coordinates are (x a , x 2 , • • •, x»_i; &£*) and 
(« 1 , x 2 , • ••, x B -i; x< 2 >), where the coordinates x^ and x< 2) are continuous func- 
tions of the n — 1 variables X \ , x 2 , • • • , x n _i inside the domain D'. If this con- 
dition were not satisfied, we should divide the domain D into domains so small 
that the condition would be met by each of the partial domains. Let ns now 
consider the column of prisinoids of the domain D which correspond to the 
same point (Xx , x 2 , • • • , x rt _]). It is easy to show, as we did in the similar case 
treated in § 124, that the part of S which arises from this column of prismoids is 



Axi Ax 2 • • • Ax n _ 


■[£? 


fix, i,x 2 , • • ■ , x„) d x„ + 




where | e | may be made smaller than any positive number whatever by choos- 
ing the quantities A x* sufficiently small. If we now set 

t ( 2 } 

(33) $(®i, oa, • x a _i) = /(xi, x 2 , • ♦*, x n )dx n , 

” x n 


it is clear that the integral I will be equal to the limit of the sum 
24* {X\ , x 2 , * • • , Xfi — x) Ax Ax 2 • • • Ax« — j, , 
that is, to the (n — l)-tuple integral 

(34) I = fff" -/*( x 1’ x 2> • • -1 X n -l)dXi---dXn-i, 

in the domain Z>'. The law having been supposed to hold for an ( n — l)~tuple 
integral, it is evident, by mathematical induction, that it holds in general. 

We might have proceeded differently. Consider the totality of points 
(x x , x 2 , • • • , x n ) for which the coordinate x n has a fixed value. Then the 
point (xi, x 2 , • ■ •, x n _i) describes a domain d in space of (n — 1) dimensions, 
and it is easy to show that the ?i-tuple integral I is also equal to the expression 
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MULTIPLE INTEGRALS 


[VII, § 150 


vary in general for different orders of integration. An exception exists in case 
D is a prismoid defined by inequalities of the form 

S?£!6i<Xi, •••, X 0 i<Zi<Xi, 

The multiple integral is then of the form 

X -A'i p^2 pXn 

„ dx i dx 2 . . . J^ o fdz n , 

and the order in which the integrations are performed may be permuted in any 
way whatever without altering the limits which correspond to each of the 
variables. 

The formula for change of variables also may be extended to n-tuple integrals. 
Let 

(36) Xi = 0,-( x{, 02 , x»), i = l, 2, • 7i, 

be formulae of transformation which establish a one-to-one correspondence between 
the points (xf, x' 2 , • ■ •, xh) of a domain D' and the points (x 1} x 2 , • . . , x n ) of a 
domain D. Then we shall have 



The proof is similar to that given in analogous cases above. A sketch of the 
argument is all that we shall attempt here. 

1) If (37) holds for each of two transformations, it also holds for the trans- 
formation obtained by carrying out the two in succession. 

2) Any change of variables may be obtained by combining two transforma- 
tions of the following types : 

(38) X\ = £\ , % 2 = %2 7 * ' ' ) Xn— 1 - = 1 ? %n — - 0)i (&1 i X 2 , • • • , Xji) , 

(39) X\ = 0i (xi , • • ■ , x«), » • • , x n _i ~ 0)1— i (xi , • • • , x»), x n = x' n . 

3) The formula (37) holds for a transformation of the type (38), since the 
given 71 -tuple integral may be written in the form (34). It also holds for any 
transformation of the form (39), by the second form (35) in which the multiple 
integral may be written. These conclusions are based on tiie assumption that 
(37) holds for an (?i — l)-tuple integral. The usual reasoning by mathematical 
induction establishes the formula in general. 

As an example let ns try to evaluate the definite integral 

T = ff" ’f x l' x 2 Z • • • %n n (1 — X 1 “ x 2 x n)^ dx i dx 2 • • • dx n , 



m lift, •••,«;») 

iew integrand is therefore of the form 

^nr, + ... + «« + «- 1 ^ 2 H ba n + n-2 ' ' t __ ^ ^ 

he given integral may he expressed, as before, in terms of r functions : 

» x - r (<n + i)r te + i.) - '-rfe + i)r(jg + i) _ 

r firi + £i"2 + • • * + + ^ + 7i 4- 1) 


II. INTEGRATION OF TOTAL DIFFERENTIALS 


1. General method. Let P(x , y) and Q(c c, ?/) be two functions of 
two independent variables x and y. Then the expression 

Pdx -f* Qdy 

>t in general the total differential of a single function of the two 
rbles x and y. For we have seen that the equation 


1) clu = Pdx + Qdy 

[uivalent to the two distinct equations 


2 ) 


dx 


=-P{x,V)> 


dn 

dy 


= Q{x,y). 


srentiating the first of these equations with respect to y and the 
nd with respect to x, it appears that u(x, y) must satisfy each 
ie equations 

o 2 u __ dP(x , y ) d 2 u _ dQ(x, y) 

dx dy dy 9 dy dx dx 

scessary condition that a function u(x, y) should exist which 
fies these requirements is that the equation 


3 ) 


dP_^ dQ 
dy dx 
Id be identically satisfied. 

iis condition is also sufficient For there exist an infinite 
ber of functions u(x , y) for which the first of equations (42) 
tisfied. All these functions are given by the formula 


u = f P(x 9 y)dx + Y, 
Jx 0 


Jx n fy 


aX Hy == ^ ’ y) 


should, be satisfied. But by the assumed relation (43) we have 

r x dp 7 r*dQ 7 ^ x ^ 

I ~ dx — I ^ dx Q(x , yj Q(y^0) Vj ? 

Ux Q J x q 

•wh.en.ce the preceding relation reduces to 

dY 

% =Q ( X o^)- 

The right-hand side of this equation is independent of x. Hence 
there are an infinite number of functions of y which satisfy the 
equation; and they are all given by the formula 


f Q(x o, y)dy + C , 


where y 0 is an arbitrary value of y ) and C is an arbitrary constant. 
It follows that there are ail infinite number of functions tc(x, y ) 
which satisfy the equation (41). They are all given by the formula 

J n* nv 

I P(x, y) dx + ! Q(x 0 , y) dy + C, 

and differ from each other only by the additive constant C. 
Consider; for example, the pair of functions 




x -f- my 


Q = 


y — mx 


x 2 + y 2 ' ** x 2 + if ' 

which satisfy the condition (43). Setting £ 0 =:0 and y 0 = 1, the 
formula for u gives 




whence, performing the indicated integrations, we find 
1 


« = 2 P og (** + + 

or, simplifying, 


r^~~ x 

arc tan - 

L V]n 


+ log y + C, 


1 x 

■ = - log(cc 2 + ?/) 4* m axe tan ~ + C . 
jL ' y 


is equivalent to tne tnree distinct equations 


(46) 





Calculating the three derivatives d^u/dxdy, d 2 u/dy dz, d 2 u/dzdx in 
two different ways, we find the three following equations as neces- 
sary conditions for the existence of the function u : 


(47) 


dp__da 2ii:_8P 

dy dx ’ dz dy’ dx dz 


■ Conversely, let us suppose these equations satisfied. Then, by the 
first, there exist an infinite number of functions u(x , y, z) whose 
partial derivatives with respect to x and y are equal to P and Q, 
respectively, and they are all given by the formula 

u — I P(x, y, z) dx + 

Jx 0 

where Z denotes an arbitrary function of z. In order that the deriva- 
tive du/dz should be equal to R, it is necessary and sufficient that 
the equation 

should be satisfied. Making use of the relations (47), which were 
assumed to hold, this condition reduces to the equation 

dZ 

R(x, y, z) - R(x 0 , y, z) + R(x 0 , y, s) —R(x 0 , y 0 , ■-) + = R ( x > V> z ) > 


/ 

^ Vn 


Q( x o> + 


or 


dZ 

dz 


R ( x o ; Vo) &) ’ 


It follows that an infinite number of functions v.(x , y, z) exist 
which satisfy the equation (45). They are all given by the formula 

J f* x nv P z 

P(x, y, z)dx+ / Q(x 0) y, z)dy+ I R(x 0 , y 0 , z) dz + C, 

K 0 *S!/ 0 *J Z 0 

where x 0 , y 0 , z 0 are three arbitrary numerical values, and C is an 
arbitrary constant. 



into the question and leads to new results. Let P(x } y) and Q(x, y) 
be two functions which, together with their first derivatives, are 
continuous in a region A bounded by a single closed contour C. 
It may happen that the region A embraces the whole plane, in 
which case the contour C would be supposed to have receded to 
infinity. The line integral 


/ 


P clx + Q dy 


taken along any path D which lies in A will depend in general upon 
the path of integration. Let us first try to find the conditions under 
which this integral depends only upon the coordinates of the extremi- 
ties (sc„, y 0 ) and (x 1} 7/ a ) of the path. Let M and N be any two points 
of region A, and let L and V be any two paths which connect these 
two points without intersecting each other between the extremities. 
Taken together they form a closed contour. In order that the values 
of the line integral taken along these two paths L and L ' should be 
equal, it is evidently necessary and sufficient that the integral taken 
around the closed contour formed by the two curves, proceeding 
always in the same sense, should be zero. Hence the question at 
issue is exactly equivalent to the following : What are the conditions 
under which the line integral 


f 


Pdx 4- Q dy 


taken around any closed contour whatever which lies in the region A 
should vanish ? 

The answer to this question is an immediate result of Green’s 
theorem : 

(49) I m pdx + a du = //(s ~ 10 dy> 


where C is any closed contour which lies in A, and where the double 
integral is to be extended over the whole interior of C. It is clear 
that if the functions P and Q satisfy the equation 

dP_dQ 
dy dx 3 


( 43 ') 


boundary of a would not be zero, by (49). 

If the condition (43') is identically satisfied, the values of the 
integral taken along two paths L and V between the same two 
points M and N are equal provided the two paths do not intersect 
between M and N. It is easy to see that the same thing is true 
even when the two paths intersect any number of times between M 
and N. For in that ease it would be necessary only to compare 
the values of the integral taken along the paths L and L' with its 
value taken along a third path L ,; , which intersects neither of the 
preceding except at M and N. 

Let us now suppose that one of the extremities of the path of 
integration is a fixed point (x 07 y 0 )> while the other extremity is a 
variable point (x, y ) of A. Then the integral 

J r* (x, y ) 

Pdx A- Q dy 

(•V v 0 ) 

taken along an arbitrary path depends only upon the coordinates 
(x, y) of the variable extremity. The partial derivatives of this 
function are precisely l\x , y) and Q(x, y). For example, we have 


F(x + Ax, y) = F(x, y) + 


(a’. V) 


{x + Ax, y) 


P(x, y)dx , 


for we may suppose that the path of integration goes from (x 0 , y 0 ) 
to (x, y), and then from (x, y) to (x + Ax, y) along a line parallel to 
the x axis, along which dy = 0. Applying the law of the mean, we 
may write 


F(x 4- Ax, y) — F(x, y) 

Ax 


= P(x + 0 Ax, ?/), 


O<0<1. 


Taking the limit when Ax approaches zero, this gives F x — P. 
Similarly, F y = Q. The line integral F(x, y)> therefore, satisfies the 
total differential equation (41), and the general integral of this 
equation is given by adding to F(x, y') an arbitrary constant. 

This new formula is more general than the formula (44) in that 
the path of integration is still arbitrary. It is easy to deduce (44) 
from the new form. To avoid ambiguity, let (x 0 , y 0 ) and (x 1; y t ) be 
the coordinates of the two extremities, and let the path of integra- 


-f-U r\ o-l- Tin i nfli +■ 1 ir 


A Inn or ffhp fnrmPr. 


O / 


which differs from (44) only in notation. 

But it might be more advantageous to consider another path of 
integration. Let x—f(t ), // = c/>(/) be the equations of a curve 
joining (a? 0 , ]/q) and (x lt y i ) ) and let t ho supposed to vary con- 
tinuously from tf () to t Y as the point (x, y) describes the curve 
between its two extremities. Then we shall have 


f I'd* + Qdy - f [J‘(x, y)f(l) + Q(*, ?/) </>'(<)] dt > 

'A'V V {) ) Jt Q 


where there remains but a single quadrature. If the path he 
a straight line, for example, we should set x = :r () 4- / (.r, — x (i ), 
y = y {) + — ?/„), and we should let t vary from 0 to 1 . 

Conversely, if a particular integral <I>(.r, y) of the equation (41) 
be known, the line integral is given by the formula 



Pdx + Qdy = <S>(x, y) - <I’(.r 0 , y„) 


which is analogous to the equation (G) of Chapter IY. 


153. Periods. More general cases may he investigated. In the 
first place, Green’s theorem applies to regions hounded by several 
contours. Let us consider for definiteness a region A hounded by 
an exterior contour C and two contours (P and 



Fig. 35 


C" which lie inside the first (Fig. 35). Let P 
and Q be two functions which, together with 
their first derivatives, are continuous in this 
region. (The regions inside the contours 6" 
and C" should not be considered as parts of 
the region A, and no hypothesis whatever is 


made regarding P and Q inside these regions.) 
Let the contours C' and C n be joined to the contour C by trans- 
versals ah and cd. We thus obtain a closed contour abvicdndrpbaqa , 
or F, which may be described at one stroke. Applying Green’s 


J pdx + Qdy = JJ {-£ ~ ~i]) dxdy > 

where the line integral is to be taken along the whole boundary of 
the region A, i.e. along the three contours C, C\ and C", in the senses 
indicated by the arrows, respectively, these being such that the 
region A always lies on the left. 

If the functions P and Q satisfy the relation dQ/dx — dP/dy in 
the region A , the double integral vanishes, and we may write the 
resulting relation in the form 

(51) I Pdx + Qdy = / Pdx A' Qdy - f f Pdx + Qdy, 

J(C) J(C') J(C'0 

where each of the line integrals is to be taken in the sense desig- 
nated above. 

Let us now return to the region A bounded by a single contour 
C , and let P and Q be two functions which satisfy the equation 
dP/dy = dQ/dx , and which, together with their first derivatives, are 
continuous except at a finite number 
of points of A, at which at least one of 
the functions P or Q is discontinuous. 

We shall suppose for definiteness that 
there are three points of discontinuity 
a , bj c in A. Let us surround each of 
these points by a small circle, and then 
join each of these circles to the contour 
C by a cross cut (Fig. 36). Then the 
integral j Pdx A- Qdy taken from a fixed 
point (:c 0 , y 0 ) to a variable point (x, y) 
along a curve which does not cross any 
of these cuts has a definite value at every point. For the contour C, 
the circles and the cuts form a single contour which may be described 
at one stroke, just as in the case discussed above. We shall call 
such a path direct , and shall denote the value of the line integral 
taken along it from M 0 (x 0 , y 0 ) to M(x, y) by F(x , y). 

We shall call the path composed of the straight line from M 0 to 
a point whose distance from a is infinitesimal, the circumference 
of the circle of radius acd about a : and the straight line <x'M 0 , a loop - 



functions P or Q is minute at the point u, but it is independent ol 
the radius of the circle. It is a certain constant d: A, the double 
sign corresponding to the two senses in which the circumference 
may be described. Similarly, we shall denote by ± B and ± C the 
values of the integral taken along loop-circuits drawn about the two 
singular points b and c, respectively. 

Any path whatever joining /l/ 0 and M may now Ik; reduced to a 
combination of loop-circuits followed by a direct path from AJ 0 to M. 
IT or example, the path may be reduced to a combination 

of the paths j\f 0 iU(lAf 0 , c/‘l/ () , and /I /„//!/. Tliti path 

M {) mdM {] may then be reduced to a loop-circuit about the singular 
point a , and similarly for the other two. Finally, tin; path A I iU fM 
is equivalent to a direct path. It follows that, whatever bo the path 
of integration, the value of the line integral will be of the form 


(52) F(x 9 y) = F(x } y) + m A + n B + pC, 

where m } n, and p may be any positive or negative integers. The 
quantities A, B, C are called the periods of the line integral. That 
integral is evidently a function of the variables x and y which 
admits of an infinite number of different determinations, and the 
origin of this indetermination is apparent. 


Remark. The function F(x, y) is a definitely defined function 
in the whole region A when the cuts aa, bfS, cy have been traced. 
But it should be noticed that the difference F(m) — F(m { ) between 
the values of the function at two points m and m' which lie oil 
opposite sides of a cut does not necessarily vanish. Tor we have 



which may be written 


But J” is zero j hence 


J r>m s*m' pn 

= / +A+ / 


F(m) — Ffyri 1 ) = A . 


It follows that the difference FQii) — T(?a r ) is constant and equal 

"hn A dll 0 1 All nr> rt mi, a * 1 * 1 IT II 1 . I? 


a single critical point, the origin. In order to find the corre- 
nding period, let us integrate along the circle x 2 + if = p 2 . 
mg this circle we have 

x = p cos a), y = p sin w, xdy — ye&c = 

mce the period is equal to f^du = 2tt. It is easy to verify 
i, for the integrand is the total differential of arc tan y/x. 


54. Common roots of two equations. Let X and Y be two functions of the 
Eibles x and y which, together with their first partial derivatives, are con- 
ous in a region A bounded by a single closed contour C. Then the expres- 
(XdY — YclX)/(X 2 -j- Y 2 ) satisfies the condition of integrability, for it is 
derivative of arc tan Y/X. Hence the line integral 


> 3 ) 


p 


XdY - YdX 
X 2 H- r 2 


n along the contour C in the positive sense vanishes provided the coeffi- 
ts of dx and dy in the integrand remain continuous inside 0, i.e. if the two 
es X = 0, T = 0 have no common point inside that contour. But if these 
curves have a certain number of common points a, 6, c, • • • inside (7, the value 
le integral will be equal to the sum of the values of the same integral taken 
g the circumferences of small circles described about the points a, 5, c, • • • as 
ers. Let (a, (3) be the coordinates of one of the common points. We shall 
lose that the functional determinant JD(X, Y)/T>{x , y ) is not zero, i.e. that 
:wo curves X = 0 and Y= 0 are not tangent at the point. Then it is pos- 
; to draw about the point ( a , (3 ) as center a circle c whose radius is so small 
the point (X, Y) describes a small plane region about the point (0, 0) 
jh is hounded by a contour y and which corresponds point for point to the 
e c (§§25 and 127). 

.s the point (sc, y) describes the circumference of the circle c in the positive 
e, the point (X, Y) describes the contour y in the positive or in the negative 
e, according as the sign of the functional determinant inside the circle c is 
Avq or negative. But the definite integral along the circumference of c is 
\ to the change in arc tan Y/X in one revolution, that is, ± 27f. Similar 
ming for all of the roots shows that 


,4) 


f- 


XdY~ YdX 


X 2 + Y 2 


: 2tf(P - N ) , 


re P denotes the number of points common to the two curves at which 
Y) /.D(sc, y) is positive, and N the number of common points at which the 


elementary operations (§ 77). Moreover, whatever be the Junctions A and Y , 
we can always evaluate the definite integral (e l) approximately, with an error 
less than 7 T, which is all that is necessary, since the right-hand side is always a 
multiple of 2 n. 

The formula (54) does not give the exact number of points common to the 
two curves unless the functional determinant lias a constant sign inside of (J. 
Picard’s recent work has completed the results of this investigation.* 


155. Generalization of the preceding. Thu results of the preceding paragraphs 
may be extended without essential alteration to line integrals in spare. Let P, 
Q, and 11 be three functions which, together with their lirst partial derival ive.s, 
are continuous in a region (E) of space bounded by a single closed surface 8. 
Let us seek first to determine the conditions under which the line integral 


(55) 


U 


J * O'. ?/, --) 

V dx -|- Q dy H- 11 dz 

o„. ?/„, ~„) 


depends only upon the extremities (ir,„, ?/ () , z {) ) and (x, ?/, z) of the path of inte- 
gration. This amounts to inquiring under what conditions the same integral 
vanishes when taken along any closed path V. But by Stokes’ theorem (§ 150) 
the above line integral is equal to the surface integral 


ff&~W dxdv + (S - l!) dvih + G* - S) ,lzdx 


extended over a surface 2 which is bounded by the contour V. In order that 
this surface integral should be zero, it is evidently necessary and sufficient that 
the equations 

( 56 ) oH_dP 

dy dx dz dy dx dz 


should be satisfied. If these conditions are satisfied, U is a function of the vari- 
ables x, y, and z whose total differential is .P dx -f Q dy + R dz , and which is single 
valued in the region (E). In order to find the value of U at any point, the path 
of integration may be chosen arbitrarily. 

If the functions P, Q, and R satisfy the equations (60), but at least one of 
them becomes infinite at all the points of one or more curves in (E), results 
analogous to those of § 153 may be derived. 

If, for example, one of the functions P, Q, R becomes infinite at all the points 
of a closed curve 7 , the integral U will admit a period equal to the value of the 
line integral taken along a closed contour which pierces ouce and only once a 
surface <j bounded by 7 . 

We may also consider questions relating to surface integrals which are exactly 
analogous to the questions proposed above for line integrals, Let A, P, and C 
be three functions which, together with their first partial derivatives, are 


* Traitc d’Analyw, Vol. II. 



surface integral 

>7) 1= ff Ady dz + Bdzdx + C dxdy 


mds in general upon the surface 2 as well as upon the contour r. In order 
the integral should depend only upon r, it is evidently necessary and suffi- 
t that its value when taken over any closed surface in (E) should vanish, 
m’s theorem (§ 140) gives at once the conditions under which this is true, 
we know that the given double integral extended over any closed surface is 
il to the triple integral 



oy dz J 


dx dy dz 


nded throughout the region hounded by the surface. In order that this latter 
;ral should vanish for any region inside (E), it is evidently necessary that the 
itions A , 7i, and C should satisfy the equation 


> 8 ) 



SB + dC_ 
dy dz 


= 0 . 


i condition is also sufficient. 

tokes’ theorem affords an easy verification of this fact. For if A, 7?, and G 
three functions which satisfy the equation (58), it is always possible to deter- 
3 in an infinite number of ways three other functions P, Q, and R such that 


dy dz dz dx dx dy 

i the first place, if these equations admit solutions, they admit an infinite 
iber, for they remain unchanged if P, Q, and R be replaced by 


P 




R + 


ax 

dz * 


ectively, where X is an arbitrary function of x, y, and z. Again, setting 
0, the first two of equations (59) give 

P = f *B(x, y, z) dz + 0(x, y ) , Q = - f h(x, y, z)dz + *(x, y), 

Jz 0 Jz 0 

re 0(x, y) and 0(x, y) are arbitrary functions of x and y. Substituting these 
es in the last of equations (59), we find 


-i: ( 


?A + °l) dz + d -±- S -t = C{x, y, z), 


dx dy ] 


dx dy 


naking use of (58), 


— - — = C(x, y, z 0 ) . 
dx dy 


of the functions 0 or 0 may still be chosen at random. 

'Uo fnnnti’mic p n and R havimr been determined, the surface integral, by 


exercises 


1. Find the value of the triple integral 

C f f [5 (x - vY + dx dy dz 

w. <>« ■*« »< i»“ " 11 

x i + y i-az< 0, *3 + y 2 + z 2 -2a 2 < 0- 

[.Licence, Montpellier, 1896.] 

o Find the area of the surface 

a 2 l> 2 (x 2 + 1/ 2 )* 

X 2 + ,y2 + Z 2 - - a2a .2 + {,2j / 2'“’ 

and the volume of the solid hounded hy the same surface. 

3. Investigate the properties of the function 

F(X, X z) ‘ |a! 

M . t— i.n .. x, X 1 z. g— u» »< . 

4. W , to ,.1„. <* *• J»«i« °< >»* ““ W 

(a;2 + 3,2 + 2 2)8 _ 3a’x2/z 

■which lies in the first octant. 

5. Reduce to a simple integral the multiple integral 

JJ. Jxf' + *2 + • ’ - + x ”> dxidX2 ' ' ' dXn 

extended throughout the domain D defined hy the inequalities 

„ . n</r ... 0<x ni X 1 - 1 -X 2 + -'- +^- a * 

0 < Xi, 0<x 2 , j “ ’ 

[Proceed as in § 148.] 

6 . Reduce to a simple integral the multiple integral 

ff. . ./«•• ■ c{ (I)*' + " ' + (sT] tod " " ' 

lteOT8 u»« «» B <““ a 1,1 

/ \ / <* 


0 < X \ , 0 ^ j 


0 ^ x», 


MV*, . . + /i^Y ” < : 

U) + w = 



8 * Derive the formula 


X 7T p 2ir ' p + 1 

dOJ F(a cos 6 -f b sin 0 cos 0 -+■ c sin <9 sin <p)sin Qd<p = 2tc J F(uR)du , 

where a, 6 , and c are three arbitrary constants, and where R = Vo 2 -j- i > 2 + c 2 . 

[Poisson.] 

[First observe that the given double integral is equal to a certain surface inte- 
gral taken over the surface of the sphere x 2 -f y 2 -f- z 2 = 1 . Then take the plane 
ax -b by + cz = 0 as the plane of xy in a new system of coordinates.] 


9*. Let p = F(0, (p) be the equation in polar coordinates of a closed surface. 
Show that the volume of the solid bounded by the surface is equal to the double 
integral 


(or) 


| y J * p cos 7 do- 


extended over the whole surface, where da- represents the element of area, and y 
the angle whicli the radius vector makes with the exterior normal. 


10*. Let us consider an ellipsoid whose equation is 

& + . * 2 =1 
p 2 p 2 - b 2 p 2 - c 2 ’ 

and let us define the positions of any point on its surface by the elliptic coordi- 
nates v and p, that is, by the roots which the above equation would have if p 
were regarded as unknown (cf. § 147). The application of the formulae (29) to 
the volume of this ellipsoid leads to the equation 


K c 


V ( fr 2 - p 2 ){? 2 - b 2 ) 

Likewise, the formula (or) gives 

(v 2 - P 2 )dv 


= i „ 2(c * _ &2) . 

b 


f d P f —= 
Jo J b V(5 2 - 


p2)(c 2 ~ P 2 )(P 2 - & 2 )(C 2 - V 2 ) 


[Lame.] 


11. Determine the functions P(x, y) and Q(sc, y) which, together with their 
partial derivatives, are continuous, and for which the line integral 

J P(x + a, y 4- jS) dx + Q(x + <z, y + (3) dy 

taken along any closed contour whatever is independent of the constants a and 

R n,nr\ HAnfinrls rvnlv rmrvn fchA nnntnur itflplf. 



J y = <t>(x y', z'), 
l z = f(x', y\ z'). 

As the point (x', y', z f ) describes a surface S', the point (x, y, z) describes a sur- 
face S. Let a, /3, 7 be the direction angles of the normal to S ; a /3', 7 ' the 
direction angles of the corresponding normal to the surface S'; and da and da' 
the corresponding surface elements of the two surfaces. Prove the formula 


COS 7 dcr = i da-' 


D{x, V ) 
JD(y% z') 


cos cx' + 


•Dfo, y) 

D{z', x') 


COS jS' 4- 


•Pfo, v) 

n(x', y') 


cos 7 




13*. Derive the formula (16) on page 304 directly. 

[The volume V may be expressed by the surface integral 

V — f z cos 7 da, ' 

J(S) 

and we may then make use of the identity 

m+ dH B -L L »> } + i_ LPJA Jll + ±L Mil l , 

D(x', y', z') dxf ( D(y z ') ) dy'( D{z\ x') ) dz'\ D(x', y') ) 


which is easily verified.] 



CHAPTER VIII 


INFINITE SERIES 

I. SERIES OF REAL CONSTANT TERMS 
GENERAL PROPERTIES TESTS FOR CONVERGENCE 

156. Definitions and general principles. Sequences. The elementary 
properties of series are discussed in all texts on College Algebra 
and on Elementary Calculus. We shall review rapidly the principal 
points of these elementary discussions. 

First of all, let us consider an infinite sequence of quantities 

( 1 ) s 0t s lj $2; *“ 

in which each quantity has a definite place, the order of precedence 
being fixed. Such a sequence is said to be convergent if s n approaches 
a limit as the index n becomes infinite. Every sequence which is 
not convergent is said to be divergent. This may happen in either 
of two ways : s n may finally become and remain larger than any 
preassigned quantity, or s n may approach no limit even though it 
does not become infinite. 

In order that a sequence should be convergent , it is necessary and 
sufficient that , corresponding to any preassigned positive number e, a 
positive integer n should exist such that the difference s n+p — s n is 
less than e in absolute value for any positive integer p. 

In the first place, the condition is necessary. For if s n approaches 
a limit s as n becomes infinite, a number n always exists for which 
each of the differences s — - s n} s — s n+1 , • • •, s — s n+v , • • • is less than 
e/2 in absolute value. It follows that the absolute value of s n+7 , — s n 
will be less than 2 e/2 == e for any value of p. 

In order to prove the converse, we shall introduce a very impor- 
tant idea due to Cauchy. Suppose that the absolute value of each 
of the terms of the sequence (1) is less than a positive number N. 
Then all the numbers between — N and + N may be separated into 
twcr classes as follows. We shall say that a number belongs to the 

p.lasA A if fhprA Avish A.n infinifiA mi mb at* of terms of the sftmifinfifi HI 
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the class B if there are only a finite number of terms of the 
sequence (1) which are greater than the given number. It is 
evident that every number between — N and + N belongs to one 
of the two classes, and that every number of the class A is loss 
than any number of the class B. Let £ be the upper limit of the 
numbers of the class A , which is obviously the same as the lower 
limit of the numbers of the class B . Cauchy called this number the 
greatest limit (la plus grande des limites ) of the terms of the 
sequence (1).* This number S should be carefully distinguished’ 
from the upper limit of the terms of the sequence (1) (§ G8). For 
instance, for the sequence 

.11 1 

2’ S’ n 

the upper limit of the terms of the sequence is 1, while the greatest 
limit is 0. 

The name given by Cauchy is readily justified. There always 
exist an infinite number of terms of the sequence (1) which lie 
between S — c and S + e, however small e be chosen. Let us then 
consider a decreasing sequence of positive numbers € 1} c 2 , 
c„, •••, where the general term e n approaches zero. To each num- 
ber ej of the sequence let us assign a number a { of the sequence (1) 
which lies between S — e,- and £ 4- e*. We shall thus obtain a 
suite of numbers ct u a 2 , • • •, a n , ••• belonging to the sequence (1) 
which approach S as their limit. On the other hand, it is clear 
from the very definition of S that no partial sequence of the kind just 
mentioned can be picked out of the sequence (1) which approaches 
a limit greater than S. Whenever the sequence is convergent its 
limit is evidently the number S itself. 

Let us now suppose that the difference s n+p — s n of two terms of 
the sequence (1) can be made smaller than any positive number € 
for any value of p by a proper choice of n. Then all the terms of 
the sequence past s n lie between s n — e and s n + e. Let S be the 
greatest limit of the terms of the sequence. By the reasoning just 
given it is possible to pick a partial sequence out of the sequence (1) 
which approaches S as its limit. Since each term of the partial 
sequence, after a certain one, lies between s n — e and s n ~f e, it is 


let s m be any term or the sequence (1) whose index ni is greater 
than n . Then we may write 

S m ~ S ~ ( S m — S n) 4- (s n — S), 

and the value of the right-hand side is surely less than 2e. Since e 
is an arbitrarily preassigned positive number, it follows that the 
general term s m approaches S as its limit as the index m increases 
indefinitely. 

Note. If S is the greatest limit of the terms of the sequence (1), 
every number greater than S belongs to the class B , and every num- 
ber less than S belongs to the class A. The number S itself may 
belong to either class. 

157. Passage from sequences to series, Given any infinite sequence 

7^0; ^1? ^2 j * ‘ '} *■'? 

the series formed from the terms of this sequence, 

(2) u 0 -J- 4- ^2 • ■ * + u n + • • 

is said to be convergent if the sequence of the successive sums 
S 0 = w-o, S 1 = u Q + u u • • •, S n = u 0 4- u x -f 1- u n , 

is convergent. Let S be the limit of the latter sequence, i.e. the 
limit which the sum S n approaches as n increases indefinitely: 

v—n 

S = lim S n = lim * 

lls=a? n=ao 

Then S is called the sum of the preceding series , and this relation is 
indicated by writing the symbolic equation 

-}-oo 

$ k,q 4* 4" * ’ * 4” u n 4" * * * = ^ U v * 

A series which is not convergent is said to be divergent . 

It is evident that the problem of determining whether the series 
is convergent or divergent is equivalent to the problem of determin- 
ing whether the sequence of the successive sums S 0 , S u S 2) ••• is 
convergent or divergent. Conversely, the sequence 

SQy ^l? '? S n1 



sequence. We shall apply this remark frequently. 

The series (2) converges or diverges with the series 

(3) u v + u p+l -f f u p+q -1 , 

obtained by omitting the first p terms of (2). For, if S H (n > p) 
denote the sum of the first n + l terms of the series (2), and 
the sum of the n — p + 1 first terms of the series (3), i.e. 

X-p = iip + u P + i + '- m + u ni 

the difference S n — = v 0 + u x -f h u 2t -i is independent of n. 

Hence the sum 2 W _ ;) approaches a limit if S n approaches a limit, 
and conversely. It follows that in determining whether the series 
converges or diverges we may neglect as many of the terms at the 
beginning of a series as we wish. 

Let S be the sum of a convergent series, S u the sum of the first 
n -f 1 terms, and 11 n the sum of the series obtained by omitting the 
first n + 1 terms, 

H?i “ 4- 2 *f~ ’ ‘ * “1“ ^n+p “f" ' * *• 

It is evident that we shall always have 

S=S n + R n . 

It is not possible, in general, to find the snm S of a convergent 
series. If we take the sum S of the first n + 1 terms as an approxi- 
mate value of S f the error made is equal to R n . Since S n approaches 
S as n becomes infinite, the error R n approaches zero, and hence the 
number of terms may always be taken so large — at least theoret- 
ically — that the error made in replacing S by S n is less than any 
preassigned number. In order to have an idea of the degree of 
approximation obtained, it is sufficient to know an upper limit 
of li n . It is evident that the only series which lend themselves 
readily to numerical calculation in practice are those for which 
the remainder JR n approaches zero rather rapidly. 

A number of properties result directly from the definition of con- 
vergence. W r e shall content ourselves with stating a few of them. 

1) If each of the terms of a given series be multiplied by a constant 
h different from zero , the new series obtained ivill converge or diverge 

4- n mi./ini f.-j-ii £> • n-F din/ill />£> nrwinstrvn nc- 4n n c*nt' m C 1 4 7i n nmnn.-. 


whose sums are and y, respectively , the neiv series obtained by 
adding the given series term by term , namely, 

Oo + ? -’o) + C'h 4- Vj) 4- * • • 4- («„ 4- v M ) 4- • • • > 
converges , dmeZ tVs .wwi {5 5 4- *S". The analogous theorem holds for 
the term-by-term addition of p convergent series. 

3) The convergence or divergence of a series is not affected if the 
values of a finite number of the terms be changed . Tor such a change 
would merely increase or decrease all of the sums S n after a certain 
one by a constant amount. 

4) The test for convergence of any infinite sequence, applied to 
series, gives Cauchy’s general test for convergence : # 

In order that a series be convergent it is necessary and sufficient 
that , corresponding to any preassigned positive number e, an integer 
n should exist , such that the sum of any number of terms what- 
ever , starting with u n+1) is less than e in absolute value. Tor 
^n + p S n = U n + 1 4- 'U 7 i + 2 H f- 

In particular , the general term « B+1 = 5 n+l — S n must approach 
zero as n becomes infinite. 

Cauchy’s test is absolutely general, but it is often difficult to 
apply it in practice. It is essentially a development of the very 
notion of a limit. We shall proceed to recall the practical rules most 
frequently used for testing series for convergence and divergence. 
Hone of these rules can be applied in all cases, but together they 
suffice for the treatment of the majority of cases which actually arise. 

158. Series of positive terms. We shall commence by investigating 
a very important class of series, — those whose terms are all posi- 
tive. In such a series the sum S n increases with n. Hence in 
order that the series converge it is sufficient that the sum S n should 
remain less than some fixed number for all values of n. The most 
general test for the convergence of such a series is based upon com- 
parisons of the given series with others previously studied. The 
following propositions are fundamental for this process : 


Exercices de Mathematiques, 1627. ( Collected Works , Vol. VII, 2d series, p. 267.) 



than or at most equal to the corresponding term of a known convergent 
series of positive terms, the given ser ies is convergent . For the sum 
S /t of the first n terms of the given series is evidently less than the 
sum S’ of the second series. Hence S u approaches a limit S which 
is less than S'. 

2) If each of the terms of a given scries of positive terms is greater 
than or equal to the corresponding term of a known divergent series 
of positive terms , the given series diverges. For the sum of the first 
n terms of the given series is not less than the sum of the first 
n terms of the second series, and hence it increases indefinitely 
with n. 

We may compare two series also by means of the following 
lemma. Let 

( U ) + b H > 

(F) ^ 0 + v i + v 2 \~v n 4 

be two series of positive terms. If the series ( U ) converges, and if, 
after a certain term, ive always have v H+l /v n S u H +i/ u n) the series (F) 
also converges . If the series ([/) diverges , and if after a certain 
term , lue always have u n ^ l /u n <v n ^ l /v n , the series (F) also diverges. 

In order to prove the first statement, let us suppose that 
v n+l /v n <it n+ i/u n whenever n>p . Since the convergence of a 
series is not affected by multiplying each term hy the same con- 
stant, and since the ratio of two consecutive terms also remains 
unchanged, we may suppose that v p < u p , and it is evident that we 
should have v I)+1 ^u 1)+17 v 1) + 2 = u 1 >+ 2 } etc. Hence the series (F) 
must converge. The proof of the second statement is similar. 

Given a series of positive terms which is known to converge or 
to diverge, we may make use of either set of propositions in order 
to determine in a given case whether a second series of positive 
terms converges or diverges. For we may compare the terms of 
the two series themselves, or we may compare the ratios of two 
consecutive terms. 

159. Cauchy’s test and d’Alembert’s test. The simplest series which 
can be used for purposes of comparison is a geometrical progression 


stantly (jreater than unity , the scries diverges. 

For in the first case V u n < k < 1, whence u n < k n . Hence each 
of the terms of the series after a certain one is less than the corre- 
sponding term of a certain geometrical progression whose ratio is 
less than unity. In the second case, on the other hand, ■>/«„> 1, 
whence u n > 1. Hence in this case the general term does not 
approach zero. 

This test is applicable whenever l fu n approaches a limit. In 
fact, the following proposition may be stated : 

If ~s/u n approaches a limit l as n becomes infinite , the series will 
converge if l is less than unity , and it will diverge if l is greater than 
unity. 

A do'ubt remains if l == 1, except ivhen remains greater than 
unity as it approaches unity , in which case the series surely diverges . 

Comparing the ratio of two consecutive terms of a given series 
of positive terms with the ratio of two consecutive terms of a 
geometrical progression, we obtain cF Alembert’s test: 

If in a give?i series of positive terms the ratio of any term to the 
preceding after a certain term remains less than a fixed number 
less than unity , the series converges. If that ratio after a certain 
term remains greater than unity, the series diverges. 

From this theorem we may deduce the following corollary: 

If the ratio u n+1 /u n approaches a limit l as n becomes infinite , the 
series converges if K 1, and diverges if l > 1. 

The only doubtful case is that in which l = 1 ; even then , if u n+x /u n 
remains greater than unity as it approaches unity , the series is divergent. 

General commentary. Cauchy’s test is more general than d’Alembert’s. For 
suppose that the terms of a given series, after a certain one, are each less than 
the corresponding terms of a decreasing geometrical progression, i.e. that the 
general term u n is less than Ar n for all values of n greater than a fixed integer p, 
where A is a certain constant and r is iess than unity. Hence Vu n < rvl 1 /”, and 
the second member of this inequality approaches unity as n becomes infinite. 
Hence, denoting by A; a fixed number between r and 1, we shall have after a cer- 
tain term Vu n < k. Hence Cauchy’s test is applicable iu any such case. But it 
may happen that the ratio u n + i/u n assumes values greater than unity, however 
far out in the series we may go. For example, consider the series 
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whereas the ratio 

u nA . i _ 4 sin(?i + 1)cf 
u n sin ? nr 

may assume, in general, an infinite number of values greater than unity as n 
increases indefinitely. 

Nevertheless, it is advantageous to retain d’Alembert’s test, for it is more 
convenient in many cases. For instance, for the series 


11.21. 


• + 


x n 


1 . 2 - 


* + ■ 


the ratio of any term to the preceding is x/(?t +1), wliicli approaclies zero as n 
becomes infinite ; whereas some consideration is necessary to determine inde- 
pendently what happens to = xj v/1 . 2 • • • n as n becomes infinite. 

After we have shown by the application of one of the preceding tests that each 
of the terms of a given series is less than the corresponding term of a decreasing 
geometrical progression A, Ar , A?’ 2 , ♦ • Ar n , • • •, it is easy to find an upper 
limit of the error made when the sum of the first m terms is taken in place of 
the sum of the series. For this error is certainly less than the sum of the 
geometrical progression 

Ar m 

Jl r m _|_ ^ -j- A?'” 1 "** 2 -j- . . . ~ 

1 — r 

When each of the two expressions and u n + i/u n approaches a limit, the 
two limits are necessarily the same. For, let us consider the auxiliary series 

(4) u 0 + ui x 4- ^ 2 »‘ 2 H + u n x n + • • • , 

where x is positive. In this series the ratio of any term to the preceding 
approaches the limit lx , where l is the limit of the ratio u n+ i/u n . Hence the 
series (4) converges when x < 1/7, and diverges when x>l/7. Denoting the 
limit of -\/u H by the expression ^/u n x n also approaches a limit £'x, and 
the series (4) converges if x < 1 /£', and diverges if x > 1/V. In order that the 
two tests should not give contradictory results, it is evidently necessary that l 
and V should be equal. If, for instance, l were greater than V, the series (4) would 
be convergent, by Cauchy’s test, for any number x between l/l and 1 fl\ whereas 
the same series, for the same value of x, would be divergent by d’Alembert’s test. 

Still more generally, if u n + i/Un approaches a limit £, Vu n approaches the same 
limit.* For suppose that, after a certain term, each of the ratios 


+ 1 1l,i + 2 Wn 4- p 

Uji Un+l %i+p~ 1 

lies between l — e and l -f e, where e is a positive number which may be taken 
as small as we please by taking n sufficiently large. Then we shall have 


or 


U- e )v < }^±J’ < a + e )P, 

Un 


respectively. Hence for all values of m greater than a suitably chosen number 
we shall have 

l - 2e < < l 4- 2e, 

and, since e is an arbitrarily assigned number, it follows that Vuf t approaches 
the number l as its limit. 

It should be noted that the converse is not true. Consider, for example, the 
sequence 

1, a, ah, a 2 b, a 2 6 2 , • • o n 6 n , •••, 

where a and b are two different numbers. The ratio of any term to the preced- 
ing is alternately a and 6, whereas the expression approaches the limit Va& 
as n becomes infinite. 

The preceding proposition may be employed to determine the limits of cer- 
tain expressions which occur in undetermined forms. Thus it is evident that 
the expression -v'T 2 • • • n increases indefinitely with n, since the ratio n \/(n —1) ! 
increases indefinitely with n. In a similar manner it may be shown that each of 
the expressions -Vn and Vlogn approaches the limit unity as n becomes infinite. 

160. Application of the greatest limit. Cauchy formulated the preceding test 
in a more general manner. Let a n be the general term of a series of positive 
terms. Consider the sequence 

ii i 

(5) di , fig , fty , ■ • • , cl 7 [ , 

If the terms of this sequence have no upper limit, the general term a n will not 
approach zero, and the given series will be divergent. If all the terms of the 
sequence (5) are less than a fixed number, let to be the greatest limit of the terms 
of the sequence. 

The series 2a n is convergent if a > is less than unity , and divergent if w is greater 
than unity . 

In order to prove the first part of the theorem, let 1 — a be a number between 
co and 1. Then, by the definition of the greatest limit, there exist but a finite 
number of terms of the sequence (5) which are greater than l — a. It follows 
that a positive integer p may be found such that -Va n < 1 — a for all values of n 
greater than p. Hence the series 2a„ converges. On the other hand, if w > 1, 
let 1 + a he a number betweeu 1 and w. Then there are an infinite number of 
terms of the sequence (5) which are greater than 1 -f or, and hence there are an 
infinite number of values of n for which a n is greater than unity. It follows that 
the series 2 a n is divergent in this case. The case in which w = 1 remains in doubt. 

161. Cauchy’s theorem. In case u n+l /u n and y/u^ both approach 
unity without remaining constantly greater than unity, neither 
d’Alembert’s test nor Cauchy’s test enables us to decide whether 
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divergent when the preceding rules fail. 

Let 4>(x) be a function which is positive for values of x greater 
than a certain number a , and which constantly decreases as x 
increases past x = a, approaching zero as x increases indefinitely. 
Then the x axis is an asymptote to the curve y = and the 
definite integral 

<£(cc) dx 

may or may not approach a finite limit as l increases indefinitely. 
The series 



(6) (a 4* 1) + • h <j>(a + n) 4 

converges if the preceding integral approaches a limits and diverges if 
it does not. 


For, let us consider the set of rectangles whose bases are each 
unity and whose altitudes are <£(&), c p(a +1), *••, 4>(a + ?i), respec- 
tively. Since each of these rectangles extends beyond the curve 
y — <£(#), the sum of their areas is evidently greater than the area 
between the x axis, the curve y—cj>(x), and the two ordinates x = a, 
x = a + n } that is, 


4- <£(& 4*1) 4 b 4- n 



tt+?i 

cj) ( x ) dx . 


On the other hand, if we consider the rectangles constructed 
inside the curve, with a common base equal to unity and with the 
altitudes <j>(a 4-1), <£>(& 4 - 2), • • •, <f>(a 4- n), respectively, the sum of 
the areas of these rectangles is evidently less than the area under 
the curve, and we may write 


4 >(<0 + K a + 1 ) 4* • • • + 4>(* 4- n) < 



a + » 

4>(x) dx. 


Hence, if the integral approaches a limit L as l increases 

indefinitely, the sum <£(a) 4 b<£(& + n ) always remains less than 

It follows that the sum in question approaches a limit; 
hence the series (6) is convergent. On the other hand, if the inte- 
gral ^ o+ "<£( a 0 dx increases beyond all limit as n increases indefinitely, 
the same is true of the sum 


is positive ana a =1. 1ms Junction satishes all the requirements 
of the theorem, and the integral /^[1/x^clx approaches a limit as 
l increases indefinitely if and only if ^ is greater than unity. It 
follows that the series 

i+i + i + ... + i + ... 

converges if fx is greater than unity, and diverges if /x < 1. 

Again, consider the function <j>(x) = l/[x(lo ga?)"], where log# 
denotes the natural logarithm, fx is a positive number, and a = 2. 
Then, if /x 1, we shall have 

The second member approaches a limit if [x > 1, and increases 
indefinitely with n if fx < 1. In the particular case when /x = 1 it 
is easy to show in a similar manner that the integral increases 
beyond all limit. Hence the series 

1 + i + •••+ - + ... 

2 (log 2f 3(log 3/ T «(log «)** 

converges if fx > 1, and diverges if fx 51. 

More generally the series whose general term is 

1 

# log # log 2 n log 8 n • • • log 2 '" 1 #(log 23 ny 

converges if \x > 1, and diverges if \x <1. In this expression log 2 # 
denotes log log#, log 3 # denotes log log log #, etc. It is understood, 
of course, that the integer n is given only values so large that 
log#, log 2 #, log 8 #, •’•, log 23 # are positive. The missing terms in 
the series considered are then to be supplied by zeros. The 
theorem may be proved easily in a manner similar to the demon- 
strations given above. If, for instance, /x =£ 1, the function 

1 

X log x log 2 # • • • (log 23 xy 

is the derivative of (log 23 — /x), and this latter function 

a/rmroa.eh p.s a. finite limit, if a, rid onlv if u. ^>1. 



that the function <£(x) satisfies the conditions imposed above, and let us con- 
sider the sum \ 

<p(n) 4 4 1) 4 • • * 4 <!>(n 4 p) » 

where n and p are two integers which are to be allowed to become infinite. If the 
series whose general term is <p(n) is convergent, the preceding sum approaches 
zero as a limit, since it is the difference between the two sums S„ + ?J+ i and S n , 
each of which approaches the sum of the series. Hut if this series is divergent, 
nd conclusion can he drawn. Returning to the geometrical interpretation given 
above, we find the double inequality 

j on + p pn + p 

<}>(x) dx < <p(n) 4- 0(n 4 1) 4 • • • 4 4>(n 4 p) < <p{n )> 4 I </>(&) dx - 

n Jn 

Since approaches zero as n becomes infinite, it is evident that the limit of 
the sum in question is the same as that of the definite integral f” + ,, (p(x)dx 1 
and this depends upon the manner in which n and p become infinite. 

For example, the limit of the sum 



n 


1 

n 4 1 


-f 4 


1 

n + p 


is the same as that of the definite integral f* +v [1/a;] dx = log(l 4 p/n). It is 
clear that this integral approaches a limit if and only if the ratio p/n approaches a 
limit. If a is the limit of this ratio, the preceding sum approaches log(l 4 a) 
as its limit, as we have already seen in § 49. 

Finally, the limit of the sum 


Vn Vn 4 1 Vn4jp 

is the same as that of tlie definite integral 


f 


— 2 (Vn 4 V — Vn). 
Vx 


In order that this expression should approach a limit, it is necessary that the 
ratio p/Vn should ajiproach a limit a. Then the preceding expression may be 
written in the form 

P 


V 


Vn 4 P 4 Vn 


: — 2 - 


Vn 


14 




and it is evident that the limit of this expression is a. 


162. Logarithmic, criteria. Taking the series 


greater man a, jixea mnnuer which is greater man unity , the scries 
converges. If after a certain term log (l/u n )/ log n is always less 
than unity , the series diverges. 

If log (1. Juf / log n approaches a limit l as n increases indefinitely , 
the series converges if 1>1, and diverges if l< 1. The case in 
which 1 = 1 remains in doubt. 


In order to prove the first part of the theorem, we will remark 
that the inequality 

1 

log — > h log n 

U n 

is equivalent to the inequality 

1 ^ 1 
— > n L or u n < —r ; 
u n n L 

since 7c > 1, the series surely converges. 

Likewise, if 

log — < logn, 

U n 

we shall have u n > 1 /n, whence the series surely diverges. 

This test enables us to determine whether a given series con- 
verges or diverges whenever the terms of the series, after a certain 
one, are each less, respectively, than the corresponding terms of 
the series 

± + ± + ... + ± + ... 

^ S 2T ^ 3 


where A is a constant factor and y > 1. Lor, if 


A 


u n <~iz> 

n n* 


we shall have log u n + y log n < log A or 


i 1 

Tog^ > ^ 


log A 
log n 


and the right-hand side approaches the limit /x as n increases 
indefinitely. If K denotes a number between unity and /a, we 
shall have, after a certain term, 


1 


«.(log nf } 


I 


1 

n log n (log 2 iif ’ 


as comparison series, we obtain an infinite suite of tests for con- 
vergence which may be obtained mechanically from the preceding 
by replacing the expression log(l/7^)/log?i by log[l/(n/£ n )]/log 2 n, 
then by 

log y 

nu n log n 

log 8 n 


and so forth., in the statement of the preceding tests.* These tests 
apply in more and more general cases. Indeed, it is easy to show 
that if the convergence or divergence of a series can be established 
by means of any one of them, the same will be true of any of those 
which follow. It may happen that no matter how far we proceed 
with these trial tests, no one of them will enable us to determine 
whether the series converges or diverges. Du Pois-Reymond f and 
Pringsheim t have in fact actually given examples of both convergent 
and divergent series for which none of these logarithmic tests deter- 
mines whether the series converge or diverge. This result is of great 
theoretical importance, hut convergent series of this type evidently 
converge very slowly, and it scarcely appears possible that they 
should ever have any practical application whatever in problems 
which involve numerical calculation^ 


163. Raabe’s or DuhamePs test. Retaining the same comparison 
series, but comparing the ratios of two consecutive terms instead 
of comparing the terms themselves, we are led to new tests which 
are, to be sure, less general than the preceding, but which are 
often easier to apply in practice. For example, consider the series 
of positive .terms 

(7) ^^ 0 + -f u 2 H hwj , 


* See Bertrand, Traite cle Calcul differ entiel et integral , Vol. I, p. 23S; Journal 
de Liouville , 1st series, Vol. VII, p. 35. 

t Ueber Convergenz von Reihen . . . ( Crelle’s Journal , Vol. LXXVI, p. 85, 1873). 
t AUgemeine TheoHe der Divergenz . . . ( Mathemalische Annalen, Vol. XXXV, 
1890). 


less than unity. Then we may write 

!hi±i == _ L_, 

u n 1 + (X n 

where a n approaches zero as n becomes infinite. The comparison of 
this ratio with [n/(n + 1)]' 4 leads to the following rule, discovered 
first by Kaabe* and then by Duhamel.f 

If after a certain term the product n<x n is always greater than a 
fixed number which is greater than unity , the series converges. If 
after a certain term the same product is always less than unity , the 
series diverges. 

The second part of the theorem follows immediately. For, since 
na H < 1 after a certain term, it follows that 


1 ■> 

1 +a n n+l’ 


and the ratio n n + 1 /u n is greater than the ratio of two consecutive 
terms of the harmonic series. Hence the series diverges. 

In order to prove the first part, let us suppose that after a certain 
term we always have na n > Jc > 1. Let p be a number which lies 
between 1 and 7c, l</x< k. Then the series surely converges if 
after a certain term the ratio u n + l /u tl is less than the ratio 
[71/(71+1)]** of two consecutive terms of the series whose general 
term is n~ ,x . The necessary condition that this should be true 
is that 


( 8 ) 


1 

1 + a n 


< 


1 



J 


or, developing (1 + 1 fi£f' by Taylor’s theorem limited to the term 
in 1 /?i 2 , 


l + ^H+< l+a 
n ?r 


»? 


where \ n always remains less than a fixed number as n becomes 
infinite. Simplifying this inequality, we may write it in the form 



left-hand side will he less than na n , which proves the inequality (8). 
It follows that the series is convergent. 

If the product n<x n approaches a limit l as n becomes infinite, we 
may apply the preceding rule. The series is convergent if 
and divergent if l < 1. A doubt exists if 1=1, except when na n 
approaches unity remaining constantly less than unity: in that case 
the series diverges. 


If the product n<x n approaches unity as its limit, we may compare the ratio 
Un + 1 fu n with the ratio of two consecutive terms of the series 

_i_+. 

2 ( 1052 )^ n(logn)^ 

which converges if 1, and diverges if /x<l. The ratio of two consecutive 
terms of the given series may he written in the form 


3Vm 

u n 


i + - + ^ 
n n 


where /?„ approaches zero as n becomes infinite. If after a certain term the 
product j8 n log n is always greater than a fixed number which is greater than unity , 
the series converges . If after a certain term the same product is always less than 
unity , the series diverges. 

In order to prove the first part of the theorem, let us suppose that j3 n log n > k > 1. 
Let y be a number between 1 and k. Then the series will surely converge if after 
a certain term we have 

?*±i < r fog 71 

' u n n 4-1 Llog (Ji + 1) 



which may be written in the form 

- 1+ !5£iST. 

log ft J 

or, applying Taylor’s theorem to the right-hand side, 

- ■■>«(' -am 

- logft J ) ’ 

where \ n always remains less than a fixed number as n becomes infinite. 
Simplifying this inequality, it becomes 


1 + - + — ; 
n n 


i i + — + \ n 

1 ogn 


1 + 


U&>(i+i) 

n n \ n/ 


V. (n. nh r\cr( 1 IM 2 


where e approaches zero. The right-hand side of the above inequality therefore 
approaches /x as its limit, and the truth of the inequality is established for suffi- 
ciently large values of n, since the left-hand side is greater than 7c, which is itself 
greater than fx. 

The second part of the theorem may be proved by comparing the ratio 
u n + 1 /u n with the ratio of two consecutive terms of the series whose general 
term is l/(nlogn). Tor the inequality 

tt»+i > _Ji_ lo an 

u n 7i + l log(?i + l)’ 

which is to be proved, may be written in the form 


or 


i + - + — < 

n n 



i°g(i+lp : 

log n 


fin ^-Og 71 < (w + 1) log 



The right-hand side approaches unity through values which are greater than 
unity, as is seen from the equation (10). The truth of the inequality is there- 
fore established for sufficiently large values of n, for the left-hand side cannot 
exceed unity. 

From the above proposition it may he shown, as a corollary, that if the prod- 
uct j8„ log n approaches a limit l as 91 becomes infinite, the series converges if l >1, 
and diverges if £<1. The case in which l —1 remains in doubt, unless p n logn 
is always less than unity. In that case the series surely diverges. 

If fi n \ogn approaches unity through values which are greater than unity, we 
may write, in like manner, 

n 4 - 1 1 

«» t 1 j l + 7 n* 

n n log n 

where y n approaches zero as n becomes infinite. It would then be possible to 
prove theorems exactly analogous to the above by considering the product 
7 ,i log 2 9i, and so forth. 

Corollary. If in a series of positive terms the ratio of any term to the pre- 
ceding can he written in the form 

Mn + i __ x _ r Un 
u n n n l+lx 

where ^ is a positive number, r a constant, and II n a quantity whose absolute 
value remains less than a fixed number as n increases indefinitely, the series con - 


1 


we shall have 


U n + 1 ___ 

u n 1 + cr„ ’ 


na n 


r — 


Hn 
n * 


n n 1 + ^ 


and hence lim na n = r. It follows that the series converges if r > 1, and diverges 
if r < 1. The only case which remains in doubt is that in which r = 1. In order 
to decide this case, let us set 


From this we find 


Mn + l 
H n 




n 


Pn log n 


logn n + 1 logn, 

n n n 


1 - 


1 , Bn 

n n 1 + ^ 


and the right-hand side approaches zero as n becomes infinite, no matter how 
small the number fx may be. Hence the series diverges. 

Suppose, for example, that u n +i/u n is a rational function of n which ap- 
proaches unity as n increases indefinitely : 

u n + 1 _ nv + ai n i>~ 1 -f <H n*> ~ 2 J , 

u n nr + biM > - 1 -f hnP" 2 H 

Then, performing the division indicated and stopping with the term in 1/n 2 , we 
may write 

Un ± i _ x + a i ~ + 4(n) ' 

u n n n 2 

where <p(n) is a rational function of n which approaches a limit as n becomes 
infinite. By the preceding theorem, the necessary and sufficient condition that 
the series should converge is that 

h > ai -f 1 . 

This theorem is due to Gauss, who proved it directly.* It was one of the first 
general tests for convergence. 


164. Absolute convergence. We shall now proceed to study series 
whose terms may be either positive or negative. If after a certain 
term all the terms have the same sign, the discussion reduces to 
the previous case. Hence we may restrict ourselves to series 
which contain an infinite number of positive terms and an infinite 
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Any series 'whatever is convergent if the series formed of the abso- 
lute values of the terms of the given series converges . 

Let 

(11) u 0 -f- Ui + • • • + u n + ' * * 

he a series of positive and negative terms, and let 

(12) u 0 + 17 ! + ... + 0, + ... 

be the series of the absolute values of the terms of the given series, 
•where U n = | u n |. If the series (12) converges, the series (11) like- 
wise converges. This is a consequence of the general theorem of 
§ 157. For we have 

| U n + U n + 1 H + U n+ 2 > 1 < ^ n H~ ^n + 1 + h U n +p> 

and the right-hand side may be made less than any preassigned num- 
ber by choosing n sufficiently large, for any subsequent choice of p. 
Hence the same is true for the left-hand side, and the series (11) 
surely converges. 

The theorem may also be proved as follows : Let us write 

U n = C u n + U n ) ^ni 

and then consider the auxiliary series whose general term is u n + U n) 

(13) (u 0 + U {) ) + (yh + b/i) + • • • + ( u n + U n ) + * • * • 

Let S n , S' n , and S" denote the sums of the first n terms of the series 
(11), (12), and (13), respectively. Then we shall have 

The series (12) converges by hypothesis. Hence the series (13) 
also converges, since none of its terms is negative and its general 
term cannot exceed 2U n . It follows that each of the sums S' n and 
S", and hence also the sum S n , approaches a limit as n increases 
indefinitely. Hence the given series (11) converges. It is evident 
that the given series may be thought of as arising from the subtrac- 
tion of two convergent series of positive terms. 

Any series is said to be absolutely convergent if the series of the 


sum oj me series. JUtib us nisb uuuaiuci a, uuuvoigwiu ouiico ux 

tive terms. 


(14) a 0 + &y + • • • 4- % + * • • > 
whose sum is S, and let 

(15) b Q 4 - b x + • • • + b n + • • • 

be a series whose ter jus are the same as those of the first series 
arranged in a different order, i.e. each term of the series (14) is to 
be found somewhere in the series (15), and each term of the series 
(15) occurs in the series (14). 

Let S' tn be the sutn of the first m terms of the series (15). Since 
all these terms occur in the series (14), it is evident that n may he 
chosen so large that the first m terms of the series (15) are to be 
found among the first n terms of the series (14). Hence we shall have 

S!n < S n < s, 

which shows that the series (15) converges and that its sum S' does 
not exceed S. In a similar manner it is clear that S < S 1 . Hence 
S' = S. The same argument shows that if one of the above series 
(14) and (15) diverges, the other does also. 

The terms of a convergent series of 'positive terms may also be 
grouped together in any manner , that is, we may form a series each 
of whose terms is equal to the sum of a certain number of terms of 
the given series without altering the sum of the series .* Let us first 
suppose that consecutive terms are grouped together, and let 

(16) A 0 + Ai + A 2 + h A m + • • • 

be the new series obtained, where, for example, 

yf 0 = a 0 + a-i 4 b A x = a p + l 4 b 

A 2 = <L + 1 + ' ' * + a r) 

Then the sum of the first m terms of the series (16) is equal to 
the sum S y of the first N terms of the given series, where N > m. 
As vi becomes infinite, N also becomes infinite, and hence S’ m also 
approaches the limit S. 

Combining the two preceding operations, it becomes clear that any 
convergent series of positive terms may be replaced by another series 
each of xvhose terms is the sum of a certain number of terms of the 


Any absolutely convergent series may be regarded as the differ- 
ence of two convergent series of positive terms \ hence the preceding 
operations are permissible in any such series. It is evident that an 
absolutely convergent series may be treated from the point of view 
of numerical calculation as if it were a sum of a finite number of 
terms. 

165. Conditionally convergent series. A series whose terms do not all 
have the same sign may be convergent without being absolutely con- 
vergent. This fact is brought out clearly by the following theorem 
on alternating series, which we shall merely state, assuming that it 
is already familiar to the student.'* 

A series whose terms are alternately positive and negative converges 
if the absolute value of each term is less than that of the preceding , 
and if, in addition, the absolute value of the terms of the series 
diminishes indefinitely as the number of terms increases indefinitely. 

Tor example, the series 

111 1 

converges. We saw in § 49 that its sum is log 2. The series 
of the absolute values of the terms of this series is precisely the 
harmonic series, which diverges. A series which converges but 
which does not converge absolutely is called a conditionally conver- 
gent series. The investigations of Cauchy, Lejenne-Diriehlet, and 
Iiiemann have shown clearly the necessity of distinguishing between 
absolutely convergent series and conditionally convergent series. 
Tor instance, in a conditionally convergent series it is not always 
allowable to change the order of the terms nor to group the terms 
together in parentheses in an arbitrary manner. These operations 
may alter the sum of such a series, or may change a convergent 
series into a divergent series, or vice versa. Tor example, let us 
again consider the convergent series 

+ t- . . . 

2 3 4 2n -T 1 2 n 4- 2 


* It is pointed out in § 166 that this theorem is a special case of the theorem proved 
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'ft — k_ 

A \2n + 1 2n + 2 t 


as m "becomes infinite. Let us write tlie terms of this series in another 
order, putting two negative terms after each positive term, as follows: 


1 


l-1 + i-i-l + ...m L_ 

2 4 3 6 8 2h -f- 1 4 n -j- 2 4 ii -j- 4 


It is easy to show from a consideration of the sums 8 f 3 „, *S f 3/l+l , and 
S 3n+ 2 that the new series converges. Its sum is the limit of the 
expression 



1 

2ti - j- 1 


1 

4n -j- 2 


4n + 4 


as m becomes infinite. From the identity 

_i i i s i/ i L\ 

2n + 1 4,71 + 2 4?z + 4 2 \2w + 1 271 + 2/ 


it is evident that the sum of the second series is half the sum of 
the given series. 


In general, given a series which is convergent but not absolutely convergent, 
it is possible to arrange the terms in such a way that the new series converges 
toward any preassigned number A whatever. Let S p denote the sum of the 
first p positive terms of the series, and S' q the sum of the absolute values of the 
first q negative terms, taken in such a way that the p positive terms and the q 
negative terms constitute the first p + q terms of the series. Then the sum of 
the first p + q terms is evidently S p — S' q . As the two numbers p and q increase 
indefinitely, each of the sums S p and S' q must increase indefinitely, for otherwise 
the series would diverge, or else converge absolutely. On the other hand, since 
the series is supposed to converge, the general term must approach zero. 

We may now form a new series whose sum is A in the following manner: 
Let us take positive terms from the given series in the order in which they occur 
in it until their sum exceeds A . Let us then add to these, in the order in which 
they occur in the given series, negative terms \mtil the total sum is less than A. 
Again, beginning with the positive terms where we left off, let us add positive 
terms until the total sum is greater than A. We should then return to the 
negative terms, and so on. It is clear that the sum of tlie first n terms of the 
new series thus obtained is alternately greater than and then less than A, and 
that it differs from A by a quantity which approaches zero as its limit. 


166. AbeTs test. The following test, due to Abel, enables us to establish the 


ot the iirst n terms is always less than a fixed number A in absolute value). 
Again, let 

e o, «i ? • • • j *n 5 

be a monotonically decreasing sequence of positive numbers which approach 
zero as n becomes infinite. Then the series 

(17) co'Wo + 6 l^l + • • • + e }i U n + • • * 

converges under the hypotheses made above . 

For by the hypotheses made above it follows that 


|«n + l + h Un+p I < 2 A 

for any value of n and p. Hence, by the lemma just referred to, we may write 

] 'Mji + 1 e Ji + 1 + * • * "l" y-n + p + p | 2Ae n -f i . 

Sine - e„ + i approaches zero as n becomes infinite, n may be chosen so large that 
the absolute value of the sum 


6ji+I' w » + 1 + ’ * * H" + 

will be less than any preassigned positive number for all values of p. The 
series (17) therefore converges by the general theorem of § 157. 

When the series u 0 + u± H h u n + • • * reduces to the series 

1— 1 + 1— 1+1 — l-*-, 

whose terms are alternately + 1 and — 1, the theorem of this article reduces to 
the theorem stated in § 165 with regard to alternating series. 

As an example under the general theorem consider the series 

sin 0 + sin 2 0 + sin 3 0 H f sin n6 + * • • , 

which is convergent or indeterminate. For if sin 0 = 0, every term of the series 
is zero, while if sin 6 0, the sum of the first n terms, by a formula of Tricot 

nometry, is equal to the expression 

Infinite, the 

n -~tl # \ 7 w case the 

2 / ie case in 

2 simply 

which is less than 1 1/sin (0/2) | in absolute value. It follows that the ser' 

sin0 sin 20 , sinu0 

— : 1 h r 1 * * * 

12 n 

converges for all values of 0. It may be shown in a similar manner tha 
series 



be a convergent series, and let 


f o ? e i i • J e «) • • * 

be any monotonically increasing or decreasing sequence of positive numbers 
which approach a limit k different from zero as n increases indefinitely. Then 
the series 

( 18 ) €qUq -f €\Ui + • • ’ *f e nU n 4“ • ' ' 

also converges . 

For definiteness let us suppose that the e’s always increase. Then we may 
write 

e 0 — k- a 0 » €1 = & — «!, •••, e H = k — a n , 

where the numbers 0*0, a 1, • • •, a ni • • • form a sequence of decreasing positive 
numbers which approach zero as n becomes infinite. It follows that the two 
series 

Icuq 4 -kui 4 f kn n 4- • " , 

a 0 Uo 4- -f 1- «nU n + • * ■ 

both converge, and therefore the series ( 18 ) also converges. 


II. SERIES OF COMPLEX TERMS MULTIPLE SERIES 

167 . Definitions. In this section we shall deal with certain gen- 
eralizations of the idea of an infinite series. 

Let 

( 19 ) u 0 4- u x 4- u 2 4 b u n 4 

be a series whose terms are imaginary quantities : 

t. 

the s'o = » 0 *i Wi=saH - Vo * **? u n == + Kh 

We 

Let us tal 3er * es sa ^ convev 9 ent ^ ^ ae two series formed of 

in it unti 7 P ai, ts of the successive terms and of the coefficients of the 
they opfary parts, respectively, both converge: 

Again 

term 4 ^) a o "b + a z ~b b a n H = 

ne ^21) b Q ~b ^1 "b ^2 + * ’ * “b 4 - • • • = £ ,/ . 

nev 

that S' and £" be the sums of the series (20) and (21), respectively, 
len the quantity S — S’ 4- iS n is called the sum of the series ( 19 ). 
is evident that S is, as before, the limit of the sum S n of the first 

jr 71 

h terms of the given series as n becomes infinite. It is evident 


converges , each of the scr ies (20) and (21) evidently converges abso- 
lutely, for |a tt | < ->/«“ + b\ and |£>„| ^ b 2 n . 

In this case the series (19) is said to be absolutely convergent. The 
sum of such a series is not altered by a change in the order of the 
terms, nor by grouping the terms together in any ivay. 

Conversely, if each of the series (20) and (21) converges absolutely, 
the series (22) converges absolutely, for y a? + b\ 5 |a n | + 

Corresponding to every test for the convergence of a series of 
positive terms there exists a test for the absolute convergence of 
any series whatever, real or imaginary. Thus, if the absolute value 
of the ratio of tivo consecutive terms of a series \u n+l /u n \, after a cer- 
tain term, is less than a fixed number less than unity, the series con- 
verges absolutely. Tor, let U { = | u x | . Then, since | u n+1 /u n | < k < 1 
after a certain term, we shall have also 


U„ 


U n 


< Jc< 1, 


which shows that the series of absolute values 


U 0 + C7i H 1-^-1 

converges. If | u n + l /u n [ approaches a limit l as n becomes infinite, 
the series converges if l < 1, and diverges if l> 1. The first half is 
self-evident. In the second case the general term u n does not 
approach zero, and consequently the series (20) and (21) cannot 
both be convergent. The case 1=1 remains in doubt. 

More generally, if w be tlie greatest limit of as n becomes infinite, the 
series (19) converges if w<l, and diverges if w>l. Tor in the latter case the 
modulus of the general term does not approach zero (see § 101). The case in 
which w = 1 remains in doubt — the series may be absolutely convergent, simply 
convergent, or divergent. 


168. Multiplication of series. Let 

(23) Uq + u i 4- ^2 + * * * “b u n + * * * j 

(24) t> 0 4- v l 4- v 2 4 4- 4 

be any two series whatever. Let us multiply terms of the first 


( 25 ) 


\ «o»o + ( Vl + «l»o) + («0«’2 + Wl»l + «2^o) H 

^ + 0 ( (|V n -+- U x V n _ x + • • • + w„v 0 ) + • • •• 

Tf each of the series (23) cnuZ (24) & absolutely convergent , the 
series (25) converges, and its sum is the product of the sums of the 
two given series. This theorem, which is due to Cauchy, w T as gener- 
alized by Mertens,* who showed that it still holds if only one of the 
series (23) and (24) is absolutely convergent and the other is merely 
convergent. 

Let us suppose for definiteness that the series (23) converges 
absolutely, and let w n be the general term of the series (25); 

w n = u 0 v n 4 H f u n v 0 . 

The proposition will be proved if we can show that each of the 
differences 

W 0 4" W 1 + * * • + W 2 n ~~ + U x + • • • + U ?i) 0 ; o 4* Vi 4- ■ • • 4“ v H ) , 

w 0 4- w l 4- f w 2n+ 1 — (u Q 4 u x 4- 1- m, +1 )(w 0 4- v x 4- • ■ • 4- v u+1 ) 

approaches zero as n becomes infinite. Since the proof is the same 
in each case, we shall consider the first difference only. Arranging 
it according to the u } s, it becomes 

8 = u 0 (v Jl + 1 4- • • * 4- v 2n ) 4- u i (v n +i 4 h v 2 n~i) 4 4- u n -\ v n+\ 

+ w n+i( v o 4- * • • 4- v n - 0 + u n+ 2 (^o 4 4- v n - 2) 4 4- 

Since the series (23) converges absolutely, the sum U 0 4 - U x 4 h U n 

is less than a fixed positive number A for all values of n. Like- 
wise, since the series (24) converges, the absolute value of the sum 

v 0 4- v x 4 f v n is less than a fixed positive number B. Moreover, 

corresponding to any preassigned positive number e a number m 
exists such that 

u n+ 1 4 f* u n + p < 

l»»+l + ■•• + »,+, I <J—/ 

for any value of p whatever, provided that nitm. Having so chosen 
n that all these inequalities are satisfied, an upper limit of the quan- 
tity | SJ is given by replacing u 0> u x , u 2 , ■ ■ ■, u in by U 0 , U 1; U t , ■ U 2n , 



181 < Un— + U, +..•+[/ . 

11 “ A + ' A +11 ^ ^ n -'A+B 

+ U n + l B + 

Un + 2 B + ... + U 2n B, 

I ' S| < ( IJ o + U 1 + ---+ U n-l) + B(U. + ! + • • • + r/ 2 „) 


A -f- 15 A -J- 15 


wlience ; finally; 1 8 1 < c. Hence the difference S actually does approach 
zero as n becomes infinite. 


169. Double series. Consider a rectangular network which is lim- 
ited upward and to the left, but which extends indefinitely down- 
ward and to the right. The network will contain an infinite number 
of vertical columns, which we shall number from left to right from 
0 to + co . It will also contain an infinite number of horizontal 
rows, which we shall number from the top downward from 0 to + oo . 
Let us now suppose that to each of the rectangles of the network a 
certain quantity is assigned and written in the corresponding rec- 
tangle. Let a ik be the quantity which lies in the ith. row and in the 
/cth column. Then we shall have an array of the form 


(26) 


We shall first suppose that each of the elements of this array is real 
and positive. 

Now let an infinite sequence of curves C\, C 2 , • • •, C n) • • • be drawn 
across this array as follows : 1) Any one of them forms with the two 
straight lines which bound the array a closed curve which entirely 
surrounds the preceding one ; 2) The distance from any fixed point 
to any point of the curve C nJ which is otherwise entirely arbitrary, 
becomes infinite with n. Let be the sum of the elements of the 




me wo suraignc lines wmcu uounu liic array. n o ;l cippiuduu^b a 
limit S as n becomes infinite, we shall say that the double series 

m 2 2 ».* 

i = 0 k~ 0 

converges, and that its sum is S. In order to justify this definition, 
it is necessary to show that the limit S is independent of the form 
of the curves C. Let C{, €!>, •••, C' m , •••be another set of curves 
which recede indefinitely, and let S{ be the sum of the elements 
inside the closed curve formed by C\ and the two boundaries. If m 
be assigned any fixed value, n can always be so chosen that the 
curve C n lies entirely outside of C' u . Hence S\ n 2 S n , and therefore 
S' m < S, for any value of m. Since increases steadily with m, it 
must approach a limit S' < S as m becomes infinite. In the same 
way it follows that S < S'. Hence S' = S. 

Lor example, the curve C. may be chosen as the two lines which 
form with the boundaries of the array a square whose side increases 
indefinitely with i } or as a straight line equally inclined to the two 
boundaries. The corresponding sums are, respectively, the following : 

a oo + Oho + a i 1 + a oi) d b id 1- Cf-nn “b a n - i, « d b a o«) > 

a oo “b ( a i o d~ a o i) ~b ( a 2 o “b fl-i i "b ^ 02 ) d b { a ?to d~ a n - 1 , 1 d b &o«) . 

If either of these sums approaches a limit as n becomes infinite, the 
other will also, and the two limits are equal. 

The array may also be added by rows or by columns. Lor, sup- 
pose that the double series (27) converges, and let its sum be S. It 
is evident that the sum of any finite number of elements of the series 
cannot exceed S. It follows that each of the series formed of the 
elements in a single row 

(28) a i0 d- Ui\ + • • • -b d , i — 0, 1, 2, • • •, 

converges, for the sum of the first n d-1 terms tq 0 + a n d- • • • -f a ni 
cannot exceed S and increases steadily with n. Let <r t be the sum of 
the series formed of the elements in the fth row. Then the new series 

(29) o-o + qd b d 

surely converges. Lor, let us consider the sum of the terms of the 
array S<% for which i < jj, k 5 r. This sum cannot exceed S } and 


exceed S and increases steadily with p>. Consequently the series (29) 
converges, and its sum 2 is less than or equal to S. Conversely, if 
each of the series (28) converges, and the series (29) converges to a 
sum 3, it is evident that the sum of any finite number of elements 
of the array (26) cannot exceed % Hence S and consequently 
S = S. 

The argument just given for the series formed from the elements 
in individual rows evidently holds equally well for the series formed 
from the elements in individual columns. The sum of a convergent 
double series whose elements are all positive may be evaluated by 
rows, by columns , or by means of curves of any form which recede 
indefinitely. In particular, if the series converges when added by rotas, 
it will surely converge when added bg columns, and the stem will be the 
same. A number of theorems proved for simple series of positive 
terms may be extended to double series of positive elements. Tor 
example: if each of the elements of a double series of positive elements 
is less, respectively , than the corresponding elements of a knoivn con- 
vergent double seines, the first scries is also convergent ; and so forth. 

A double series of positive terms which is not convergent is said 
to be divergent. The sum of the elements of the corresponding 
array which lie inside any closed curve increases beyond all limit 
as the curve recedes indefinitely in every direction. 

Let us now consider an array whose elements are not all positive. 
It is evident that it is unnecessary to consider the cases in which 
all the elements are negative, or in which only a finite number of 
elements are either positive or negative, since each of these cases 
reduces immediately to the preceding case. We shall therefore sup- 
pose that there are an infinite number of positive elements and an 
infinite number of negative elements in the array. Let a ik be the 
general term of this array T. If the array T x of positive elements, 
each of which is the absolute value | a ik \ of the corresponding element 
in T, converges, the array T is said to be absolutely convergent . Such 
an array has all of the essential properties of a convergent array of 
positive elements. 

In order to prove this, let us consider two auxiliary arrays T* 
and T n , defined as follows. The array T’ is formed from the array T 
by replacing each negative element by a zero, retaining the positive 


of the terms of the series T which lie inside any closed curve is 
equal to the difference between the sum of the terms of T which 
lie inside the same curve and the sum of the. terms of T 11 which 
lie inside it. Since the two latter sums each approach limits as 
the curve recedes indefinitely in all directions, the first sum also 
approaches a limit, and that limit is independent of the form of 
the boundary curve. This limit is called the sum of the array T. 
The argument given above for arrays of positive elements shows 
that the same sum will be obtained by evaluating the array T by 
rows or by columns. It is now clear that an array whose elements 
are indiscriminately positive and negative, if it converges absolutely , 
may be treated as if it were a convergent array of positive terms. 
But it is essential that the series r l\ of positive terms be shown to 
be convergent. 

If the array T\ diverges, at least one of the arrays T' and T" diverges. If 
only one of them, V for example, diverges, the other T" being convergent, the 
sum of the elements of the array T which lie inside a closed curve C becomes 
infinite as the curve recedes indefinitely in all directions, irrespective of the 
form of the curve. If both arrays T' and T" diverge, the above reasoning 
shows only one thing, — that the sum of the elements of the array T inside 
a closed curve C is equal to the difference between two sums, each of which 
increases indefinitely as the curve C recedes indefinitely in all directions. It 
may happen that the sum of the elements of T inside G approach different 
limits according to the form of the curves C and the manner in which they 
recede, that is to say, according to the relative rate at which the number of 
positive terms and the number of negative terms in the sum are made to increase. 
The sum may even become infinite or approach no limit whatever for certain 
methods of recession. As a particular case, the sum obtained on evaluating by 
rows may be entirely different from that obtained on evaluating by columns if 
the array is not absolutely convergent. 

The following example is due to Arndt.* Let us consider the array 



( 31 ) 



Hence, evaluating the array (31) hy rows, the result obtained is equal to the 
sum of the convergent series 

I + I + . 

22 2 8 2 Jt + l ’ 

which is 1/2. On the other hand, the series formed from the elements in the 
(p — l)th column, that is, 



converges, and its sum is 

p — 1 p __ —1 _ 1 _^L 

p p + 1 p(p +1) p + 1 p 

Hence, evaluating the array (31) by columns, the result obtained is equal to the 
sum of the convergent series 



which is — 1/2. 

This example shows clearly that a double series should not be used in a 
calculation unless it is absolutely convergent. 

We shall also meet with double series whose elements are complex 
quantities. If the elements of the array (26) are complex, two other 
arrays T 1 and T" may be formed where each element of T 1 is the 
real part of the corresponding element of T and each element of T ,f 
is the coefficient of i in the corresponding element of T. If the 
array T x of absolute values of the elements of T, each of whose 
elements is the absolute value of the corresponding element of T, 
converges, each of the arrays T' and T” converges absolutely, and 
the given array T is said to be absolutely convergent. The sum of 
the elements of the array which lie inside a variable closed curve 
approaches a limit as the curve recedes indefinitely in all directions. 
This limit is independent of the form of the variable curve, and it 
is called the sum of the given array. The sum of any absolutely 
convergent array may also be evaluated by rows or by columns. 



tangle has a definite number, without exception, different from that of any other 
rectangle. In other words, we need merely show that the sequence of natural 
numbers 

(32) 0, 1, 2, to, •••, 

and the assemblage of all pairs of positive integers (2, k), where z>0, /c>0, can 
be paired off in such a way that one and only one number of the sequence (32) 
will correspond to any given pair (i, k ), and conversely, no number n corresponds 
to more than one of the pairs (i, k). Let us write the pairs (i, k) in order as 
follows : 

( 0 , 0 ), ( 1 , 0 ), ( 0 , 1 ), ( 2 , 0 ), ( 1 , 1 ), ( 0 , 2 ), 

where, in general, all those pairs for which i 4- k = n are written down after 
those for which i + 1c < n have all been written down, the order in which those 
of any one set are written being the same as that of the values of i for the various 
pairs beginning with (to, 0) and going to (0, n). It is evident that any pair (i, k) 
will be preceded by only a finite number of other pairs. Hence each pair will 
have a distinct number when the sequence just written down is counted off 
according to the natural numbers. 

Suppose that the elements of the absolutely convergent double series SSct** are 
written down in the order just determined. Then we shall have an ordinary series 

(33) (Xoo + ttio + ttoi + «20 + °fil + <*02 + * • ■ + <*n0 + 1 + ■ ■ * 

* 

whose terms coincide with the elements of the given double series. This simple 
series evidently converges absolutely, and its sum is equal to the sum of the given 
double series. It is clear that the method we have employed is not the only pos- 
sible method of transforming the given double series into a simple series, since 
the order of the terms of the series (33) can be altered at pleasure. Conversely, 
any absolutely convergent simple series can be transformed into a double series 
in an infinite variety of ways, and that process constitutes a powerful instrument 
in the proof of certain identities.* 

It is evident that the concept of double series is not essentially different from 
that of simple series. In studying absolutely convergent series we found that 
the order of the terms could be altered at will, and that any finite number of 
terms could be replaced by their sum without altering the sum of the series. 
An attempt to generalize this property leads very naturally to the introduction 
of double series. 

171. Multiple series. The notion of double series may be generalized. 
In the first place we may consider a series of elements a mn with two 
subscripts m and n, each of which may rary from — co to -j- co . 
The elements of such a series may he arranged in the rectangles of 
a rectangular network which extends indefinitely in all directions ; 



type we have just studied. 

A more important generalization is the following. Let us consider 
a series of elements of the type ..., mp9 where the subscripts 

m 2 j ", M'p ma y take on any values from 0 to + oo, or from — co 
to + co , but may be restricted by certain inequalities. Although no 
such convenient geometrical form as that used above is available 
when the number of subscripts exceeds three, a slight consideration 
shows that the theorems proved for double series admit of immediate 
generalization to multiple series of any order jp. Let us first sup- 
pose that all the elements are real and positive. Let S l 

be the sum of a certain number of elements of the given series, S 2 
the sum of and a certain number of terms previously neglected, 
Sq tbe sum of S 2 and further terms, and so on, the successive sums 
Si, S 2 , • ••, S n) ••• being formed in such a way that any particular 
element of the given series occurs in all the sums past a certain one. 
If S n approaches a limit S as n becomes infinite, the given series 
is said to be convergent , and S is called its sum. As in the case of 
double series, this limit is independent of the way in which the 
successive sums are formed. 

If the elements of the given multiple series have different signs 
or are complex quantities, the series will still surely converge if the 
series of absolute values of the terms of the given series converges. 

172. Generalization of Cauchy’s theorem. The following theorem, 
which is a generalization of Cauchy's theorem (§ 161), enables us to 
determine in many cases whether a given multiple series is conver- 
gent or divergent. Let f(x, y) be a function of the two variables x 
and y which is positive for all points (x, y) outside a certain closed 
curve F, and which steadily diminishes in value as the point ( x , ?/) 
recedes from the origin.* Let us consider the value of the double 
integral f f f(x, y) tlx dy extended over the ring-shaped region between 
r and a variable curve C outside T, which we shall allow to recede 
indefinitely in all directions ; and let us compare it with the double 
series n), where the subscripts m and n may assume any posi- 

tive or negative integral values for which the point ( in , ?i) lies out- 
side the fixed curve V. Then the double series converges if the double 
integral approaches a limit , and conversely. 



divide tlie region between V and C into squares or portions of squares. 
Selecting from the double series the term which corresponds to that 
corner of each of these squares which is farthest from the origin, it 
is evident that the sum 2/(ra, n) of these terms will be less than the 
value of the double integral J ff(x, y) dx dy extended over the region 
between r and C. If the double integral approaches a limit as C 
recedes indefinitely in all directions, it follows that the sum of any 
number of terms of the series whatever is always less than a fixed 
number ; hence the series converges. Similarly, if the double series 
converges, the value of the double integral taken over any finite 
region is always less than a fixed number; hence the integral 
approaches a limit. The theorem may be extended to multiple 
series of any order p, with suitable hypotheses ; in that case the 
integral of comparison is a multiple integral of order p. 

As an example consider the double series whose general term is 
l/(m 2 + n 2 y, where the subscripts m and n may assume all integral 
values from — co to 4- oo except the values m = n = 0. This series 
converges for ^ > 1, and diverges for /x£l. For the double integral 

ff&fr 

extended over the region of the plane outside any circle whose 
center is the origin has a definite value if /x > 1 and becomes 
infinite if fx< 1 (§133). 

More generally the multiple series whose general term is 

1 

(mf + m| b 

where the set of values m x = m 2 = • • • = m p = 0 is excluded, con- 
verges if 2/x>y>.* 

II L SERIES OF VARIABLE TERMS UNIFORM CONVERGENCE 

173. Definition of uniform convergence. A series of the form 
(3d) u 0 ( [x ) -f- u x (x) 4- • • • + v n (x) 4- • • * > 

whose terms are continuous functions of a variable x in an inter- 
val (a, b), and which converges for every value of x belonging to 


i + x 2 ( i + x 2 ) 2 1 (i + x 2 y i ' ’ 

which satisfies the above conditions, but whose sum is discontinuous 
for x = 0. Since a large number of the functions which occur in 
mathematics are defined by series, it has been found necessary to 
study the properties of functions given in the form of a series. The 
first question which arises is precisely that of determining whether 
or not the sum of a given series is a continuous function of the 
variable. Although no general solution of this problem is known, 
its study has led to the development of the very important notion 
of uniform convergence. 

A series of the type (35), each of whose terms is a function of x 
which is defined in an interval ( a , b ), is said to be uniformly con- 
vergent in that interval if it converges for every value of x between 
a and Z>, and if, corresponding to any arbitrarily preassigned positive 
number e, a positive integer JV, independent of x } can be found such 
that the absolute value of the remainder 11 n of the given series 

K = M„+I (*) + U n +2 (*) 4 1 - U n+p (*0 4 

is less than e for every value of n^N and for every value of x 
which lies in the interval (a, b). 

The latter condition is essential in this definition. For any pre- 
assigned value of x for which the series converges it is apparent 
from the very definition of convergence that, corresponding to any 
positive number e, a number A can be found which will satisfy 
the condition in question. But, in order that the series should con- 
verge uniformly, it is necessary further that the same number N 
should satisfy this condition, no matter what value of x be selected 
in the interval (a, b). The following examples show that such is not 
always the case. Thus in the series considered just above we have 

R t , (x) = — — — — when x ^ 0 . 

The series in question is not uniformly convergent in the inter- 
val (0, 1). For, in order that it should be, it would be necessary 
(though not sufficient) that a number N exist, such that 

1 
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l + x 2 >J vl0S K 

Whatever be the values of JS T and e, there always exist, however, 
positive values of x which do not satisfy this inequality, since the 
right-hand side is greater than unity. 

Again, consider the series defined by the equations 

A< \ 0*0 = ^1X6 n t J A \ (■*') = ^ } U n = S)l ^n — 1 J fl = 1 y 2, 

The sum of the first n terms of this series is evidently S n (x), which 
approaches zero as n increases indefinitely. The series is therefore 
convergent, and the remainder R n (x) is equal to — nxe~” x \ In order 
that the series should be uniformly convergent in the interval (0, 1), 
it would be necessary and sufficient that, corresponding to any arbi- 
trarily preassigned positive number e, a positive integer N exist such 
that for all values of n > N 

nxer ux ~ < e, 0 < x < 1 . 

But, if x be replaced by 1/n , the left-hand side of this inequality is 
equal to which is greater than 1/e whenever n > 1. Since e 

may be chosen less than 1/e , it follows that the given series is not 
uniformly convergent. 

The importance of uniformly convergent series rests upon the 
following property : 

The sum of a series whose terms are continuous functions of a 
variable x in an interval (cq b) and which converges uniformly in that 
interval , is itself a continuous f unction of x in the same interval. 

Let x 0 he a value of x between a and b , and let x 0 -f- Ii be a value 
in the neighborhood of x 0 which also lies between a and b . Let n 
be chosen so large that the remainder 

(*) = U n + 1 (x) +• u„ +2 (*)+•• • 

is less than e/3 in absolute value for all values of x in the interval 
(cq b), where e is an arbitrarily preassigned positive number. Let f(x) 
be the sum of the given convergent series. Then we may write 

/(«) = <#>( a 0 + fi »( a 0 > 

, ..1 I A A I 1 4- ~ 


we find 


f(x„)= <t>(x„)+ R n (x 0 ), 
f( x a + A) — 4 >( x 0 + A) + R„ (*o + A) > 


/(.r„ + A) — /(: k„) = |>(a; 0 + A) — <£(*o)] + «„(*« + A) — R n( x «)- 
Tlie number n was so chosen that we have 

| ti n («o) I ^ 3 ; I (*^0 ~h ^)l < 3* 

On the other hand, since each of the terms of the series is a continu- 
ous function of x> is itself a continuous function of x. Hence 
a positive number rj may be found such that 

\4>(, x o + A) - <K x o)\< | 

whenever \h\ is less than rj. It follows that we shall have, a fortiori^ 
|/(*0 + A) — /(*, 0 )| < 3 | 

whenever \h\ is less than q. This shows that f(x) is continuous 
for x = x 0 . 

Note. It would seem at first very difficult to determine whether 
or not a given series is uniformly convergent in a given interval. 
The following theorem enables us to show in many cases that a 
given series converges uniformly. 

Let 

(36) Uq (x) + Ui (x) H h u n (x) H 

be a series each of whose terms is a continuous function of x in an 
interval (a } b ), and let 

(37) J*o + A/i + --- + -W» + — 

be a convergent series whose terms are positive constants. Then ) 
if | u n | < M n for all values of x in the interval (a, b) and for all 
values of n, the first series (36) converges uniformly in the interval 
considered . 


• J1 ___ j. rl. _ _l 
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of n greater than N , we shall also have 

| U n + 1 “i“ U n + 2 H I < e J 

whenever n is greater than i\ r , for all values of x in the interval (a, b ). 
For example, the series 


JJf 0 + M l sin x 4- M 2 sin 2x -j — • 4- AT, L sin nx + • • • , 

4 

where M 0 , il/ A , M 2 , • •• have the same meaning as above, converges 
uniformly in any interval whatever. 


174. Integration and differentiation of series. 

Any series of continuous functions which converges uniformly in an 
interval (a, b) may be integrated term by term , provided the limits of 
integration are finite and lie in the interval (a, bf 

Let x 0 and x t be any two values of x which lie between a and b , 
and let N be a positive integer such that | R n (x) | < e for all values 
of x in the interval (&, b) whenever n 5 N. Let f(x) be the sum of 
the series 

f(x) = Kq (x) + Ui (a) 4 1- U» (*) H , 

and let us set 



f 

*yx 0 


l r x i 

u n dx— I R n dx. 
Jx Q 


The absolute value of D n is less than e | x x — x 0 | whenever n>N . 
I-Ience D n approaches zero as n increases indefinitely, and we have 
the equation 



J r * i r x i 

I u Q (x)dx 4* / '< 

x 0 Jx f, 


% (x) dx 4- ■ • • + 



Considering x 0 as fixed and x x as variable, we obtain a series 



dx + • • * + I u n (x) dx 4* • • • 

J*o 



X VJJl. let 


f(x) = ?* 0 (a5) + Hi (x) 4 h ?«* (a) H 

be a series which converges in the interval (a, b). Let us suppose 
that the series whose terms are the derivatives of the terms of the 
given series, respectively, converges uniformly in the same interval, 
and let <$(x) denote the sum of the new series 


, / a diio dut 


+ 


du^ 

dx 


4 - • • 


Integrating this series term by term between two limits x 0 and x , 
each of which lies between a and b, we find 


J r*x 

<j>(x) dx = [m 0 (k) — u 0 (x 0 ')'] + [«, ( x ) — « x (»„)] -1 

•»0 

or 

J r>x 

<j>(x)dx=f(x) -f(x 0 ). 

*0 

This shows that cf>(x) is the derivative of /(cc). 


Examples. 1) The integral 



cannot be expressed by means of a finite numher of elementary 
functions. Let us write it as follows : 


f%dx=f f £f±dx = logx+ f e ^=±dx. 

The last integral may be developed in a series which holds for all 
values of x. For we have 


:± = l + JL + _£l_ 

^ 1 . 2 ^ 1 . 2. 3 


+ •■• + 


1.2---7* 




and this series converges uniformly in the interval from — R to + R, 
no matter how large R be taken, since the absolute value of any 


* It is assumed in the proof also that each term of the new series is a continuous 



It follows that the series obtained by term-by-term integration 


^(*)=i+i + IO + " - + »on^ + 


x n 


converges for any value of x and represents a function whose deriva- 
tive is (e* —l)/x. 


2) The perimeter of an ellipse whose major axis is 2a and whose eccentricity 
is e is equal, by § 112, to the definite integral 


S = 


n 



The product e 2 sin 2 0 lies between 0 and e 2 (< 1). Hence the radical is equal to the 
sum of the series given by the binomial theorem 


Vl — e 2 sin 2 0 = 1 — e 2 sin 2 0 e 4 sin 4 0 — - 

2 2.4 

1 . 8 . 5 • • • (2n - 3) 

2 . 4 . 6 • • • 2n € 


The series on the right converges uniformly, for the absolute value of each of 
its terms is less than the corresponding term of the convergent series obtained 
by setting sin0 =1. Hence the series may be integrated term by term; and 
since, by § 116, 


7 r 



1 . 3 ■ 5 » » » (2n — 1) 
2 . 4 . 6 ... 2 n 


we shall have 


f 2 Vl — e 2 sin 2 0^0 = — [ 1 — - e 2 — — e 4 — 
Jo ^^ 2 4 64 


256 


7t 

r 


-[ 


1 •3.5-.-(2n- 3) 
2 . 4 . 6 • • • 2n 


-J (271 — 1) ( 



If the eccentricity e is small, a very good approximation to the exact value of the 
integral is obtained by computing a few terms. 

Similarly, we may develop the integral 

f ^ Vl— e 2 sin 2 0d0 

*70 

in a series for any value of the tipper limit 0. 

Finally, the development of Legendre’s complete integral of the first kind 
leads to the formula 


example, let 


«o ( x > y) + u i ( x > y) H — + u n fa y) -f — 


be a series whose terms are functions of two independent variables x 
and y/, and let us suppose that this series converges whenever the 
point ( x, y ) lies in a region R bounded by a closed contour C. 
The series is said to be uniformly convergent in the region R if, 
corresponding to every positive number c, an integer N can be found 
such that the absolute value of the remainder R n is less than e 
whenever n is equal to or greater than 2V, for every point (x, y) 
inside the contour C. It can be shown as above that the sum of 
such a series is a continuous function of the two variables x and 
y in this region, provided the terms of the series are all continu- 
ous in R. 

The theorem on term-by-tenn integration also may be generalized. 
If each of the terms of the series is continuous in R and if f(x, y) 
denotes the sum of the series, we shall have 


J J /(*, y ) dx dy = JJ u () ( x , y) dx dy + J J u x (x, y) dx dy 
+// u n (x,y)dxdy-\ , 


+ • 


where each of the double integrals is extended over the whole inte- 
rior of any contour inside of the region R. 

Again, let us consider a double series whose elements are functions 
of one or more variables and which converges absolutely for all sets 
of values of those variables inside of a certain domain V. Let the 
elements of the series be arranged in the ordinary rectangular array, 
and let R r denote the sum of the double series outside any closed 
curve C drawn in the plane of the array. Then the given double 
series is said to converge uniformly in the domain D if correspond- 
ing to any preassigned number e, a closed curve K, not dependent 
on the values of the variables, can be drawn such that |7t! c |<e for 
any curve C whatever lying outside of K and for any set of values 
of the variables inside the domain D. 

It is evident that the preceding definitions and theorems may be 
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Note. If a series does not converge uniformly, it is not always allowable to 
integrate it term by term. For example, let us set 

S„ (x) = nxe-"* 2 , S 0 (x) = 0 , u n (x) = S n — S n -i . n = 1 , 2, • ♦ • . 

The series whose general term is u u (x) converges, and its sum is zero, since S n (x) 
approaches zero as n becomes infinite. Hence we may write 

f(x) = 0 = ui (x) + w 2 (x) H + u n (x) + • • • , 

whence f 0 l /{x) dx = 0. On the other hand, if we integrate the series term by 
term between the limits zero and unity, we obtain a new series for which the 
sum of the first n terms is 



which approaches 1/2 as its limit as n becomes infinite. 

175. Application to differentiation under the integral sign. The proof 
of the formula for differentiation under the integral sign given in 
§ 97 is based essentially upon the supposition that the limits x Q 
and X are finite. If X is infinite, the formula does not always hold. 
Let us consider, for example, the integral 

J r* - f- co 

( sin ax 7 ^ A 

I dx, a > 0. 

o x 

This integral does not depend on a, for if we make the substitu- 
tion y = ax it becomes 



If we tried to apply the ordinary formula for differentiation to F(a), 
we should find 

J r* + oo 

I cos ax dx . 
o 

This is surely incorrect, for the left-hand side is zero, while the 
right-hand side has no definite value. 

Sufficient conditions may be found for the application of the 
ordinary formula for differentiation, even when one of the limits 
is infinite, by connecting the subject with the study of series. Let 



u i)~~ "1=1 •••, u /t = J{x)clx, 

J(t o ^«i 

£Ae series 

r/ 0+ ^ + t/ 2 + ...+ ^ + ... 

converges and its sum is f(x) dx, for the sum S n of the first n terms 
is equal to 

It should be noticed that the converse is not always true. 
If, for example, we set 


A*) 


■ cos X. 


a 0 =0, a 1 = 7r, 


a tl = mr , 


we shall have 




•»(n + ])7T 

U„ = I cos x dx — 0 . 

/ «7T 


Hence the series converges, whereas the integral fjcosxdx ap- 
proaches no limit whatever as l becomes infinite. 

Now let f(x , lx) be a function of the two variables x and a which 
is continuous whenever x is equal to or greater than a 0 and a lies 
in an interval (cx 0 , a x ). If the integral J^/(sc, a)dx approaches a 
limit as l becomes infinite, for any value of a, that limit is a 
function of a, 


"W-I 


f(x, a)dx, 


•which may be replaced, as we have just shown, by the sum of a 
convergent series whose terms are continuous functions of a: 


F(a) = U 0 (a) + U 1 (a) -\ (- U n (a) + • • •, 

( 1 P a 2 

f(x,a)dx, U 1 (a)=l f(x,a)dx, 

U a x 

This function F(a) is continuous whenever the series converges uni- 
formly. By analogy we shall say that the integral f(x, a) dx 
converges uniformly in the interval (<x 0 , a x ) if, corresponding to any 
preassigned positive quantity e, a number N independent of a can 
be found such that | fix, cr) dx | < e whenever l ^ N, for any value 
of a which lies in the interval (cx 0 , a^).* If the integral converges 
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hence the function F(a) is continuous in this ease throughout the 
interval (<r 0 , n^). 

Let us now suppose that the derivative of (da is a continuous 
function of x and a when x^a 0 and that the integral 



df 

da 


dx 


has a finite value for every value of a in the interval (a 0 , a^, and 
that the integral converges uniformly in that interval. The integral 
in question may be replaced by the sum of the series 


where 


jf d -£dx = V 0 (a) + Fi(cr) + • • • + V n (a) + • - 

'~L da dX ’ " ~i 


dx, 


The new series converges uniformly, and its terms are equal to the 
corresponding terms of the preceding series. Hence, by the theorem 
proved above for the differentiation of series, we may write 

In other words, the formula for differentiation under the integral sign 
still holds , provided that the integral on the right converges uniformly . 

The formula for integration under the integral sign (§ 123) also 
may be extended to the case in which one of the limits becomes 
infinite. Let f(x ) <r) be a continuous function of the two variables 
x and a, for x > a 0 , a 0 ^ a ^ a x . If the integral f a +yD f(x, a) dx is uni- 
formly convergent in the interval (« 0 , a^ } we shall have 


J r> + ac s*<x x /■* + 30 

' dx I f(x, a) da — I da f(x, a) dx . 
a o *J a o J a o *^«() 

To prove this, let us first select a number l > a 0 ; then we shall 
have 



f(x, a)dx, 


for the difference between these two double integrals is equal to 



4- » 

fix , a)dx. 


Suppose N chosen so large that the absolute value of the integral 
+ a)dx is less than e whenever l is greater than N , for any 
value of cx in the interval (<r 0 , c?i). Then the absolute value of the 
difference in question will be less than e | — cx 0 1 , and therefore it 
will approach zero as l increases indefinitely. Hence the left-hand 
side of the equation (B) also approaches a limit as l becomes infi- 
nite, and this limit is represented by the symbol 


J /-*+cO 

' dxi 

a n o',. 


f(x, a) da.. 


This gives the formula (A) which was to be proved.* 


176. Examples. 1) Let us return to the integral of § 91 : 


F(a) = 


1 


+ CQ 


e~ax 


sinx 7 

dx , 

x 


where a is positive. The integral 



e -ax sms cfo, 


* The formula for differentiation may be deduced easily from the formula (A). For, 
suppose that the two functions f{x , a) and/* (a, cx) are continuous for rr 0 <ar<a'i, 
x ^ a 0 ; that the two integrals F(a) — ff ^/(a, cx) dx and <f>(ar) = f 0 + °°/a (x, a) dx have 
finite values ; and that the latter converges uniformly in the interval (a o , c*i) . From 
the formula (A), if a lies in the interval (or 0 , a{), we have 

pa p p + <x> p a 

J du / f u (x, u) dx— I dx I fu(x,'ii)du, 

Ja 0 d a<j 

where for distinctness a has been replaced by u under the integral sign. But this 
formula may be written in the form 

f <E>(w) du = f f(x } a)dx — f f(x, a Q ) dx = F{a) — F(a 0 ) , 

da 0 Ja n Ja 0 

whence, taking the derivative of each side with respect to cx, we find 


IX*'- 


ax sin x dx < 


x 


+ r. I 

Q-“ x dx = - G~ al , 
a 


and hence the absolute value of the integral on the left will be less than e for all 
values of a greater than /c, if l > N, where N is chosen so large that ke ks > 1/e. 
It follows that 

er ax sin x dx . 

The indefinite integral was calculated in § 119 and gives 


whence we find 


x re-^(coscc + crsinx)! + co —1 

i + ^ Jo = TT^’ 


F(a) — C — arc tan a , 


and the constant C may be determined by noting that the definite integral F(a) 
approaches zero as a becomes infinite. Hence G = tt/ 2, and we finally find the 
formula 

■» +30 

(38) 


J r* + 30 

f smx . ,.1 

f e - ax dx = arc tan — • 

x <x 

o 


This formula is established only for positive values of nr, but we saw in § 91 that 
the left-hand side is the sum of an alternating series whose remainder H n is always 
less than 1/n. Hence the series converges uniformly, and the integral is a con- 
tinuous function of cr, even for a = 0. As a approaches zero we shall have in 
the limit 


(39) 

2) If in the formula 


J r* +co . 

: s 


sin x , it 
dx = — 
2 


x 


+*> -JTf 

o 2 


of § 134 we set x = y Vtr, where a is positive, we find 
,+0 ’ -- V*„-i 


(40) 


f e- a v 2 dy = — — a~? : 

Jo 2 


and it is easy to show that all the integrals derived from this one by successive 
differentiations with respect to the parameter or converge uniformly, provided 
that a is always greater than a certain positive constant k. From the preceding 
formula we may deduce the values of a whole series of integrals : 


( 41 ) 


| ' j* y 2 er*&dy 

J n + ao 1 O 

Q-av'-dy = -J-l 
o 2 3 


2 2 
1.3 
2 3 


1 R . . . (9ir — 1\ 


2n 4- 1 


= f + e- a ”- dy - r e- 2^- dy . 

J “ Jo 1-2 


-J 


/ e~ a V l cosZfiy dy = / g-^-cm 1-i- r . i Z _| f ( — i)n. v py; — + 

•/o / .. I 1.2 1 . 2 • • . 2 ?i 

' + ••• 

+ (- 1)" f «- **• dy + • • • 

Jo 1 . 2 • • • 2 n 

All the integrals on the right have been evaluated above, and we find 

r+ m 1 lit (2/3) 2 Vrt or* 3 

Jo 2 X a 1.22 


2 2 


or, simplifying, 
(42) 


+ (_iy t W V* l-8.6-- (8n-l) -Sgi 
v ' 1.2.3- • -2m 2 2» ’ 

X +CO J lit _ ^ 

e - cos 2jSy dy = - e * . 


EXERCISES 


1. Derive the formula 


— J [X- (logs)*] = 1 + Si logs + (logs) 2 -+•••• + ■ (logs)*, 

where S,, denotes the sum of the products of the first n natural numbers taken p 
at a time. [Murphy.] 

[Start with the formula 

r _ or 2 (log a) 2 , , a n {\Q>gxy , “I 

X n + # = X n 1 -f & 1 OgZ -i V - -- — d + ~Z — „ h • • * 

L 1.2 1.2 • • • n J 

and differentiate n times with respect to sc.] 

2. Calculate the value of the definite integral 

•» -f- oo , 


f 


1-e-* 2 


dx 


by means of the formula for differentiation under the integral sign. 


3. Derive the formula 


by making use of the preceding exercise. 


5. From the relation 


derive the formula 


JL = I f + * > x 2 e- ax dx 
a 3 2 Jo 


1 r +c ° x 2 dx 



CHAPTER IX 


POWER SERIES TRIGONOMETRIC SERIES 

In this chapter we shall study two particularly important classes 
of series — ppwer series and trigonometric series. Although we shall 
speak of real variables only, the arguments used in the study of 
power series are applicable without change to the case where the 
variables are complex quantities, by simply substituting the expres- 
sion modulus or absolute value (of a complex variable) for the expres- 
sion absolute value (of a real variable).* 


I. POWER SERIES OF A SINGLE VARIABLE 


177. Interval of convergence. Let us first consider a series of the form 


(1) A q 4- A,X + + h A n X* + • • 

where the coefficients A 0) A 1} A 2 , ••• are all positive, and where 
the independent variable A is assigned only positive values. It is 
evident that each of the terms increases with X . Hence, if the 
series converges for any particular value of A", say A\, it converges 
a fortiori for any value of X less than A x . Conversely, if the series 
diverges for the value A 2 , it surely diverges for any yalue of X 
greater than X 2 . We shall distinguish the following cases. 

1) The series (1) may converge for any value of X whatever. 
Such is the case, for example, for the series 


X X 2 

1+ I + I72 + 


+ 



| . 

n 


2) The series (1) may diverge for any value of X except X = 0. 
The following series, for example, has this property: 

1 + A +1 . 2A 2 + • • • + 1 • 2 . 3 • • • nX* + • • *. 

3) Finally, let us suppose that the series converges for certain 
values of X and diverges for other values. Let Ah be a value of X 
for which it converges, and let A» be a value for which it diverges. 



the values of A r for which the series converges are less than X 2) and 
hence they have an upper limit, which we shall call R. Since all the 
values of X for which the series diverges are greater than any value 
of X for which it converges, the number R is also the lower limit of 
the values of -Y for which the series diverges. Hence the series (1) 
diverges for all values of X greater than R , and converges for all values 
of X less than R. It may either converge or diverge when X = R. 

For example, the series 

1 + X + X*+ ••• + P + '*' 

converges if X < 1, and diverges if X > 1. In this case R = 1. 

This third case may be said to include the other two by suppos- 
ing that R may be zero or may become infinite. 

Let us now consider a •power series , i.e. a series of the form 

(2) a Q + a x x + a 2 x 2 -1 b a n x n H , 

where the coefficients a { and the variable x may have any real values 
whatever. From now on we shall set A f = | a* | , X = | x | . Then, the 
series (1) is the series of absolute values of the terms of the series (2). 
Let R be the number defined above for the series (1). Then the 
series (2) evidently converges absolutely for any value of x between 
— R and -f R , by the very definition of the number R. It remains 
to be shown that the series (2) diverges for any value of x whose 
absolute value exceeds R. This follows immediately from a funda- 
mental theorem due to Abel : # 

If the series (2) converges for any particular value £c 0 > ^ converges 
absolutely for any values of x whose absolute value is less than | x 0 1 . 

In order to prove this theorem, let us suppose that the series (2) 
converges for x = x 0 , and let M be a positive number greater than 
the absolute value of any term of the series for that value of x. 
Then we shall have, for any value of n , 


A n \x 0 \ n <M, 

and we may write 



m m (m — 1) 


proves the theorem. 

In other words, if the series (2) converges for x = x 0) the series (1) 
of absolute values converges whenever X is less than |ar 0 |. Hence 
l^o | cannot exceed R, for R was supposed to be the upper limit of 
the values of A" for which the series (1) converges. 

To sum up, given a power series (2) whose coefficients may have 
either sign, there exists a positive number R which has the follow- 
ing properties : The series (2) converges absolutely for any value of x 
between — R and 4- R? and diverges for any value of x ruhose absolute 
value exceeds R. The interval (— R , + R) is called the interval of 
convergence. This interval extends from oo to + co in the case in 
which R is conceived to have become infinite, and reduces to the 
origin if R = 0. The latter case will be neglected in what follows. 

The preceding demonstration gives us no information about what 
happens when x = R or x = — R. The series (2) may be absolutely 
convergent, simply convergent, or divergent. Tor example, R = 1 
for each of the three series 


1 + x -j-rr 2 H + •••, 

rp Or« 2 rpn 

1 + 5+J + - + 7 + -’ 


1 + — -f 5- -p . 
T 1 2 '2 2T 


4-^4- 

n~ 


for the ratio of any term to the preceding approaches x as its limit 
in each case. The first series diverges for x = ±1. The second 
series diverges for x =1, and converges for x — — 1. The third con- 
verges absolutely for x = ±1. 

Note. The statement of Abel’s theorem may be made more general, 
for it is sufficient for the argument that the absolute value of any 
term of the series 

a o 4“ a i x q + * • ' 4* a n 4- • • • 

be less than a fixed number. Whenever this condition is satisfied, 
the series (2) converges absolutely for any value of x whose absolute 
value is less than \x 0 \.- 

The number R is connected in a very simple way with the number w defined 
in § 1G0, which is the greatest limit of the sequence 

Ai, VHa, 



sequence (1) therefore converges if X < 1/w, and diverges if X > 1/oj; hence 
R = 1/w * 

178. Continuity of a power series. Let /(x) be the sum of a power 
series which converges in the interval from — R to + R, 

/ 

(3) /(#) = a o 4* a i x 4" ‘ * * “h H" • * • > 'll ^Lrn «/-* 

and let 72' be a positive number less than R. We shall hirst show 
that the series (3) converges uniformly in the interval from — R 1 
to 4- R\ For, if the absolute value of x is less than R' } the 
remainder U n 

R n ==a n + l x n + l + --- + a n+1) x n +v - . . . 
of the series (3) is less in absolute value than the remainder 

| ^hi + l ) A » hi + 2 i ... 

I - rl n+2 i ‘' T 

of the corresponding series (1). But the series (1) converges for 
X = R , ) since R' < R. Consequently a number N may be found 
such that the latter remainder will be less than any preassigned 
positive number e whenever n 't N. Hence 1 7i n | < e whenever n ^ N 
provided that |.r| < R 1 . 

It follows that the sum f(x) of the given series is a continuous 
function of x for all values of x between — R and + R . For, let x 0 
be any number whose absolute value is less than R. It is evident 
that a number R 1 may be found which is less than R and greater 
than |x 0 |. Then the series converges uniformly in the interval 
(— R', + R') } as we have just seen, and hence the sum f(x) of the 
series is continuous for the value x 0 , since x 0 belongs to the interval 
in question. 

This proof does not apply to the end points 4- R and — R of the 
interval of convergence. The function f(x) remains continuous, 
however, provided that the series converges for those values. 
Indeed, Abel showed that if the series (3) converges for x = R, its 
sum for x = R is the limit which the sum f (pc') of the series approaches 
as x approaches R through values less than R.'f 

Let S be the sum of the convergent series 

S ~ 4 " R a - 2 R 2 -{-••• + 4 ~ * * *; 


* This theorem was proved by Cauchy in his Cours cl ’ Analyse . It was rediscovered 


IV 1 + 2 


a n + 1 A 1 *" 1 ; C& H -H 1 A” + 1 H“ (E, u + 2 

a- + iii ,, + l + --' + a« +i ,« n+ ^, 

is less than a preassigned positive number €. If we set a; = RO, and 
then let 0 increase from 0 to 1, x will increase from 0 to R, and we 
shall have 


fix) = f(QR) = a 0 + a 1 6R + a 2 6 2 R 2 + • • * + a n O n R n + ■ • •. 
If n be chosen as above, we may write 


(4) 


S -fix) = a x R(l - 9) + a 2 R*( 1 - 0 2 ) + . . . + a n R n (1 - 0 n ) 
- a n + L 0' t + 1 ^ n + 1 a„ +i> 0’ t+ ^ n+ >’ , 


„ and the absolute value of the sum of the series in the second line can- 
not exceed e. On the other hand, the numbers O' 1 * 1 , 6 n + 2 , •••, 9 n + p 
form a decreasing sequence. Hence, by AbePs lemma proved in § 75, 
we shall have 


K + 1 0 u + 1 jR n+1 H f- a n+p 0 H+p R n+p | < Q n+l c < e. 

It follows that the absolute value of the sum of the series in the 
third line cannot exceed e. Finally, the first line of the right-hand 
side of the equation (4) is a polynomial of degree n in 0 which 
vanishes when 0=1.’' Therefore another positive number rj may be 
found such that the absolute value of this polynomial is less than e 
whenever 0 lies between 1 — rj and unity. Hence for all such values 
of 0 we shall have 

I S -/(*)! <3*. 

But e is an arbitrarily preassigned positive number. Hence f(x) 
approaches S as its limit as x approaches R> 

In a similar manner it may be shown that if the series (3) con- 
verges for x = — R, the sum of the series for x = — R is equal to 
the limit which f(x) approaches as x approaches — R through values 
greater than — R. Indeed, if we replace x by — x, this case reduces 
to the preceding. 


An application. This theorem enables us to complete the results of § 168 
regarding the multiplication of series. Let 

(5) S = tto + U\ + W-2 H- • • • + u n 4- • • • , 


f(x) = Uo + UiX + • • • + U n x n 
(f>(x) = Uo + Uix + ■ • • -j- v n x n -{-•••» 

$ (z) = Wo Vo + {UoVi + Wl'l?o)x + [- (WoVn +•••+ «;« H . 

Each of these series converges, hy hypothesis, when x =1. Ilenco each of them 
converges absolutely for any value of x between — 1 and -l- 1. For any such 
value of x Cauchy’s theorem regarding the multiplication of series applies and 
gives us the equation 

(8) /(®)0(x) = *(»). 

By Abel’s theorem, as x approaches unity the three functions /(x), </>(x), f (x) 
approach S, S', and 2, respectively. Since the two sides of the equation (8) 
meanwhile remain equal, we shall have, in the limit, 2 = SS'. 

The theorem remains true for series whose terms are imaginary, and the proof 
follows precisely the same lines. 


179. Successive derivatives of a power series. If a power series 
f(x) == a 0 + *\x + a, z x 2 b a n x n -| 


which converges in the interval (— + It) he differentiated term 

by term, the resulting power series 

(9) a x + 2a % x H f- na n : c "-* 1 H 


converges in the same interval. In order to prove this, it will be 
sufficient to show that the series of absolute values of the terms of 
the new series, 

Ai -f~ 2 A 2 X -J- • • • -f- uA n A”” 1 


where A i = \a i ] and X = |x|, converges for X<R and diverges for 
X>R. 

For the first part let us suppose that X < R, and let R ' he a num- 
ber between X and R , X < R 1 < R. Then the auxiliary series 


i + H + iffl 1 

R 1 IV IV IV \R7 



+ ■■■ 


converges, for the ratio of any term to the preceding approaches 
X/R\ which is less than unity. Multiplying the successive terms 
of this series, respectively, by the factors 


which also evidently converges. 

The proof of the second part is similar to the above. If the series 
Ai + 2 A 2 X x + • * • + nA n X " 1 -f • * •> 
where X x is greater than R, were convergent, the series 

A x X x ~f- 2A 2 X\ + • • • + nA n X x + • • • 

+ 00 

would converge also, arid consequently the series ^A n X ” would con- 
verge, since each of its terms is less than the corresponding term of 
the preceding series. Then R would not be the upper limit of the 
values of X for which the series (1) converges. 

The sum /j (sc) of the series (9) is therefore a continuous function 
of the variable x inside the same interval. Since this series con- 
verges uniformly in any interval (— R', + £'), where R 1 < R, f x (x) 
is the derivative of f(x ) throughout such an interval, by § 174. 
Since R' may be chosen as near R as we please, we may assert that 
the function f(%) possesses a derivative for any value of x between 
— R and -j- R, and that that derivative is represented by the series 
obtained by differentiating the given series term by term : * 

(10) f(x) = a x + 2a«x 4 b na n x n ~ l + • • •• 

Repeating the above reasoning for the series (10), we see that f(x) 

has a second derivative, 

/"(sc) = 2a 2 + 6a 3 x -j j- n(n — 1) a n x n ~ 2 H , 

and so forth. The function f(x) possesses an unlimited sequence of 
derivatives for any value of x inside the interval ( — R , + R ), nnd 
these derivatives are represented by the series obtained by differen- 
tiating the given series successively term by term : 

(11) f n \x) = 1 . 2 • • • na n + 2 . 3 . • • n(n +l)a n+l x + ---. 

If we set x — 0 in these formulse, we find 

/"( 0) 

®o=/(°)> a i = /'( 0 )j = 2 ; 


or, in general, 


f (n) ( 0 ) . 

0/11 1 . 2 • • * n 


* Although the corresponding theorem is true for series of imaginary terms, the 
„ „ , -I-JV ’i. i: AT-rtl TT & Ofili — Th atjs. 




f(x) = /(0) + f /'(O) + f- 2 /"( 0) + • • • + /<">(0) + . 


The coefficients a 0 , a u •••, a n) ♦ are equal, except for certain 
numerical factors, to the values of the function f(x ) and its succes- 
sive derivatives for x = 0. /£ follows that no function can have two 
distinct developments in power series. 

Similarly, if a power series be integrated term by term, a new 
power series is obtained which has an arbitrary constant term and 
which converges in the same interval as the given series, the given 
series being the derivative of the new series. If we integrate again, 
we obtain a third series whose first two terms are arbitrary; and so 
forth. 


Examples. 1) The geometrical progression 

1 — a; + cc 2 — sc 8 H + ( ~l) n x n -j , 


whose ratio is — x, converges for every value of x between —1 and 
+ 1, and its sum is 1/(1+ x). Integrating it term by term between 
the limits 0 and x , where \x \ <1, we obtain again the development 
of log (1 + x ) found in § 49 : 


x x 


log(l + »)-i— 2 + 8 — - + (-l )"^n + - 


This formula holds also for x = 1, for the series on the right con- 
verges when x = 1. 

2) For any value of x between —1 and +1 we may write 

— — = l-“ x 2 + x* — x Q + b (— l) n x 2n H . 

1 + x 2 K ' 


Integrating this series term by term between the limits 0 and x , 
where | x \ < 1, we find 


arc tanx = f-| + ~-... + (— 1 )» 
loo 


+ 1 


2^+1 




Since the new series converges for x — 1 , it follows that 


77 


1,1 1 




1 


JL JL . & jL . 2 ♦ • • p 

where m is any number whatever and \x\ < 1. Then we shall have 


F'(x) = m !+■ 


x -f ■ 


1.2---0-1) + ' 


Let us multiply each side by (14- sc) and then collect the terms in 
like powers of x. Using the identity 

(in — 1)- • -(m—p- f-1) (m— 1)- • -(m~p) __ m(m—l)- • -(m — p 4l) 

1 . 2 • • ’(p—1) + 1 . 2 • • • p ” 172 • • >p ’ 

which is easily verified, we find the formula 


(14 x)F l 


'(x) = m 14 j 


m , m(m — 1) „ , 

* 4 ~ i Y x ~ ^ ' 


1.2 --p 


] 


or 


(1 4 - x)F'(x) = mF(x). 

From this result we find, successively, 

F'(x) __ m 
F(x) 14®* 

log [F(cc)] = m log (1 4 x) 4 log C, 

F(x) = C( 1 4 %) m - 

To determine the constant C we need merely notice that F(0)=1. 
Hence (7 = 1. This gives the development of (1 4 - x) ,M found in § 50 : 

m . , m(m — 1 ) • (m—p 4 1 ) 


or 


(1 4 x) m = 1 4 y x 4 • • • 4 : 


x p 4 


1.2 ...jp 

4) Eeplacing x by ~ x 2 and m by — 1/2 in the last formula above, 
we find 


1 « , 1 , , 1.3 4 , 

7 - — ' = 1 4 o X 4 o A x + ' 

Vl — x l 2 2.4 


1 , 3 . 5 • • • (2n — 1) 

2 4 (5 2 % ^ * 


This formula holds for any value of x between —1 and 4l. Inte- 
grating both sides between the limits 0 and x , where \x\<l, we 
obtain the following development for the arcsine: 


m 


1 S X...f9.n — -n * 2 » + l 


"1 /-y.3 *1 Q '7*5 


tllciu mitJrVcUj fcUlU -Oq -f- 10 elUUUUCl JJU1U0 U JL W.1C OcWIIC ill UC1 V CU. fcUUJJL 

that | cc 0 1 4- 1 A | < 22. The series whose sum is f(x 0 + A), 

a Q 4- cii(oc 0 -f A) 4" ^2(^0 4~ A) 2 4~ • • * 4- cc n (x 0 4- A)* -H • • •> 

may be replaced by the double series obtained by developing each 
of the powers of (sc„ + A) and writing the terms in the same power 
of h upon the same line : 

cl q 4- a x x Q 4- a 2 xf } 4 b 4 

4- % A 4- 2a 2 5c 0 A -f • • • 4- w- • cr- J( xJ _1 A 4 

4- a 2 A 2 4- b - a*®; -8 A 2 4- • • • 

4“ 

This double series converges absolutely. Tor if each of its terms 
be replaced by its absolute value, a new double series of positive 
terms is obtained : 

+ ^1^1 4- A 2 \x,\ 2 4 b A n \x 0 \» 

4- iii| A | 4- %A 2 \x 0 \ I A I 4 b n ^ImI^oI 71-1 ! A| 4- • • * 

+ A,\hf +... + <^±± An \x a \‘-*\hY+... 

4- 

If we add the elements in any one column, we obtain a series 

^0 ~b ^i[|®o| + 1 A|] 4 b A n [\x 0 \ 4- |A|] n 4 

which converges, since we have supposed that | %q | + 1 A | < R. Hence 
the array (12) may be summed by rows or by columns. Taking 
the sums of the columns, we obtain f(x 0 4- A). Taking the sums 
of the rows, the resulting series is arranged according to powers of 
A, and the coefficients of A, A 2 , ••• are /'(cc 0 ), /"(x 0 )/2 ! , • respec- 
tively. Hence we may write 

(14) /(z 0 + h) =/(*„) + + ... + Y^hrJ {n} (*») + •••» 

if we assume that | A | < R — [ x 0 1 . 

This formula surely holds inside the interval from x 0 — R 4-|a: 0 | 
to x 0 4- R — I x t) [ , but it may happen that the series on the right 





a ay write 


(1 + x)"‘ — (1 + x 0 + X — x„) m = (1 + a;,,)"' (1 + z) m , 

/here 

___ x — x 0 

1 + x o 

V T e may now develop (1 + s) 7 ” according to powers of s, and this 
ew development will hold whenever \z\ < 1, i.e. for all values of x 
etween — 1 and 1 + 2x 0 . If x 0 is positive, the new interval will be 
irger than the former interval (—1, +1). Hence the new formula 
nablcs us to calculate the values of the function for values of the 
ariable which lie outside the original interval. Further investiga- 
on of this remark leads to an extremely important notion, — that 
t analytic extension . We shall consider this subject in the second 
olume. 

Note . It is evident that the theorems proved for series arranged 
:*cording to positive powers of a variable x may be extended immedi- 
3ely to series arranged according to positive powers of x — a, or, 
Lore generally still, to series arranged according to positive powers 
: any continuous function 4>(x ) whatever. We need only consider 
lem as composite functions, <£(x) being the auxiliary function, 
hus a series arranged according to positive powers of 1/x con- 
U'ges for all values of x which exceed a certain positive constant in 
isolute value, and it represents a continu ous fun ction of x for all 
lcIi values of the variable. The function Vx 2 — a, for example, may 
} written in the form ±x(l — a/x 2 )^. The expression (1— a/x 2 )* 
ay be developed according to powers of 1/x 2 for all values of x 
hich exceed Va in absolute value. This gives the formula 

/-j— ■ _ 1 1 . 2 . 3 • • ♦ (2p — 3) a* 

Vx 2 x 2.4 x 8 "* 2 . 4 . 6 ■ ■ • 2p x 2 "- 1 "*’ 

[rich constitutes a valid development of V x 2 — a whenever x > V&. 
hen x < — Vu, the same series converges and represents the func- 
)n — Vx 2 — a . This formula may be used advantageously to obtain 
development for the square root of an integer whenever the first 


series / (V), / 2 (x) } *••>/, (a?)- When \x\ < r, each of these series 
converges absolutely, and they may be added or multiplied together 
by the ordinary rules for polynomials. In general, any integral poly- 
nomial in / (x), / 2 (x) } •••,/(•'*) may be developed in a convergent 
power series in the same interval. 

For purposes of generalization we shall now define certain expres- 
sions which will be useful in what follows. Let /(#) be a power- 
series 

f(x) = a o + a x x + a«x* H f- a n x n -f , 

and let be another power series with positive coefficients 

4>( x ) = cr 0 + a \ x + « 2 x2 H b ^ n x n H 

which converges in a suitable interval. Then the function <£(/) is 
said to dominate * the function f(x) if each of the coefficients a n is 
greater than the absolute value of the corresponding coefficient of 
/(»): 

|a 0 | < «„, |a 1 |<a 1 , •••, \a n \<.a n) •••. 

Poincare has proposed the notation 

fix) < 4>( x ) 

to express the relation which exists between the two functions f(x) 
and «/>(#). 

The utility of these dominant functions is based upon the fol- 
lowing fact, which is an immediate consequence of the definition. 
Let P(a 0 , a ly • a n ) be a polynomial in the first n+1 coefficients 
of f(x) whose coefficients are all real and positive. If the quanti- 
ties a 0 , a l3 • • •, a n be replaced by the corresponding coefficients of 
it is clear that we shall have 

| P( a 0> a l 7 **•; a l; ’**; a n) • 

For instance, if the function dominates the function /(sc), 

the series which represents [>(/)] 2 will dominate [/( sc )] 2 > and so 
on. In general, will dominate [/»]". Similarly, if <£ and 

4>i are dominant functions for/ and f lt respectively, the product 
will dominate the product ff x \ and so forth. 


* This expression will be used as a translation of the phrase “ <p{x) est majorante 

pour la fonction fix).” Likewise, “dominant fmuit, inns will hrpH fm* frino+inna 


nant i unction as simple as possible. Let r be any number less than 
Jl and arbitrarily near R . Since the given series converges for x = r, 
the absolute value of its terms will have an upper limit, which we 
shall call M. Then we may write, for any value of n, 


A„ r n < M 


or 


I a* I = A< 


M 


Hence the series 


M + M - + ■ 
r 


. Mx 11 
+ ~ + ' 


M 


1 -* 

V 


whose general term is M(x n /v n ), dominates the given function /(x). 
This is the dominant function most frequently used. If the series 
f(x) contains no constant term, the function 

M 


• - M 


l- : 


may be taken as a dominant function. 

It is evident that r may be assigned any value less than R } and 
that M decreases, in general, with r. But 1 XT. can never be less than 
A 0 . If A 0 is not zero, a number p less than R can always be found 
such that the function A 0 /(l — x/p) dominates the function /(x). 
Bor, let the series 

r v l r n 


where M > A 0 , be a first dominant function. If p be a number less 
than tAq/M and n £ 1, we shall have 

I a nP n I = I V ' 1 \x(z) < M 7 (?) ’ 


whence \a n p n \ < A 0 . On the other hand, |a Q | = A 0 . Hence the series 

/>» sr>1l 

A 0 + A a -+A 07 i -h-. + A 0 ~+... 


dominates the function f(x). We shall make nse of this fact pres- 
ently. More generally still, any number whatever which is greater 

f.Tian orrnal 4. mciv nsp.fl in rdn.P.P. of l\f 



is a dominant function, where y. is any positive number whatever. 


Note. The knowledge of a geometrical progression which dominates the func- 
tion f(x) also enables us to estimate the error made in replacing the function 
f(x) by the sum of the first n + 1 terms of the series. If the series M/( 1 — x/r) 
dominates /(&), it is evident that the remainder 

a„+ix« + 1 + a n + o£c» + 2 + • • • 


of the given series is less in absolute value than the corresponding remainder 


M 




of the dominant series. It follows that the error in question will be less than 



r 


182. Substitution of one series in another. Let 

(15) * =/(' /) = «o + «i V + f a n y n -| 

be a series arranged according to powers of a variable y which con- 
verges whenever \y\<R. Again let 

(16) y = </>(x) = b 0 + hx -f b b n x n H 

be another series, which converges in the interval (— r, -f rj. If 
y, V 2 } i n the series (15) be replaced by their developments in 

series arranged according to powers of x from (16), a double series 

f S-f- Mo ~f“ H b a n bo -b * * • 

j\ J (X\ bi x -b 2 (x 2 b 0 bi x -b * * • ~b b% 1 b^x -j- * • • 

1^ + a^x 2 -b 0,^(1) i ~b 2$ 0 5 2 )a; 2 -f- 

is obtained. We shall now investigate the conditions under which 

thl.c; dnnlrVlp spvips n.nnvprrrpa aVionl -nfolTr Tn nlnrtn i-l- 


m is any positive number greater than |6 0 | and where p < r. We 
may therefore suppose that m is less than R . Let R' he another 
positive number which lies between m and R. Then the function 
f(y) is dominated by an expression of the form 


1 


— = M + '+ M 

__ y_ . R' 

IV 


]L 

E 1 2 




If ?/ be replaced by m/( 1— a?/p) in this last series, and the powers 
of y be developed according to increasing powers of x by the binomial 
theorem, a new double series 


M + 3/1 

-i +• 

,R'J 


?)• +■• 

■< 

m x 

r /?\ 

tt\ n X 

+ M 

TTi V "i” ' 

• • + nM ( - 

r,) - + •■ 


R' P 

V 

V) P 


is obtained, each of whose coefficients is positive and greater than 
the absolute value of the corresponding coefficients in the array (17), 
since each of the coefficients in (17) is formed from the coefficients 
a Q} a 1} a 2 , b Qy b x , b 2} • • - by means of additions and multiplications 
only. The double series (17) therefore converges absolutely pro- 
vided the double series (18) converges absolutely. If x be replaced 
by its absolute value in the series (18), a necessary condition for abso- 
lute convergence is that each of the series formed of the terms in any 
one column should converge, he. that \x \ < p. If this condition be 
satisfied, the sum of the terms in the (n + l)th column is equal to 


M 


m 


Then a further necessary condition is that we should have 
m < R l 


or 


(19) 




* Tli ft ftn.RPi in win nh the series (15} converges for v ~ R (see § 177) will be neglected 


therefore converge absolutely for values of x which satisfy the 
inequality (19). It is to be noticed that the series 4>(x) converges 
for all these values of x, and that the corresponding value of y is 
less than R' in absolute value. For the inequalities 


\$( x )\ < 



P R' 


necessitate the inequality \4>( x ) \ < -K'- Taking the sum of the series 
(IT) by columns, we find 

a o + cl x ^(x) + a 2 [>(x)] 2 H b a n [_4>(x)¥ H , 

that is, /[<#>(&)]. On the other hand, adding by rows, we obtain a 
series arranged according to powers of x. Hence we may write 


(20) /[< £(&)] = c 0 + o t x + c 2 x 2 4 f- 4 , 

where the coefficients c 0 , c u c 2 , • • ■ are given by the formulae 


( 21 ) 


r e 0 = a 0 + a>i b 0 + a 2 b\ + • ■ • + a n bo + * * *, 

Ci = a 1 & 1 +2a a b t & 0 4 b na u b*~ l bi 4 , 

c 2 = cq&g + a 2 (£f + 26 0 & 2 ) + ■ • *, 


which are easily verified. 

The formula (20) has been established only for values of x which 
satisfy the inequality (19), but the latter merely gives an under 
limit of the size of the interval in which the formula holds. It may 
be valid in a much larger interval. This raises a question whose 
solution requires a knowledge of functions of a complex variable. 
We shall return to it later. 


Special cases. 1) Since the number R 1 which occurs in (19) may 
be taken as near R as we please, the formula (20) holds whenever x 
satisfies the inequality \x \ < p(l— m/R ). Hence, if the series (15) 
converges for any value of y whatever, R may be thought of qs infinite, 
p may be taken as near r as we please, and the formula (20) applies 
whenever \x\ < r, that is, in the same interval in which the series 
(16) converges. In particular, if the series (16) converges for all 
values of x, and (15) converges for all values of ?/, the formula (20) 


where p < r and where m is any positive number whatever. An 
argument similar to that used in the general case shows that the 
formula (20) holds in this case whenever x satisfies the inequality 


( 22 ) 


|*| <P 


JR' 

IV + hi 


where TV is as near to H as we please. The corresponding interval 
of validity is larger than that given by the inequality (19). 

This special case often arises in practice. The inequality 
|/> 0 | < R is evidently satisfied, and the coefficients c n depend upon 

«1J «»» h, ■■■, K only: 

c„ = <%, e l = a l b 1 , c., = a 1 b 2 + cub\, ■■ ■, c n — a l b n -f a„b’{. 


Examples. 1) Cauchy gave a method for obtaining tlic binomial theorem from 
the development of log(l + x). Setting 


. lx X ? X ^ \ 

y = ploe{i + x) = j j - ■ -J, 

we may write 

(1+ X)* = = & =1+ V - + 

1 1 .2 


whence, substituting the first expansion in the second, 


(1 + xy = 1 + p 


/x __ x 

v * 


X 2 X 3 

2 + 3 ' 




If the right-liand side be arranged according to powers of it is evident that 
the coefficient of x n will he a polynomial of degree n in p, which we shall call 
P n (p). This polynomial must vanish when g = 0, 1, 2, • • •, n — 1, and must 
reduce to unity when p = n. These facts completely determine P n in. the form 


(23) 


_ p{p -1) • • ’(fj. ~ n +1) 
* 1.2".- n 


2) Setting z = (1 -+■ &) 1 /*, where x lies between — 1 and 4- 1, we may write 


z=c,/=1+ i + h + - 


?/ = - lo<? fl -I- = 1 — ^ + 5 — — i V 1 - 


X n 


+ « 


where 


J 


( 24 ) ( 1 + 3 )* = 


■sc 


1 + 1 + 


1.2 


+ •■• + 


1.2 - • -n 


■■■)■ 



It follows that (1 + x) 1/:c approaches e through values less than e as x approaches 
zero through positive values. 


183. Division of power series. Let us first consider the reciprocal 
1 + bi x + b 2 x 2 + • • • 


of a power series which begins with unity and which converges in 
the interval (— r, +- r). Setting 

y = \x +- b 2 x 2 H , 

we may write 

/(*) = TTJj = 1_ ^ + 2/ 2 -!/ + ■■■> 

whence, substituting the first development in the second, we obtain 
an expansion for f(x) in power series, 


(25) f(x) = 1 - b x x + (b\ — b 2 ) a: 2 q , 

which holds inside a certain interval. In a similar manner a devel- 
opment may be obtained for the reciprocal of any power series 
whose constant term is different from zero. 

Let us now try to develop the quotient of two -convergent power 
series 

cjj(x) _ a 0 +• a x x +- a 2 x 2 +- • • - 
ij/(x) b 0 + b x x +- b 2 x 2 q 

If b 0 is not zero, this quotient may he written in the form 


</> 0 ) 

K x ) 


= (» 0 + a x x +~ a 2 x 2 + • • •) 


X 


1 

h + +■ b 2 x z + "• 


Then by the case just treated the left-hand side of this equation is the 
product of two convergent power series. Hence it may be written 
in the form of a power series which converges near the origin : 


(26) 


a 0 +- x + a 2 x 2 +- • • - 
b Q +• b\ x +- b 2 x 2 q 


c 0 +- c x x + c 2 x 2 q . 


Clearing of fractions and equating the coefficients of like powers 
of a;, we find the formulae 


irora which, the coefficients c {)} c l} •••, c n may be calculated succes- 
sively. It will be noticed that these coefficients are the same as 
those we should obtain by performing the division indicated by the 
ordinary rule for the division of polynomials arranged according to 
increasing powers of x. 

If b {] = 0 ; the result is different. Let ns suppose for generality 
that ij/(x) = x k \j/ l (x), where h is a positive integer and t^( 'x ) is a 
power series whose constant term is not zero. Then we may write 

4 >(*) _ i (*$) / ; 

\j/(x) x k \p\ ( X ) 

and by the above we shall have also 

- 777 ; = c 0 +c 1 x-\ 1 - + c k x k + C k+1 x k+1 + • • •. 

Y l V 1 ) 

It follows that the given quotient is expressible in the form 


( 28 ) 


</»(••?•) _ £0 , _£ i _ , 
\j/( x) x k x k ~ l 


■ + + c k + c k+1 x H- ■ 

00 


where the right-hand side is the sum of a rational fraction which 
becomes infinite for x = 0 and a power series which converges near 
the origin. 


Note. In order to calculate the successive powers of a power series, it is con- 
venient to proceed as follows. Assuming the identity 

(a 0 -f aix -i -f a n x n 4 • ■ •)"* = c 0 4 cix H f c n z n -I , 

let ns take the logarithmic derivative of each side and then clear of fractions. 
This leads to the new identity 

(29) ^ n0i n xn ~ l I )(co + cix H 1- c n x n 4 • • •) 

' ' ( = (a 0 4 a ix -1 f a n x n 4 • • -)( c i + 2c 2 & 4 V nc n x n ~ 1 4 • • ■) • 

The coefficients of the various powers of x are easily calculated. Equat- 
ing coefficients of like powers, we find a sequence of formulae from which 
c 0 , Ci, • • •, c„, • • • may he found successively if c 0 be known. It is evident that 
c 0 = <• 

184. Development of l/Vl — 2xz 4 z2> Let us develop l/Vl — 2ccz 4 Z 2 
according to powers of z. Setting y = 2 xz — z 2 , we shall have, when \ y\ < 1 , 


nr 



where 


Vl — 2 xz 4 z‘ z 


Qo*2 1 

Po=l, Pi = ®, P 2 = ~y-i 

and where, in general, is a polynomial of the nth degree in x. These poly- 
nomials may be determined successively by means of a recurrent formula. Dif- 
ferentiating the equation (31) with respect to z , we find 

= p 1 + 2 P 2 z + • • • + 

(1 - 2xz + z 2 ) 3 

or, by the equation (31), 

(x - z)(Pq 4 P\Z H f P n z” + ...) = (1 - 2 xz + z 2 )(P x 4 2 P 2 z H ) . 

Equating the coefficients of z n , we obtain the desired recurrent formula 
(n 4 1) P n + i = (2n -f- 1)«P» - nP n -i . 

This equation is identical with the relation between three consecutive Legendre 
polynomials (§ 88), and moreover P 0 = V 0 , Pi = ATi, P 2 = X 2 . Hence P„ = AT n 
for all values of n, and the formula (31) may be written 

(32) — =r = 1 4 X\ z 4 -^2 z 2 4 • • • 4 X n z n 4 * * • > 

Vl — 2xz 4 z 2 


where X n is the Legendre polynomial of the ?ith order 


X n — 


1 


d n 


2 . 4 . 0 • • • 2n dx n 


[(* 2 -l) n L 


We shall find later the interval in which this formula holds. 


II. POWER SERIES IN SEVERAL VARIABLES 

185. General principles. The properties of power series of a single 
variable may be extended easily to power series in several independ- 
ent variables. Let us first consider a double series %a mn x m y n , where 
the integers m and n vary from zero to + oo and where the coeffi- 
cients a mn may have either sign. If no element of this series exceeds 
a certain positive constant in absolute value for a set of values 
x — x 0 , y = y Q , the series converges absolutely for all values ofx and 
y which satisfy the inequalities \x\ < \x 0 \, \y\ < | ?/ 0 1 . 

Eor> suppose that the inequality 

\a. cr™nK\<T M nr \n. I 


M 


the latter senes 
sum is 


converges whenever \x\<\x 0 \, \y\<\y 0 \, and its 


M 




as we see by taking the sums of the elements by columns and then 
adding these sums. 

Let r and p be two positive numbers for which the double series 
^\ a mn\ rm p n converges, and let R denote the rectangle formed by the 
four straight lines x = r, x —— r,y = p, y = — p. For every point 
inside this rectangle or upon one of its sides no element of the 
double series 

(33) F(x,y) = $a mn x m y n 

exceeds the corresponding element of the series S\a mn \r m p n in abso- 
lute value. Hence the series (33) converges absolutely and uni- 
formly inside of R, and it therefore defines a continuous function 
of the two variables x and y inside that region. 

It may be shown, as for series in a single variable, that the 
double series obtained by any number of term-by-term differen- 
tiations converges absolutely and uniformly inside the rectangle 
bounded by the lines x = r — e } x = — r -f c, y = p — e', y = — p + 
where e and e' are any positive numbers less than r and p , respec- 
tively. These series represent the various partial derivatives of 
F(x , y ). For example, the sum of the series 57 ria mn x m ~ l y u is equal 
to dF/dx. For if the elements of the two series be arranged accord- 
ing to increasing powers of x, each element of the second series is 
equal to the derivative of the corresponding element of the first. 
Likewise, the partial derivative d m + n F/dx ni dy n is equal to the sum 
of a double series whose constant factor is a mn 1 . 2 • • • m . 1 . 2 • • • ?i. 
Hence the coefficients a mn are equal to the values of the correspond- 
ing derivatives of the function F(x, y) at the point x = y = 0, except 
for certain numerical factors, and the formula (33) may be written 
in the form 



their degrees in x and y, a simple series is obtained : 


(35) F(Xj ?/) = </>„ + 4>i + <£2 H b <t>n d ? 

where </>„ is a homogeneous polynomial of the ?ith degree in x and 
y which may be written, symbolically, 


</>» = 


1 

1.2- 


n 


(*¥+ v ? F 


dx 


d U 



The preceding development therefore coincides with that given by 
Taylor’s series (§ 51). 

Let (a; 0 , y 0 ) be a point inside the rectangle R, and (x {) + h, y 0 4- 1c) 
be a neighboring point such that | a: 0 | + 1 h | < r, | y {) | -+■ 1 1c | < p. Then 
for any point inside the rectangle formed by the lines 

* = 3 0 ± — |* 0 |]> y = 2/„±[p -)2/o|]; 

the function F(x, y) may be developed in a power series arranged 
according to positive powers of x — x 0 and y — y 0 : 


(36) F(x o + h, y 0 + k) 


_ V w 

^1.2... 






• h m k n . 


For if each element of the double series 

2« ra „(*o + h Y(y» + k Y 

be replaced by its development in powers of h and k, the new multi- 
ple series will converge absolutely under the hypotheses. Arrang- 
ing the elements of this new series according to powers of h and k, 
we obtain the formula (36). 

The reader will be able to show without difficulty that all the 
preceding arguments and theorems hold without essential altera- 
tion for power series in any number of variables whatever. 


186. Dominant functions. Given a power series f(x , y, z, • • •) in n 
variables, we shall say that another series in n variables y y z, • • •) 
dominates the first series if each coefficient of $(x y y y z, • • •) is positive 
and greater than the absolute value of the corresponding coefficient 


= JUS 


H x > y) = 




~ t > 


where M is greater than any coefficient in the series 2,\a mn i* l p n \ / 
dominates the series %a mn x m // n . The function 


K x > v) = 



is another dominant function. For the coefficient of x m y n in \j/(x, y) 
is equal to the coefficient of the corresponding term in the expan- 
sion of M(x/r -f y/p) m + n , and therefore it is at least equal to the 
coefficient of x m y n in </>(#, y). 

Similarly, a triple series 

fix, y , *) = %a mnp x m y n ?J>, 


which converges absolutely for x = r, y = r', z = r" , where r, r\ r n 
are three positive numbers, is dominated by an expression of the 
form 


< H x > V> z ) = 


M 





and also by toy one of the expressions 

M M 


*-(f + 5+?) (*-9l>-(J+?)] 


y, «) contains no constant term, any one of the preceding expres- 
sions diminished by M may be selected as a dominant function. 

The theorem regarding the substitution of one power series in 
another (§ 182) may be extended to power series in several variables. 

If each of the variables in a convergent power se?'ies in p variables 
y u y 2 , • •} y p be replaced by a convergent power series in q variables 
x 1} x 2 , • • •, x q which has no constant term , the result of the substitu- 
tion may be written in the form of a power series arranged according 
to powers of x 1} x 2 , •••, x q} provided that the absolute value of each 


number of variables, we shall restrict ourselves for definiteness to 
the following particular case. Let 

(37) F{jy ) z)=%a mn tTs” 

be a power series which converges whenever | y \ < r and | z \ < r\ and let 

\y = hx + b»x 2 + ■ ■ ■ + b n x" H , 

^ } z = Oyx + Co x 2 + * • • 4 - c n x H -1 

be two series without constant terms both of which converge if the 
absolute value of x does not exceed p. If y and % in the series (37) 
be replaced by their developments from (38), the term in y m z H becomes 
a new power series in x, and the double series (37) becomes a triple 
series, each of whose coefficients may be calculated from the coeffi- 
cients a mn , b n , and c n by means of additions and multiplications 
only. It remains to be shown that this triple series converges abso- 
lutely when the absolute value of x does not exceed a certain con- 
stant, from which it would then follow that the series could be 
arranged according to increasing powers of x. In the first place, 
the function /(//, z) is dominated hy the function 



and both of the series (38) are dominated by an expression of the form 



P 


where M and N are two positive numbers. If y and z in the double 
series (39) be replaced by the function (40) and each of the products 
y m z 11 be developed in powers of x> each of the coefficients of the result- 
ing triple series will be positive and greater than the absolute value 
of the corresponding coefficient in the triple series found above. It 
will therefore be sufficient to show that this new triple series con- 
verges for sufficiently small positive values of x. How the sum of 
the terms which arise from the expansion of any term y m z n of the 
series (39) is 


fx\ m+n 






term by term, except for the constant factor M. Both of the latter 
series converge if x satisfies both of the inequalities 


X <P — x < p -y— 
r v + N r r + 


N 


It follows that all the series considered will converge absolutely, 
and therefore that the original triple series may be arranged accord- 
ing to positive powers of x, whenever the absolute value of x is less 
than the smaller of the two numbers pr/(r -j- JV) and pi' ! /(r' A 7 "). 

Note. The theorem remains valid when the series (38) contain 
constant terms b 0 and c 0} provided that |# 0 |< r and |c 0 | < r 1 . For 
the expansion (37) may be replaced by a series arranged according 
to powers of y — b 0 and z — e 09 by § 185, which reduces the discus- 
sion to the case just treated. 


III. IMPLICIT FUNCTIONS 
ANALYTIC CURVES AND SURFACES 

187. Implicit functions of a single variable. The existence of implicit 
functions has already been established (Chapter II, § 20 et ft.) under 
certain conditions regarding continuity. When the left-hand sides 
of the given equations are power series, more thorough investigation 
is possible, as we shall proceed to show. 

Let F(x, y) = 0 be an equation whose left-hand side can be developed 
in a convergent poicer series arranged according to increasing powers 
of x — x 0 and y — y 0 , where the constant term is zero and the coeffi- 
cient of y — y Q is different from zero . Then the equation has one and 
only one root 'which approaches y 0 as x approaches and that root 
can be developed in a power series arranged according to powers of 
x — x 0 . 

For simplicity let us suppose that = 0, which amounts to 

moving the origin of coordinates. Transposing the term of the first 


second. We shall first show that this equation can mjormauy sat- 
isfied by replacing y by a series of the form 

(42) y = c x x + c 2 x 2 H 1- c n x n H 

if the rules for operation on convergent series be applied to the series 
on the right. If or, making the substitution and comparing the coeffi- 
cients of x, we find the equations 

c i~ a ioj °2 = a 2 o + a n c i 4- a ()2 Cij ' ; 

and, in general, c n can be expressed in terms of the preceding c } s 
and the coefficients a ik , where i + k< n, by means of additions and 
multiplications only. Thus we may write 

(4=3) c n = P „(^ 10 , a< 20 , a n) <%„), 

where P n is a polynomial each of whose coefficients is a positive 
integer. The validity of the operations performed will be estab- 
lished if we can show that the series (42) determined in this way 
converges for all sufficiently small values of x. We shall do this by 
means of a device which is frequently used. Its conception is due 
to Cauchy, and it is based essentially upon the idea of dominant 
functions. Let 

*(*, Y)=2b mn x™Y" 

be a function which dominates the function f(x } y), where 6 00 = fr 01 = 0 
and where b mn is positive and at least equal to | a mn | . Let us then 
consider the auxiliary equation 

(41') F =</>(*, Y)=lb mn x™Y» 

and try to find a solution of this equation of the form 

(42') Y = C x x + C 2 x 2 -f + C n x n H . 

The values of the coefficients C 1} C 2 , - • • can be determined as above, 
and are 

Cl = ^105 C 2 = & 2O + &nC x + & 02 C?, *•'; 

and in general 

(43') C n = P n (b m b 20 ,...,b 0n ). 


Tt iff P.virlp/nf. -frnm a. prvmrv 


if -fT-io -fni'miilnQ //IQ'S 


rid 


V r ) \ P / 

■where M, r , and p are three positive numbers. Then the auxiliary 
equation (41') becomes, after clearing of fractions, 


Y 2 - 




+ 


Mp* 


p -f" J\1 p + 71/ y ^ 


= 0 . 


This equation has a root which vanishes for x = 0, namely : 

e! p 2 


r = 


'i- 


4iV ( p + M) 
.2 


X 


l-f 


2(^> -}- 71/) 2(p-b^/) ^ P 

The quantity under the radical may be written in the form 

H)HP 


where 


“ =r (7+2sJ 

Hence the root Y may be written 


r = — £ 


2 (p + it/) 




It follows that this root F may be developed in a series which con- 
verges in the interval (— or, 4- a), and this development must coin- 
cide with that which we should obtain by direct substitution, that 
is, with (42'). Accordingly the series (42) converges, a fortiori, in 
the interval (— a , 4* or). This is, however, merely a lower limit of 
the true interval of convergence of the series (42), which may be 
very much larger. 

It is evident from the manner in which the coefficients c n were 
determined that the sum of the series (42) satisfies the equation (41). 
Let us write the equation F(x, y ) in the form y ~f(x , y) = 0, and 
let y = P(x) be the root just found. Then if P(x) 4- z be substi- 
tuted for y in F(x, y), and the result be arranged according to 
powers of x and z, each term must be divisible by z, since the whole 
expression vanishes when z = 0 for any value of x. We shall have 
then F[x, P(x ) 4* z] = zQ(x, z), where Q(x , z) is a power series in x 


where the constant term of Q. x must be unity, since the coefficient 
of y on the left-hand side is unity. Hence we may write 

(44) F(x, y) = [y - P(x) ] (1 + ax + /3y + • •• •) . 

This decomposition of F(x, y) into a product of two factors is due 
to Weierstrass. It exhibits the root y = P(x), and also shows that 
there is no other root of the equation F(x } y) = 0 which vanishes 
with x , since the second factor does not approach zero with x and y. 

Note. The preceding method for determining the coefficients c n is 
essentially the same as that given in § 46. But it is now evident 
that the series obtained by carrying on the process indefinitely is 
convergent. 


188. The general theorem. Let us now consider a system of p equa- 
tions in p + q variables. 




Vu 

V2, * 

ii 

) F„ (x u cr 2 , •• 


Vu 

v*> • 

ii ■ 

.... 

'} X q 5 

Vu 

* 



where each of the functions F u F 2 , • • •, F p vanishes when c c t . = y k ~ 0, 
and is developable in power series near that point. We shall further 
suppose that the Jacobian D(F 1} •••, F p ')/D(y l , y 2 , yf) does 

not vanish for the set of values considered. Under these conditions 
there exists one and only one system of solutions of the equations (45) 
of the form 

= **> •••>*«)> •••> y P = <t>i>( x u x z> ■■■>%,), 

where <j> L) <£ 2 , • • •, are power series in x 1} z 2 > ’ j x q which vanish 
xoJien Xi = x 2 = • • • = x q = 0. 

In order to simplify the notation, we shall restrict ourselves to 
the case of two equations between two dependent variables u and v 
and three independent variables x, y , and z : 


(46) 


F 1 = au +1) 0 + cx + dy + ez + • * * “ 0 , 
F 2 = aiu 4- Vv + c [ x + d'y + e r z + • • • = 0. 


Since the, determinant ab ! — ba ' is not zero, bv hvnothesis. the two 


where the lei^-hand sides contain no constant terms and no terms 
of the first degree in u and v. It is easy to show, as above, that 
these equations may be satisfied formally by replacing u and v by 
power series in x , y } and z : 

(48) * u = v = %c\ kl x i tf s 9t } 


where the coefficients c ikl and c\ kl may be calculated from a mnpqr and 
b m n V ,,r by means of additions and multiplications only. In order to 
show that these series converge, we need merely compare them with 
the analogous expansions obtained by solving the two auxiliary 
equations 


U = V = 


M 






where M, r, and p are positive numbers whose meaning has been 
explained above. These two auxiliary equations reduce to a single 
equation of the second degree 


U 2 


x -f y 4- z 

P*IT Mp 2 " 

2 P + 4 M 2 P + 4M 1 __ a? + y + » 
1 r 


which has a single root which vanishes for x = y = z = 0, namely: 


U~ 


4 ( P + 2M) 4(p + 2M) 


h- 

x + y + z 

a 

1 - 

x + y + z 


where a = r [p/(p + 4JV/)] 2 . 

This root may be developed in a convergent power series when- 
ever the absolute values of x, y, and z are all less than or equal to 
a/3. Hence the series (48) converges under the same conditions. 

Let u-i and v l be the solutions of (47) which are developable in 
series. If we set u = ?q + if v = v x + v r in (47) and arrange the 
result according to powers of x 9 y, z, u\ v', each of the terms must 
be divisible by u' or by v Hence, returning to the original varia- 
bles Xy y, Zy Uy Vy the given equations may be written in the form 



For any other set of solutions must cause f<j> L — <ft/i to vanish, 
and a comparison of (47) with (47 ') shows that the constant term 
is unity in both. / and <£ u whereas the constant term is zero in 
both/i and <£; hence the condition f$ l — = 0 cannot be met by 

replacing u and v by functions which vanish when x = y = z = 0. 


189. Lagrange’s formula. Let us consider the equation 
(49) y = a + , 

where 0(y) is a function which is developable in a power series in y — a, 

* fy 

<p(y) = 0(a) 4- {y — a) 0'(a) H ~ - - + • • • , 


which converges whenever y — a does not exceed a certain number. By the 
general theorem of § 187, this equation has one and only one root which 
approaches a as x approaches zero, and this root is represented for sufficiently 
small values of x by a convergent power series 

y = a + x + a 2 z 2 + • • • . 

In general, if f(y) is a function which is developable according to positive 
powers of y — a, an expansion of f(y) according to powers of x may be obtained 
by replacing y by the development just found, 

(50) f{y) =/(a) A x x + A 2 x 2 + h A n x n + • • • , 


and this expansion holds for all values of x between certain limits. 
The purpose of Lagrange’s formula is to determine the coefficients 

-“d-l 5 -d-2 > * * ' ? J * ■ ■ 


in terms of a . It will be noticed that this problem does not differ essentially 
from the general problem. The coefficient A n is equal to the 7itli derivative of 
f(y) for y — 0, except for a constant factor n ! , where y is defined by (49) ; and 
this derivative can be calculated by the usual rules. The calculation appears to 
be very complicated, but it may be substantially shortened by applying the fol- 
lowing remarks of Laplace (cf. Ex. 8, Chapter II). The partial derivatives of 
the function y defined by (49), with respect to the variables x and a, are given 
by the formulae 

[i - **'(»)] s -~ = m , [i - mv)i I 2 = i , 


whence we find immediately 
(61) 


du 

ex 


, , N du 
— > 
oa 


where u —f(y)- On the other hand, it is easy to show that the formula 


on performing the indicated differentiations. We shall now prove the formula 


d 1l u 

dx n 



for any value of n. It holds, hy (51), for n =1. In order to prove it in gen- 
eral, let us assume that it holds for a certain number n. Then we shall have 


cfce w+1 da 11 - 1 dx L ' ' da J 


Hut we also have, from (51) and (51'), 


d 

ex 




whence the preceding formula reduces to the form 


5 n+l u 


dx n+1 


da n 


<p(y) nH 


du ~ | 
JaJ 


which shows that the formula in question holds for all values of n. 

Now if we set x = 0, y reduces to a, u to /(a), and the nth derivative of u 
with respect to x is given by the formula 



d ”- 1 

da”- 1 




Hence the development of f(y) by Taylor’s series becomes 


(52) 


| f(y) =/(a) + x$(a)f'(a) + — £ |>(a) 2 /'(a)] + • • 

vn fin - 1 


This is the noted formula due to Lagrange. It gives an expression for the 
root y which approaches zero as x approaches zero. We shall find later the 
limits between which this formula is applicable. 


Note. It follows from the general theorem that the root y, considered as a 
function of x and a, may be represented as a double series arranged according 
to powers of x and a. This series can he obtained by replacing each of the 
coefficients A n by its development in powers of a. Hence the series (52) may 
be differentiated term by term with respect to a. 


Examples. 1) The equation 


On. the other hand, the equation (53) may be solved directly, and its roots are 


y = - ± - Vl — 2ax + x 2 . 
xx 


The root which is equal to a when x = 0 is that given by taking the sign 
Differentiating both sides of (54) with respect to a, we obtain a formula which 
differs from the formula (32) of § 184 only in notation. 

2) Kepler’s equation for the eccentric anomaly u,* 

(55) u = a + e sin u , 

which occurs in Astronomy, has a root u which is equal to a for e = 0. Lagrange’s 
formula gives the development of this root near e = 0 in the form 


(56) u = a 4- e sin a -f (sin 2 a) + * 

1 • 2 da 


e n d n ~ l (sin«a) 


1.2 •••» da n ~ l 


+ 


Laplace was the first to show, by a profound process of reasoning, that this 
series converges whenever e is less than the limit 0.662743 •* 


190. Inversion. Let us consider a series of the form 
(5/) y — d\X 4~ $ 2 ft 2 ■+■ • • • 4* (t n x n + • • 

where a\ is different from zero and where the interval of convergence is(— r, + r). 
If y be taken as the independent variable and x be thought of as a function of y, 
by the general theorem of § 187 the equation (57) has one and only one root which 
approaches zero with ?/, and this root can be developed in a power series in y : 

(58) x = biy + b 2 y z + hy* + ■ ■ • + b n y n + • • 

The coefficients &i , b 2 , b 3 , • • • may be determined successively by replacing x in 

(57) by this expansion and then equating the coefficients of like powers of y . 
The values thus found are 



The value of the coefficient b n of the 
Lagrange’s formula. For, setting 




2 a 2 — a\ a 3 

a\ 


general term may be obtained from 


is{x) = ax + a 2 x -f . • . + a n x n ~ l + . . 
the equation (57) may be written in the form 


x ~ 


V +(x)' 


^ See p. 24S, Ex. 19; and Ziwkt, Elements of Theoretical Mechanics, 2d ed.. 


nU) 1.2-..n^^(®)/ 0 

where the subscript 0 indicates that we are to set x = 0 after performing the 
indicated differentiations. 

The problem just treated has sometimes been called the reversion of series. 

191. Analytic functions. In tlae future we shall say that a func- 
tion of any number of variables x, y, z, . • • is analytic if it can he 
developed, for values of the variables near the point x 0} y Q , z 0 , - 
in a power series arranged according to increasing powers of 
x — sr 0 , y — //„, z — z () , ••• which converges for sufficiently small 
values of the differences x — x l)9 • * * . The values which x 0 , y () , z () , • • • 
may take on may be restricted by certain conditions, but we shall 
not go into the matter further here. The developments of the pres- 
ent chapter make clear that such functions are, so to speak, inter- 
related. Given one or more analytic functions, the operations of 
integration and differentiation, the algebraic operations of multipli- 
cation, division, substitution, etc., lead to new analytic functions. 
Likewise, the solution of equations whose left-hand member is ana- 
lytic leads to analytic functions. Since the very simplest functions, 
such as polynomials, the exponential function, the trigonometric 
functions, etc., are analytic, it is easy to see why the first functions 
studied by mathematicians were analytic. These functions are still 
predominant in the theory of functions of a complex variable and in 
the study of differential equations. Nevertheless, despite the funda- 
mental importance of analytic functions, it must not be forgotten 
that they actually constitute merely a very particular group among 
the whole assemblage of continuous functions. # 

192. Plane curves. Let us consider an arc of a plane curve. 
We shall say that the curve is analytic along the arc AB if the 
coordinates of any point M which lies in the neighborhood of any 
fixed point M 0 of that arc can be developed in power series arranged 
according to powers of a parameter t — t 0} 

(59) $ X = ~ x ° + *i ~ *») + a 2 C ~ *<> ) 2 H f a n <7 - £„)" 4 , 

\y — = Vo + (t — t 0 ) + J 2 (t — -f f b u (t — £„)" -+ , 

which converge for sufficiently small values of t — £ 0 . 


* In the second volume an example of a 11011-ana] y tie function will be given, all of 


hood of that point one of the differences y — y 0 , x — x 0 can be 
represented as a convergent power series in powers of the other. 
If, for example, y — y 0 can be developed in a power series in 
x x 0 , 

(60) y - ijv = c x (x - z 0 ) + (x — a’o) 2 H h c* (as - ar 0 ) H H , 

for all values of £ between cr 0 — and .t (> -f- h, the point (a^, y^) is 
an ordinary point. It is easy to replace the equation (60) by two 
equations of the form (59), for we need only set 

(61) (x = x Q + t- t Qi 

{ (y = tfo + (* - A.) + • • • + e* (f - t Q y 4- ■ • • . 

If is different from zero, which is the case in general, the equa- 
tion (60) may be solved for x — x 0 in a power series in y — y 0 which 
is valid whenever y — y 0 is sufficiently sm all. In tliis case each of 

the differences x — x 0 , y — y Q can be represented as a convergent 

power series in powers of the other. This ceases to he true if c x is 
zero, that is to say, if the tangent to the curve is parallel to the 
x axis. In that case, as we shall see presently, x — x 0 may be devel- 
oped in a series arranged according to fractional powers of y — y Q . 
It is evident also that at a point where the tangent is parallel to 
the y axis x — x 0 can be developed in power series in y — y 0 , but 
y — y Q cannot be developed in power series in x — x 0 . 

If the coordinates ( x , y) of a point on the curve are given by the 
equations (59) near a point M 0 , that point is an ordinary point if 
at least one of the coefficients a u b x is different from zero.* If a x 
is not zero, for example, the first equation can be solved for t — t 0 
in powers of x — x 0J and the second equation becomes an expansion 
of y — y 0 in powers of x — x 0 when this solution is substituted for 
t — V 

The appearance of a curve at an ordinary point is either the cus- 
tomary appearance or else that of a point of inflection. Any point 
which is not an ordinary point is called a singular point. If all 
the points of an arc of an analytic curve are ordinary points, the 
arc is said to be regular. 

T-T ntTTAVQi' Hiq ofino+inno r\t orirr 


* This condition is snffirnont Imt nnt 


hand, member is developable according to powers of t — t Q . Hence 
t — t 0 is developable in powers of (x — ,x (> )' J , and if t — t 0 in the 
second equation of (59) be replaced by that development, we obtain 
a development for y — y 0 in powers of (x — x 0 )* : 

V — Vo = ci (a — a 0 ) + c 2 (x — £r (1 ) f + c 3 (3 — cc 0 ) 2 H . 

In this case the point (x 0J y 0 ) is usually a cusp of the first kind.* 

The argument just given is general. If the development of 
x — x 0 in powers of t — t 0 begins with a term of degree n, y — y Q 
can be developed according to powers of (x — £q,). The appearance 
of a curve given by the equation (59) near a point (jr 0 , y 0 ) is of 
one of four types : a point with none of these peculiarities, a point 
of inflection, a cusp of the first kind, or a cusp of the second kind * 

193. Skew curves. A skew curve is said to be analytic along an arc 
AB if the coordinates x , y, & of a variable point M can be developed 
in power series arranged according to powers of a parameter t — t 0 

f c v — x 0 + — t 0 ) ^ + a n (t — t 0 ) n H , 

+ (t — ^o) + • " + C n (t ~~ t*J l + * • • J 

in the neighborhood of any fixed point M 0 of the arc. A point 
M 0 is said to be an ordinary point if two of the three differences 
x — x 0 , y — y 0 , z — z 0 can be developed in power series arranged 
according to powers of the third. 

It can be shown, as in the preceding paragraph, that the point 
M 0 will surely be an ordinary point if not all three of the coefficients 
a u b 1} c x vanish. Hence the value of the parameter t for a singular 
point must satisfy the equations t 



* For a cusp of the first kind the tangent lies between the two branches. For a 
cusp of the second kind both branches lie on the same side of the tangent. The 
point is an ordinary point, of course, if the coefficients of the fractional powers 


happen to be all zeros. — Tuans. 

t These conditions are not sufficient to make the point Mo, which corresponds to 
a value t Q of tlie parameter, a singular point when a point M of the curve near M 0 
corresponds to several values of t which approach t$ as M approaches Mq. Such is 
the case, for example, at the origin on the curve defined by the equations % = * 2 , 


yj = y o 
U = s. 



whose equations are given, in the form 

(63) F(x, y, s) = 0, Fi (x, y, *) = 0, 

where the functions Fand F t are power series in x — x Q , y — y 0 , z — s 0 . 
The point J/„ will surely be an ordinary point if not all three of 
the functional determinants 

D(F, FQ D(F, FQ } D{F, F x ) 

D(x, y) ’ D(jj, tt) ' D(s, x ) 

vanish simultaneously at the point x = cc 0 , y = y () , # = « 0 . For if 
the determinant D(F, F x )/D(x,y), for example, does not vanish at 
M 0 , the equations (63) can be solved, by § 188, for x — x 0 and y — y 0 
as power series in z — z 0 . 

194. Surfaces. A surface S will be said to be analytic throughout 
a certain region if the coordinates x, y, z of any variable point M 
can be expressed as double power series in terms of two variable 
parameters t — t n and u — u 0 

rx — x„ = a l0 (t - f 0 ) + «oiO ~ w o) "I j 

(64) iy - y„ = b U) (t - <„) + & 01 (m - «„) H , 

[ tt ~ Z„ = C l0 (t - t„) + C 01 (U - M„) + • • •, 

in the neighborhood of any fixed point iTf 0 of that region, where 
the three series converge for sufficiently small values of t — 1 0 and 
u — u 0 . A point M 0 of the surface will be said to he an ordinary 
point if one of the three differences x — x 0 , y — y 0 , z — z 0 can be 
expressed as a power series in terms of the other two. Every point 
M 0 for which not all three of the determinants 

-P(?A ») D (n v) j y) 

D(t, u) } D(tj u) } V(t, u) 

vanish simultaneously is surely an ordinary point. If, for exam- 
ple, the first of these determinants does not vanish, the last two of 
the equations (64) can be solved for t — t 0 and it — u 0 , and the first 
equation becomes an expansion of x — x 0 in terms of y — y 0 and 
z — z 0 upon replacing t — 1 0 and u — u 0 by these values. 

Let the surface S be given by means of an unsolved equation 
F(x, y ) z) = 0, and let x 0 , y 0 , z 0 be the coordinates of a point M 0 
of the surface. If the function F(x, ?/, z) is a power series in 


face is independent of the choice of axes. For, let M 0 (x 0 , t/ 0 , z 0 ) be an 
ordinary point on a surface S. Then the coordinates of any neigh- 
boring point ca?i* be written in the form (64), where not all three of 
the determinants />(y, z)/D(t , u ), D(z y x)/D(t , «), D(x , y)/D(t , u) 
vanish simultaneously for t = t (i , u~ u 0 . Let us now select any new 
axes whatever and let 

A' = a x x + ft y -J- y x z -j- Si , 

Y = <r 2 ® + ft ?/ 4- 72 £ + S 2 , 

2 T = x + fty 4 * y 8 s + S 3 

be the transformation which carries rr, y, z into the new coordinates 
-Y, Y , Z, where the determinant A = D(X, Y, Z)/D(%. } y ) z) is differ- 
ent from zero. Replacing x, y, z by their developments in series 
(64), we obtain three analogous developments for X, Y, Z \ and we 
cannot have 

D(X, Y) ^ D(Y , Z) = D(Z, X) = 

D(rf, u) D{t , ?d) !>(£, w) 

for = w 0 , since the transformation can be written in the form 

x = A 1 X + R 1 r+ C^ + Dj, 
y = 2 A + Ij 2 Y + C\Z -f - D 2y 

z = A t X + B 9 Y+ CsZ + Dz, 

and tbe three functional determinants involving X, Y ) Z cannot 
vanish simultaneously unless the three involving x } y> z also vanish 
simultaneously. 

I Y. TRIGONOMETRIC SERIES MISCELLANEOUS SERIES 

195. Calculation of the coefficients. The series which we shall study 
in this section are entirely different from those studied above-. 
Trigonometric series appear to have been first studied by D. Ber- 
noulli, iu connection with the problem of the stretched string. The 
process for determining the coefficients, which we are about to give, 
is due to Euler. 

Let f(x) be a function defined in the interval (a> b). We shall 
first suppose that a and b have the values — 7 r and 4- 7 r } respec- 
tively, which is always allowable, since the substitution 

f ___ 2i rx — (a + b) 7 r 


holds for all values of x between — 7 r and 4- 7 r, where the coefficients 
a o> a u h) • * •> b m > * * • are unknown constants, the following device 
enables us to determine those constants. We shall first write down 
for reference the following formulae, which were established above, 
for positive integral values of m and n ; 


( 66 ) 


sin mx dx = 0 ; 

r 

cos mx dx = 0 , 

p 

cos mx cos nx dx 
+ 


cos (in — 7i) x -}- cos (m 4- n)x 


if m - £ 0 ; 


dx — 0, if m =£ n\ 


a: 
s: 
r 

-r 

, , C + ’ l + cos2* , 

/ cos'* to* <za; = / 2 = 7r, it in=j= 0; 

r 

X + cos (m — n)x — cos (to + n)x . . . „ 

1 z 1 dx = 0, if to =jfc w; 

r'. , , r +T i-cos2TO*, 

I sm ««= I 2 =7r, iito^O; 

£ 


sin mcc sin ?icc cZx 

,+77 


sin ma; cos cfcc 


X + 77 sin (m + sc + sin (m — ??,)sc 7 

, 2 

Integrating both sides of (65) between the limits — 7 r and + 7 r, 
the right-hand side being integrated term by term, we find 


r +1T a r + 7T 

J f(x) dx=-gj dx = 7 ra 0 , 


which gives the valne of Performing the same operations lvnnn 


respectively, 
follows : 


(67) 



The values of the coefficients may be assembled as 


i r Vjr i r +iT 

== — f f(a r) da, a m = — I /(a) cos ma da, 

7T 7T 7T t y_ ir 

i r +,r 

= “ I /(a) sin ma c£a. 

77" u/ — 7T 


The preceding calculation is merely formal, and therefore tenta- 
tive. For we have assumed that the function f(x) can be developed 
in the form (65), and that that development converges uniformly 
between the limits — i r and 4* n r. Since there is nothing to prove, 
a priori, that these assumptions are justifiable, it is essential that 
we investigate whether the series thus obtained converges or not. 
Keplaeing the coefficients a { and b { by their values from (67) and 
simplifying, the sum of the first (in + 1) terms is seen to be 


s m+i=~f /(«)[|+cos(a-a;)+cos2( 


a— x) 4 hcosm(. 


x — x) da . 


But by a well-known trigonometric formula we have 


. 2m 4 - 1 


sm 


; 4- cos a 4- cos 2a 4* • • • -f cos ma = 


whence 


o • a 
2sm 2 




. 2 m 4* 1 


sm 


(«-*) 


2 sin 


a — x 


- da, 


or, setting a = x 4- 2v/, 
(68) S, 


i r 2 , o n sin ( 2w + ^ 

i = - I /(* + 2y) -- dy. 

^ %J ir + x 


sin y 


The whole question is reduced to that of finding the limit of this 
sum as the integer m increases indefinitely. In order to study this 
question, we shall assume that the function f(x) satisfies the fol- 


and -|- 7 r, except for a finite number of values of a*, for which its value 
may change suddenly in the following manner. , Let c be a number 
between — it and + 7 r. For any value of c a number h can be found 
such that f(x) is continuous between c — h and c and also between 
c and c + h. As e approaches zero, f(e -f- e) approaches a limit which 
we shall call/(c + 0). Likewise, f(p — e) approaches a limit which 
we shall call f(c — 0) as e approaches zero. If the function f(x) 
is continuous for x = c, we shall have f(c ) =f(c -j- 0) = f(c — 0). If 
f(c + 0) =£/(c — 0), f(x) is discontinuous for x = c, and we shall agree 
to take the arithmetic mean of these values [/(c + 0) +/(c — 0)]/2 
for /(c). It is evident that this definition of /(c) holds also at points 
where /(as) is continuous. We shall further suppose that/(— ir + e) 
and f(rr — e) approach limits, which we shall call /(— 7r + 0) and 
/(7T — 0), respectively, as e approaches zero through positive values. 
The curve whose equation is y — f(x) must be similar to that of 
Fig. 11 on page 160, if there are any discontinuities. We have 
already seen that the function /(x) is integrable in the interval from 
— 7r to + 7r, and it is evident that the same is true for the product 
of f(x ) by any function which is continuous in the same interval. 

2) It shall be possible to divide the interval (— 7 r, + it) into a 
finite number of subintervals in such a way that f(x) is a monoton- 
ically increasing or a monotonically decreasing function in each of 
the subintervals. 

For brevity we shall say that the function f(x) satisfies Dirichlefis 
conditions in the interval (— 7 r, + 7 r). It is clear that a function 
which is continuous in the interval (— 7 r, 4* 7 r) and which has a 
finite number of maxima and minima in that interval, satisfies 
I) iri chiefs conditions. 


196. The integral f (x) [sin nx/sin x] dx. The expression obtained 
for S m+1 leads us to seek the limit of the definite integral 


I 


sin nx 

fix) dx 

J v J sinx 


as n becomes infinite. The first rigorous discussion of this ques- 
tion was given by Lejeune-Dirichlet.* The method which we shall 
employ is essentially the same as that given by Bonnet. f 



X 


c /0 


where h is a positive number less than ir , and is a function 
which satislies Uirichlet's conditions in the interval (0, h). If <£(•/;) 
is a constant (', it is easy to find the limit of J. For, setting y = nx, 
we may write 


'-of 


sm y 


dy , 


and the limit of J as n becomes infinite is C'7 t/ 2, by (39), § 176. 

Next suppose that is a positive monotonieally decreasing 
function in the interval (0, h). The integrand changes sign for 
all values of x of the form hirjn . Hence J may be written 

J — — u t + u 2 — u s - f- . • . -f- ( — l) x '% + • • * + ( — 1 y i 0u m} 0 < 6 < 1, 

where 


(* + !)«■ 



and where the upper limit h is supposed to lie between mirjn and 
(m -f- 1)7 r/n. Each of the integrals u k is less than the preceding. 
For, if we set nx = kir 4- y in u k) we find 





sin ?/ 

V + hir 


dy, 


and it is evident, by the hypotheses regarding <£(.t), that this inte- 
gral decreases as the subscript k increases. Hence we shall have 
the equations 

J = U Q — (l6 x — U 2 ) — (« a — W 4 ) , 

J=u 0 — Ux + (u 2 — 4- (74 — 74) 4 3 

which show that J lies between u Q and u Q — 74 . It follows that J is 
a positive number less than 74, that is to say, less than the integral 



dx. 


Eut this integral is itself less than the integral 



sin7icc _ 

dx = 


<K+°) r^dy = A*(+ 0), 

Jo y 


X 


X 


U/vO , 




•where c is any positive number less than k, approaches zero as n 
becomes infinite. If c lies between (i — 1)t r/n and iir/n, it can be 
shown as above that the absolute value of is less than 



+ 


/' 


0* + l)TT 


, , n sin nx 
4>(x) tlx 


and hence, a fortiori, less than 

<M g ) /«r 

c \n 




hr 


i r 2i r <£(«) 

n n o 


n 


Hence the integral approaches zero as n becomes infinite.* 

This method gives us no information if c = 0. In order to dis- 
cover the limit of the integral J, let c be a number between 0 
and h, such that <j>(x) is continuous from 0 to c, and let us set 
^(x) = <£(c) + i Then ij/(x) is positive and decreases in the 
interval (0, o) from the value 0) — <j>(c) when x = 0 to the 
value zero when x = c. If we write J in the form 


T , f c sin?ix , , C° \ sinma; , , f h , „ N sin ms , 

J = <j>(c) — — dx + <p(x) - — - + J <£(*) — dx 

and then subtract (jr/2)<jj(+ 0), we find 

* r*c r*h 

, / (/ N siii7WJ T , / , , N smnx , 

+ / —— dx + / <K*0 ~ <&. 

v Jq ^ Jc x 

In order to prove that J approaches the limit (7 t/ 2)<£(4- 0), it will 
be sufficient to show that a number m exists such that the absolute 


* This result may be obtained even more simply by the use of the second theorem 
of the mean for integrals (§75). Since the function (p(x ) is a decreasing function, 
that formula gives 


r h sin nx 0(c) r% . 

I <p(x) — dx = — — - I sm nx dx ' 

C C nj c 


1 0(C) 


(costzc — cosn£). 


is less than A\j/(A~ 0) = A 0) — <£(e)]. Since <£(&) approaches 
<#>(+ 0) as x approaches zero, c may be taken so near to zero that 
A [<£(+ 0) — <£(«)] and (7r/2)[c/>(+ 0) — 0(c)] are both less than «r/4. 
The number c having been chosen in this way, the other two terms 
on the right-hand side of equation (TO) both approach zero as n 
becomes infinite. Hence n may be chosen so large that the abso- 
lute value of either of them is less than e/4. It follows that 


(71) 


lim / = £<*>(+ 0). 

n— co " 


We shall now proceed to remove the various restrictions which 
have been placed upon <f>(x) in the preceding argument. If <$>(x) is 
a monotonically decreasing function, but is not always positive, the 
function \p{x) = 0(.x) + C is a positive monotonically decreasing func- 
tion from 0 to h if the constant C be suitably chosen. Then the 
formula (71) applies to Moreover we may write 




dx, 


and the right-hand side approaches the limit (7r/2) i/r(+ 0) — (tt/ 2)C, 
that is, (7r/2)<£(4- 0). 

If cj>(x) is a monotonically increasing function from 0 to h, — <j>(x) 
is a monotonically decreasing function, and we shall have 


X h , , N sin nx _ f h , , N sin nx 

<h»o dx = ~ J 0 ~ ^(*) — ~ dx - 

Hence the integral approaches (tt/ 2)0(+ 0) in this case also. 

Finally, suppose that 0(x) is any function which satisfies Dirich- 
let’s conditions in the interval (0, A). Then the interval (0, A) 
may be divided into a finite number of subintervals (0, a), (a, b), 
(6, c ), • • •, (l, A), in each of which is a monotonically increasing 
or decreasing function. The integral from 0 to a approaches the limit 
(7r/2)<£(-f- 0). Each of the other integrals, which are of the type 



0 to b, is continuous from 0 to a, and coincides with from a to b. 
Then each of the integrals 



approaches i /r(+ 0) as n becomes infinite. Hence their difference, 
which is precisely II, approaches zero. It follows that the formula 
(71) holds for any function <£(x) which satisfies Dirichlet's condi- 
tions in the interval (0, A). 

Let us now consider the integral 

(72) :■ 0<h<7r, 

where f(x) is a positive monotonically increasing function from 
0 to A. This integral may be written 


Jo L v sin x J x 


dx , 


and the function cj>(x) — f(x) x/sinx is a positive monotonically 
increasing function from 0 to h. Since /(-f- 0) = <£(+ 0), it follows 


that 

(73) lim I = |-/(+ 0). 

ll=oo £ 


This formula therefore holds if f(x) is a positive monotonically 
increasing function from 0 to A. It can be shown by successive 
steps, as above, that the restrictions upon f(x) can all be removed, 
and that the formula holds for any function f(x) which satisfies 
Dirichlet ; s conditions in the interval (0, A). 


197. Fourier series. A trigonometric series whose coefficients are 
given by the formulae (67) is usually called a Fourier series. Indeed 
it was Fourier who first stated the theorem that any function arbi- 
trarily defined in an interval of length 2 rr may be represented by a 
series of that type. By an arbitrary function Fourier understood 
a function which could be represented graphically by several cur- 
vilinear arcs of curves which are usually regarded as distinct curves. 
We shall render this rather vague notion precise by restricting our 


1A, § PJfJ 


JL IVIAjr KJ IN iVi ^ 1. iil Kj It 1 11*0 


4iy 


In order to show that a function of this kind can be represented 
by a Fourier series in the interval ( — 7r, 4-7 r), we must find the 
limit of tli (3 integral (G8) as m becomes infinite. Let us divide 
this integral into two integrals whose limits of integration are 
0 and (7 r — x)/2 , and — (tt + a*)/2 and 0, respectively, and let us 
make tlic substitution y = — z in the second of these integrals. 
Then the formula (08) becomes 


n—x 


. sin {2m 4- 1) y 
f{x + 2y) ^ - —^ dy 


A* 


2 v sin (2 m 4- Yyz 
sin z 


dz . 


When x lies between — ir and + tt, (tt — x)/2 and (7r + a:)/2 both 
lie between. 0 and 71*. Hence by the last article the right-hand 
side of the preceding formula approaches 

■0) + fA*-o)l = - /t * + 0? + /( *- 0) 


1 T 7r 

^2^ 


as m becomes infinite. It follows that the series (65) converges and 
that its sum is f(x) for every value of x between — 7 r and + ir. 

Let us now suppose that x is equal to one of the limits of the 
interval, — 7 r for example. Then S m + 1 may be written in the form 


S m 


1 r n .. 0 . sm(2?^+l)y 

n = - J g A- *■ + 2 y) U d v 


sm y 


TT 


0 . sm (2m -fl) ?/ 7 

tt -f 2y) i c i y 

J} sm y 



/(- tt + 2 y ) 


sin (2m 4-1) y 
sin y 


dy . 


The first integral on the right approaches the limit /(— tt 4- 0)/2. 
Setting y = 7r — z in the second integral, it takes the form 



- 2 ,) 


sin (2m 4-1 ) 2 


dz. 


Sill z 



at any point; wnatever win ue me- antmnetic mean oi tne two limits 
approached by the sum of the series as each of the variable points 
m r and m", taken on the circumference on opposite sides of m, 
approaches m . If the two limits /(— ir + 0) and f(w — 0) are 
different, the point of the circumference on the negative direction 
of the initial line will be a point of discontinuity. 

In conclusion, every function which is defined in the interval 
(—7 r, + 7 r) and which satisfies Dirichlet’s conditions in that inter- 
val may be represented by a Fourier series in the same interval . 

More generally, let f(x) be a function which is defined in an 
interval (or, a + 27 r) of length 27 r, and which satisfies Dirichlet’s 
conditions in that interval. It is evident that there exists one and 
only one function F(x) which has the period 2ir and coincides with 
f(x) in the interval (<?, a 4- 27r). This function is represented, for 
all values of x, by the sum of a trigonometric series whose coeffi- 
cients a m and b m are given by the formulae (67) : 


1 f +7r 

n,) 


cos mx dx, 


1 C + lt 

■-si. * 


x) sin mx dx . 


The coefficient a m , for example, may be written in the form 


^ r>a—21nr 

a m — ~ F( x ) cos mx dx 4 — . I F(\ 

77 O cc~2hir -tt 


x ) cos mx dx , 


where is supposed to lie between 2hir •— n r and 2hir 4- 7 r. Since 
F(x) has the period 2rr and coincides with f(x) in the interval 
(or, a 4- 27r), this value may be rewritten in the form 


(74) 


^ r*2tnr -f 77 ^*<z + 2ir 

a m = - I f(x) cos mx dx + f(x) cos mx dx 

77 J * J 2hrr + n 

^ / r *a + 2ir 

= — I f(x) o,os mxdx. 

77 c/ or 


Similarly, we should find 
(75) b m = i f 

77 U a 


f(x) sin mx dx . 


Whenever a function f(x) is defined in any interval of length 27 r, 
the preceding formulae enable us to calculate the coefficients of its 
development in a Fourier series without reducing the eriven interval 



198. Examples. 1) Let us find a Fourier series whose sum is — 1 for 
— 7t < x < 0, and 4- 1 for 0 < x < 4- Tt. The formulae (67) give the values 

i r {) i r n 

a o = — | — dx 4 — I dx — 0 , 

Tt J — u Tt J o 

l /»o \ r ir 

a m = I — cos mx dx -i — / cos mx dx = 0 , 

7 t U ~ it Tt J [) 

, 1 r () . 1 r 71 ' . 2 — cosm7r — cos (— rmr) 

b m = j — sin mxdx 4 — I sin mxdx = i l. 

tc J -tt it J o im t 

If m is even, b m is zero. If m is odd, b m is 4/m?r. Multiplying all the coeffi- 
cients by 7 r/4, we see that the sum of the series 


/t7m _ sin x ( sin 3a ( t sin (2m 4-1) a , 

(70) 

is — 7r/4 for -- it < a < 0, and 4- tf/4 for 0 < x < 7t. The point x = 0 is a point 
of discontinuity, and the sum of the series is zero when x = 0, as it should be. 
More generally the sum of the series (76) is 7T/4 when sin x is positive, - 7r/4 
when sin x is negative, and zero when sin x = 0. 

The curve represented by the equation (76) is composed of an infinite number 
of segments of length % of the straight lines y — ± tz:/ 4 and an infinite num- 
ber of isolated points (y = 0, x = kit) on the x axis. 


2) The coefficients of the Fourier development of x in the interval from 0 to 
27T are 


1 r 27r 

a 0 = — I x dx = 2rt. 

Tt J o 

i r 2 * 7 

a m = — I x cos mx dx = 

Tt J o 

1 /* 2 7T 

b m = — / x sin mx dx = 

Tt J 0 

Hence the formula 


r£sm?nar) 27r 1 r 2lr . _ . 

4 / sm mx dx = 0 , 

L m7t Jo mit Jo 


c 


x cos ?nxj 27r 


1 r 2 
mi t Jo 


4 — — I cos mxdx =- 
o mit , 


2 

m 


x _ Tt sin x sin 2x sin Bx 
2~~2 1 2 3 


is valid for all values of x between 0 and 27T. If we set y equal to the series on 
the right, the resulting equation represents a curve composed of an infinite num- 
ber of segments of straight lines parallel to y = x/2 and an infinite number of 
isolated points. 

Note. If the function f(x) defined in the interval (— it, 4- 7r) is even, that is 
t.n sn.v if f( — rrA — f(rp\. onnh nf t.Iip. nop.ffinifint.fi ft... is zero, since it is evident that 


of the equations 


/(- x) =f(x) or /(- x) = -/(x) 

if we choose to do so. Hence the given function /(x) may be represented either 
by a series of cosines or by a series of sines, in the interval from 0 to tc. 

199. Expansion of a continuous function. Weierstrass’ theorem. Let f(x) be a 
function which is defined and continuous in the interval (a, b). The following 
remarkable theorem was discovered by We iers trass : Given any preassigned posi- 
tive number e, a polynomial P(x) can always be found such that the difference 
f(x)~P{x) is less than e in absolute value for all values of x in the interval (a, b). 

Among the many proofs of this theorem, that due to Lebesgue is one of the 
simplest.* Let us first consider a special function ^(x) which is continuous in 
the interval (- 1, + 1) and which is defined as follows : ^(x) — 0 for — 1 <x < 0, 
xp{x) = 2 kx for 0 < x < 1, where Jc is a given constant. Then \p(x) = (x -f- |sc |) k. 
Moreover for — 1 < x < + 1 we shall have 

| x | = Vl - (1 - -x 1 ) , 

and for the same values of x the radical can be developed in a uniformly con- 
vergent series arranged according to powers of (1 — x 2 ). It follows that |sc|, and 
hence also f (x), may be represented to any desired degree of approximation in 
the interval (- 1, + 1) by a polynomial. 

Let us now consider any function whatever, /(x), which is continuous in 
the interval (a, £>), and let us divide that interval into a suite of subintervals 
(ao , oq), (di , d 2 ), • ■ • , (d n _i , ««), where a = a 0 < d X < d 2 < • • ♦ < a n -i < a n = b, 
in such a way that the oscillation of /(x) in any one of the subintervals is less 
than e/2. Let L be the broken line formed by connecting the points of the 
curve y = /(x) whose abscissse are d 0 , di, a 2 , • • •, b. The ordinate of any point 
on L is evidently a continuous function </>(x), and the difference f(x) — (p(x ) is 
less than e/2 in absolute value. For in the interval d M ), for example, 

we shall have 

f{x) - <f>(x) = [/(x) -/(a^-i)] (1 - 0) + [/(x) 

where x — a^-i = 6 (a ^ ~ d^-i). Since the factor 6 is positive and less than 

unity, the absolute value of the difference / — <p is less than e(l — 6 + 0)/2 = e/2. 
The function <£(x) can be split tip into a sum of n functions of the same type as 
ip (x) . Tor, let A 0 , Ai , A 2 , • • • , A n be the successive vertices of L . Then 
is equal to the continuous function \f/ 1 (x) which is represented throughout the 
interval (a, b) by the straight line AqAi extended, plus a function <Pi(x) which 
is represented by a broken line Af,A[ • • * A', whose first side AqA{ lies on the 
x axis and whose other sides are readily constructed from the sides of L. Again, 
the function $i(x) is equal to the sum of two functions ^ 2 and $ 2 , where \f/ z is 
zero between a 0 and di, and is represented by the straight line A{A 2 extended 
between di and 5, while fa is represented by a broken line A{{ A" A'f > • • A'f whose 
first three vertices lie on the x axis. Finally, we shall obtain the equation 
(b — 4 . 4,0 4 - . . . 4 - \b „ , where iL- is a continuous function Which vanishes 


and hence it can be represented by a polynomial with any desired degree of 
approximation. Since each of the functions \j/ i(x ) can be represented in the 
interval (a, b) by a polynomial with an error less than e/2n, it is evident that the 
sum of these polynomials will differ from f(x) by less than e. 
r It follows from the preceding theorem that any function f(x) which is contin- 
uous in an interval (<x, 6) may be represented by an infinite scries of polynomials 
which converges uniformly in that interval . For, let € 1 , eg, • • • , £, t , • • • he a sequence 
of positive numbers, eacli of which is less than the preceding, where e„ approaches 
zero as n becomes infinite, By the preceding theorem, corresponding to each of 
the e’s a polynomial Pi(x) can he found such that the difference f(x) — Pi(x) is 
less than e* in absolute value throughout the interval (a, b). Then the series 

-Pi (x) + [P* (») - Pi (»)] + • • • + [P« (x) - Pn-i («)] + • • • 

converges, and its sum is f(x) for any value of x inside the interval (a, b). For 
the sum of the first n terms is equal to P n (x), and the difference /(x) — S n , which 
is less than e n , approaches zero as n becomes infinite. Moreover the series con- 
verges uniformly, since the absolute value of the difference f(x) — S n will he less 
than any preassigned positive number for all values of n which exceed a certain 
Infixed integer N y when x has any value whatever between a and b. 

200. A continuous function without a derivative. We shall conclude this chapter 
by giving an example due to Weierstrass of a continuous function which does 
not possess a derivative for any value of the variable whatever. Let b be a posi- 
tive constant less than unity and let a be an odd integer. Then the function 
F(x) defined by the convergent infinite series 

(78) F(x) = ^ b n cos (a n tcx) 

n=0 

is continuous for all values of x, since the series converges uniformly in any 
interval whatever. If the product ab is less than unity, the same statements 
hold for the series obtained by term-by-term differentiation. Hence the func- 
tion F(x) possesses a derivative which is itself a continuous function. We shall 
now show that the state of affairs is essentially different if the product ab exceeds 
a certain limit. 

In the first place, setting 

m~l 

S w = ~ V b n { cos [a n 7t(x -f h)] - cos (a n 7tx )} , 

B m = - "V {cos [a n 7r(x + 7i)] — cos (a n 7tx )} , 
h 

n— m 

F(x + h) - F(x) _ Q , „ 

■ — — O h1 *r . 


we may write 


( 79 ) 


It 


111 — - 1 

2) a " k n ~ 

71= 0 


a m b m - 1 

7T , 

ctb — 1 


and consequently also less than 7t(ab) m /(ab - 1), if ab> 1. Let us try to find a 
lower limit of tlie absolute value of ll m when k is assigned a particular value. 
We shall always have 

a m x = a m + 


where ct m is an integer and lies between — 1/2 and + 1/2. 


h = 


C»i s?n 

a m 


If we set 


where e m is equal to ±1, it is evident that the sign of h is the same as that of 
e m , and that the absolute value of h is less than 3/2a" 1 . Having chosen h in this 
way, we shall have 

a n 7t(x -f h) = a n ~ m a m i t(x 4- h) = a n ~ m 7t(a m + e,„) . 

Since a is odd and e m = ±1, the product a n ~ m (a m -f e m ) is even or odd with 
a m 4-1, and hence 

co$[a n 7t(x -f h)] = (- 1)*» + 1 . 

Moreover we shall have 


cos(a ? ^») = cos(a n - m a m 7tx) — cos[a n - m 7t(ct m + £ w )] 
= cos (a n ~ m a m it) cos ( a 71 ~ 7t ) , 

or, since a 71 -”*#,* is even or odd with a m , 

cos (a 71 itx) = (- l) <r wcos ( a n ~ m 7r) . 

It follows that we may write 

+ GO 

JR m = V b n [1 + cos (a n ~ m £ m tt)] . 

h 


Since every term of the series is positive, its sum is greater than the first term, and 
consequently it is greater than b m since £ m lies between — 1/2 and + 1/2. Hence 


b m 

I I > iTF 5 

1^1 

or, since | h | < 3/2a w , 

1 2f m | > | (ab) m . 

If a and b satisfy the inequality 

_ „ 3 it 

(80) ab > l + — ? 

A 


we shall have 


whence, by (79), 


3 («&) m > 


7t(ab) m 

ab — 1 ’ 


ab — 1 — 


37T 

2 


I 4- h\ - F(ri I 
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EXERCISES 


1. Apply Lagrange’s formula to derive a development in powers of x of that 
root of the equation y' 2 = ay + x which is equal to a when x = 0. 


2. Solve the similar problem for the equation y — a -f xy m + l = 0. Apply the 
result to the quadratic equation a — bx + cx 2 = 0. Develop in powers of c that 
root of the quadratic which approaches a/b as c approaches zero. 

3. Derive the formula 


l0£(l 


= S / 1 + iW/ 1 + i + iWA + i + i + i) 

l + x \ 2/ \ 2 3/ V 2 3 4/ 


X* + • 


4. Show that the formula 
x x 


+ 


Vl + X l + x 

holds whenever x is greater than 

5. Show that the equation 


1 / a y 1 . 3 / x y 
2\\ + xJ 2.4\1 + x/ 


1 / 2 - 


_1 2* 1 / 2x V 1 . 3 / 2x y 

*'21 + > + 2 . 4 Vl + *V + 2 . 4 . 6 \1 + *V + ' ’ ’ 
holds for values of x less than 1 in absolute value. What is the sum of the series 
when | x | > 1 ? 


6. Derive the formula 


(a + x)~ n 


1 1 nx ^ n(n — 1) / x \ 2 

a n _ a + x 1.2 \a + x) 


n(n — l)(7i — 2) 
1 . 2. 3 



7. Show that the branches of the function sin mx and cos mz which reduce 
to 0 and 1, respectively, when sinx = 0 are developable in series according to 
powers of sin x : 


sin mx = m 


m 2 - 1 

17273 


sin 3 x 


+ 


1 . 2 . 3 . 4. 5 J 


cos mx = 1 


m 2 

172 


sin 2 x -f 


?n 2 ( m 2 — 4) 

TTTTsTT 


sin 4 x — ■ • ■ . 


[Make use of the differential equation 

,, _ 4 d 2 u du 

(1 — ?/ 2 ) - -V — + m 2 w = 0, 

cfy 2 dy 

which is satisfied by u — cos mx and by w = sin rax, where 2 / = sin*.] 


8. From the preceding formulae deduce developments for the functions 
cos (n arc cos x ) , sin (?t arc cos x) . 



CHAPTER X 


PLANE CURVES 

The curves and surfaces treated in Analytic. Geometry, properly 
speaking, are analytlr. curves and surfaces. However, the, geomet- 
rical concepts which we are. about; to consider involve only the exist- 
ence of a certain number of successive derivatives. Thus the curve 
whose equation is y =/(.r) possesses a tangent if the function /(>) 
has a derivative /'(/) ; it lias a radius of curvature i f /'(#) has a 
derivative f n (x ) ; and so forth. 

T. ENVELOPES 

201. Determination of envelopes. Given a plane curve (■ whose 
equation 

(1) /(.r, ;/, «.) = 0 

involves an arbitrary parameter a, tbe form and the })osition of the 
curve will vary with a. If eaeli of the positions of the. curve C is 
tangent to a fixed curve /£, the curve E is e, ailed the rurrlnjit*. of the 
curves C f and the curves (■ are said to he rnrdoprd by E. The 
problem before us is to establish the existence (or non-existence) of 
an envelope for a given family of curves C, and to determine that 
envelope when it does exist. 

Assuming that an envelope E exists, let (sr, ?/) be the point of tail- 
gency of E with that one of the curves C which corresponds to a cer- 
tain value a of the parameter. The quantities x and // arc unknown 
functions of the parameter a which satisfy the equation (1). In 
order to determine these functions, let us express the fact that the 
tangents to the two curves E and C coincide for all values of a. 
Let 8 js and 8// be two quantities proportional to the direction cosines 
of the tangent to the curve (\ and let d.v/da and dy/dtf he the 
derivatives of the unknown functions x = <£(/), y = ^(«). Then a 
necessary condition for tan gency is 



) 


^8,r + ^3y = 0, 

Ox oy 

*li determines the tangent to C. Again, the two unknown f line- 
's :r = y = \p(a) satisfy the equation 

A*} v> «) = 

where a is now the independent variable. Hence 
dfclx of d y ^ df 


dx da 


oy da da 


’ 0 , 


ombining the equations (2), (3), and (4), 


) 




unknown functions x = <j>(a), y = \p{a) are solutions of this equa- 
and the equation (1). Hence the equation of the envelope , in 
an envelope exists , is to be found by eliminating the parameter a 
een the equations f = 0, df/da = 0. 

it R(x , y) — 0 be the equation obtained by eliminating a between 
md (5), and let us try to determine whether or not this equation 
3 sents an envelope of the given curves. Let C 0 be the parti cu- 
urve which corresponds to a value a 0 of the parameter, and let 
Vo) be the coordinates of the point M 0 of intersection of the 
curves 

) f{x,y,a o) = 0, H^ = °. 

equations (1) and (5) have, in general, solutions of the form 
c£(a), V = ${ a )i which reduce to x 0 and y 0 , respectively, for 
a 0 . Hence for a = a 0 we shall have 

r(T) +¥-(t) -«• 

ox Q \daj o oy 0 \daj o 


equation taken in connection with the equation (3) shows 
the tangent to the curve C 0 coincides with the tangent to the 
3 described by the point (%, y), at least unless df/cx and df/dy 
>oth zero, that is, unless the point M 0 is a singular point for the 
3 c 0 . It follows that the equation A (sc, y) = 0 represents either 
nv elope of the curves C or else the locus of singular points on 


I l',MU 
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is suc.li a singular point. Thun x and // aru I'unH inns of a 
satisfy the throe equations 

() f '( ' f 


f(x, y, <i) = 0, 


Ox 


(! H 


• \ " f in 
which 


and lienee also the equation <)f[<)a~ 0. It follows that x and y 
satisfy the equation 11 (;/’,//) = 0 obtained by eliminating a between 
the two equations /= 0 and 'of [da-- 0. In the* general ease the 
curve R(x ) y) = 0 is composed of two analytically distinct parts, 
one of which is the true envelope, while the other is the locus of 
the singular points. 


Example. Let us consider tlio family of curves 

f(x, y, ft) = if - if + (.!• -«)*=•- o. 


The elimination of a between this equation and the derived equation 


If 

da 


2 (x — a) 


0 


gives y A — y 2 = 0, which represents the three straight lines // == 0, 
y — + 1, ?/ = — 1 . The given family of curves may 1 >e generated 
by a translation of the curve // 4 - //“ f -- 0 along the x axis. 
This curve lias a double point at the origin, and it is tangent to 
each of the straight lines y~± 1 at the points where it cuts the 
y axis. Hence the straight line y = 0 is the locus of double points, 
whereas the two straight lines // = ± 1 constitute the real envelope. 


202. If the curves C have an envelope JC , any point of the envelope 
is the limiting position of the point of intersection of two curves of 
the family for which the values of the parameter differ by an infini- 
tesimal. For, let 

CO f( x > V > a ) “ 0, f( x ) V) a + h) = 0 

be the equations of two neighboring curves of the family. The 
equations (7), which determine the points of intersection of the two 
curves, may evidently be replaced by the equivalent system 


is, as the second of the two curves approaches the first. This prop- 
erty is fairly evident geometrically. In Fig. 37, a, for instance, the 
point of intersection jY of the two neighboring curves C and C' 
approaches the point of tangency M as C" approaches the curve C 




Fig. 37, & 


as its limiting position. Likewise, in Fig. 37, b , where the given 
curves (1) are supposed to have double points, the point of intersec- 
tion of two neighboring curves Cand C' approaches the point where 
C cuts the envelope as C approaches C, 

The remark just made explains why the locus of singular points 
is found along with the envelope. For, suppose that /(cc, ?/, a) is a 
polynomial of degree m in a . For any point i)/ 0 (x 0 , y 0 ) chosen at 
random in the plane the equation 

(8) f(x o, y 0 , «) = 0 

will have, in general, m distinct roots. Through such a point there 
pass, in general, m different curves of the given family. But if the 
point il/ 0 lies on the curve R(x, y) = 0, the equations 

f( x o> Vo> ft) = ^ ® 

are satisfied simultaneously, and the equation (8) has a double root. 
The equation R(x, y) = 0 may therefore be said to represent the 
locus of those points in the plane for which two of the curves of 
the given family which pass through it have merged into a single 
one. The figures 37, a, and 37, b, show clearly the manner in which 

/-.-P 4-U x.™ o rrivn-n nm’nf. in Arrrp. iivfcn n. single, fmp. n.s 


or curves 


(9) !/, ", 1 0 ■= <> 

whose equation involves two variable parameters a and h , which 
themselves satisfy a relation of the form c j>((f< h) - - (). r Fh is case 
does not differ essentially from the preceding general case, however, 
for b may be thought of as a function of a defined by the equation 
<j> =, 0. By the rule obtained above, we should join with the given 
equation the equation obtained by equating to zero the derivative 
of its left-hand member with respect to a : 

dp n' (ib = 

dci " h ob da “ 


But from the relation b) = 0 we have also 

<H>_ . <}b _ () 

da db da ’ ’ 


whence, eliminating db/da , we obtain the equation 


( 10 ) 


dFd4>_ dFd±__ 
da db db da ’ 


which, together with the equations F= 0 and <j> = 0, determine the 
required envelope. The parameters a and b may be eliminated 
between these three equations if desired. 


203. Envelope of a straight line. As an example let. us consider the equation 
of a straight line D in normal form 

(11) x cos a -f y sin a — f(a) = 0 , 

where the variable parameter is the augle cr. Differentiating the left-hand side 
with respect to this parameter, we find as the second equation 

(12) — x sin a + y cos nr — f'(cx) = 0 . 

These two equations (11) and (12) determine the point of intersection of any 
one of the family (11) with the envelope E in the form 

n<n ( x = f(a) cos a - /'(< r) sin a , 

( V ~ /(nr) sin a + /'(nr) cos nr . 

It is easy to show that the tangent to the envelope E which is described by this 
point (cc, y) is precisely the line D. Tor from the equations (13) we find 


whence 


s = =t [ ff( a ) da + /'(«) J . 

Hence the envelope will be a curve which is easily rectifiable if we merely choose 
for f(cx) the derivative of a known, function,* 

As an example let us set /(nr) - l sin a cos a. Taking y = 0 and x = 0 suc- 
cessively iu the equation (11), we find (Fig. 38) OA = l sin or, OB = l cos a, 
respectively ; hence AB = l. The required 


curve is therefore the envelope of a straight 
line of constant length l, whose extremities 
always lie on the two axes. The formulae 


y 

D 



(13) give in this case 


Jb 

>Vv 

/ 

x = l sin 3 a , y = l cos 3 a , 


y Q 


K 

and the equation of the envelope is 

< 7 ^ 

\° 





\ 

C 


which represents a hypocycloid with four 





cusps, of the form indicated in the figure. 


Fig. 38 



As a varies from 0 to 7T/2, the point of con- 
tact describes the arc DC. Hence the length of the arc, counted from D, is 


-I' 


3 1 

SI sin a cos ex da — — sin 2 lx . 
o 2 


Let I be the fourth vertex of the rectangle determined by OA and OB, and M 
the foot of the perpendicular let fall from I upon AB. Then, from the tri- 
angles AMI and APM, we find, successively, 

AM = AI cos a ~ l cos 2 ex, AP = AM sin a = l cos 2 nr sin a . 

Hence OP ~ OA - AP - l sin 3 nr, and the point M is the point of tangency of 
the line AB with the envelope. Moreover 

BM- l- AM= Zsin 2 a; 

hence the length of the arc DM = 3 BM/2. 


* Each of the quantities which occur in the formula for .<?, #=/'(< r) + //(<*) thz, 
has a geometrical meaning: <x is the angle between the x axis and the perpendicular 
ON let fall upon the variable line from the origin ; f(ex) is the distance ON from the 
origin to the variable line; and f'{cx) is, except for sign, the distance MN from 
the point M where the variable line touches its envelope to the foot A of the perpen- 
dicular let fall upon the line from the origin. The formula for « is often called 


where a, 6, and p are functions of a variable parameter L The points where a 
circle of this family touches the envelope are the points of intersection of the 
circle and the straight line 

(1(5) (x - a) a' -f- (y - b) h' -J- pp' ~ 0 . 

This straight line is perpendicular to the tangent MT to the curve (J described 
by the center (a, b) of the variable circle (15), and ils distance from the center is 

pdp/ds , where « denotes the length of 
the are of the curve. (J measured from 
some fixed point. Consequently, if the 
lino (10) meets the circle in tin; two 
points N and N\ tins chord NN' is 
bisected by tlie tangent MT at right 
angles. It follows that the envelope 
consists of two parts, wliir.1i are, in 
general, branches of the same analytic 
curve. Let us now consider several 
special cases. 

1) If p is constant, the chord of con- 
tact NN' reduces to tin*, normal PP' to 
the curve C, and the envelope is com- 
posed of the two parallel curves C j and 
C{ which are obtained by laying off the constant distance p along the normal, 
on either side of the curve C. 

2) If p = s + IT, we have pdp/ds = p , and the chord NN' reduces to the tan- 
gent to the circle at the point Q. The two portions of the envelope are merged 
into a single curve r, whose normals are tangents to the curve C. The curve G 
is called the evolute of r, and, conversely, r is called an involute of C (see § 20(5). 

If dp>ds , the straight line (14) no longer cuts the circle, and the envelope is 
imaginary. 

Secondary caustics. Let us suppose that 
the radius of the variable circle is propor- 
tional to the distance from the center to a 
fixed point 0. Taking the fixed point 0 as 
the origin of coordinates, the equation of the 
circle becomes 

(x - a) 2 + (y - fc) 2 = k 2 (< a 2 -j- & 2 ) , 

where k is a constant factor, and the equation 
of the chord of contact is 

(x - a) a' + (y ~b)b' -f Ic 2 (aa' + bb') = 0. 

If 5 and S' denote the distances from the 
center of the circle to the chords of contact and to the parallel to it through the 




. . Mq . Mp siru Mq MQ 1 
MQ MN sin r Mp MP k 

Now let us imagine that the point 0 is a source of light, and that th§ curve C 
parates a certain homogeneous medium in which 0 lies from another medium 
hose index of refraction with respect to the first is 1 fk. After refraction the 
cident ray OM will be turned into a refracted ray MR , which, by the law of 
fraction, is the extension of the line NM. Hence all the refracted rays MR 
c normal to the envelope, which is called the secondary caustic of refraction, 
le true caustic, that is, the envelope of the refracted rays, is the evolute of the 
condary caustic. 

The second branch E' of the envelope evidently has no physical meaning; 
would correspond to a negative index of refraction. If we set k = 1 , the 
ivelope E reduces to the single point 0, while the portion E' becomes the locus 
the points situated symmetrically with 0 with respect to the tangents to C. 
lis portion of the envelope is also the secondary caustic of refection for inci- 
nt rays reflected from C which issue from the fixed point 0 . It may be shown 
a manner similar to the above that if a circle be described about each point of 
with a radius proportional to the distance from its center to a fixed straight 
le, the envelope of the family will be a secondary caustic with respect to a 
stem of parallel rays. 


II. CURVATURE 

205. Radius of curvature. The first idea of curvature is that the 
rvature of one curve is greater than that of another if it recedes 
ore rapidly from its tangent. In order to render this somewhat 
,gue idea precise, let us first consider the case of a circle. Its 
rvature increases as its radius diminishes; it is therefore quite 
,tural to select as the measure of its curvature the simplest func- 
>n of the radius which increases as the radius diminishes, that 
the reciprocal 1/R of the radius. Let AB be an arc of a circle 
radius R which subtends an angle to at the center. The angle 
tween the tangents at the extremities of the arc AB is also to, and 
e length of the arc is s = Rw. Hence the measure of the curva- 
re of the circle is co/5. This last definition may be extended to 
arc of any curve. Let AB be an arc of a plane curve without a 
int of inflection, and to the angle between the tangents at the 
tremities of the arc, the directions of the tangents being taken 
the same sense according to some rule, — the direction from A 



the rurral urr a l l hr /mini A. The 
radius of nmaifarr at the point ,1 is 
defined l.o Jio Mm? radius of the 
which would have tlui same? curvature 
which ( lit? given curve has at. tin; ] joint 
A ; it is therefore <*< j ua.l to tho recipro- 
cal of tho curvature. Lot ..s* ho the 
length of tho are of tho given curve 
measured from souk; fixed point, and 
a- the angle between the tangent and 
some fixed direction, — the x axis, for example. Then it is clear 
that the average curvature of the are A l> is equal to the absolute 
value of the quotient A<r/A.v; hence the radius of curvature is given 
by the formula 

A .s* . ds 


Fig, 41 


R = ± lim : 

An 




Let us suppose the equation of tho given curve to be solved for y 
in the form y = /(as). Then we shall have 


a = arc tan y\ 
and hence 
( 17 ) 


7 y" dx 

<la = i+y~ 

„ ± a +?/ 2 ) 8 


ds = V.1 + v/ 2 dx } 


V 


Since the radius of curvature is essentially positive, the sign ± 
indicates that we are to tal*e the absolute value of the expression 
on the right. If a length equal to the radius of curvature be laid 
off from A. upon the normal to the given curve on the side toward 
which the curve is concave, the extremity l is called the renter of 
curvature. The circle described about / as center with H as radius 
is called the circle of curvature. The coordinates (x t) , y 0 ) of the 
center of curvature satisfy the two equations 

(*1 - *) + Oh ~y)y'= 0, ( Xl - sr)» + ( !h - y y = A±jp i, 


which express the fact that the point lies on the normal at a dis- 
tance R from A. From these equations we find, on eliminating x l} 


!+//'* 


x, §205] 
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Tn order to tell which sign should be taken, let us note that if y" is 
positive, as in Fig. 41, y l — y must be positive; hence the positive 
sign should be taken in this case. If y" is negative, y x — y is nega- 
tive, and the positive sign should be taken in this case also. The 
coordinates of the center of curvature are therefore given by the 
formulae 


(18) 


Vi - V ■ 


i ±r 


■ 


, 1 ±v'* 
y" 


When the coordinates of a point (x. y) of the variable curve are 
given as functions of a variable parameter t, we have, by § 33, 


V = 


dy 

dx 


y = 


dx d 2 y — dy d 2 x 
<*c 3 ' ’ 


and the formula? (17) and (18) become 

(dx 3 + dy'f 
L dx&y — dy d?x 

K } x T= dy^ + df) dx(dx”- + dir) 

1 dxd' 2 y — dyd 2 x J dx d 2 y — dy d 2 x 

At a point of inflection y" = 0, and the radius of curvature is 
infinite. At a cusp of the first kind y can be developed according 
to powers of x l/2 in a series which begins with a term in x ; hence 
y f has a finite value, but y tf is infinite, and therefore the radius of 
curvature is zero. 


Note. When the coordinates are expressed as functions of the arc s of the 
curve, 

x = 0(s) , V - ?(*) i 
the functions 0 and 0 satisfy the relation 

0 / 2 (s) + f 2 (s) = 1 , 

since dx 2 -f dy 2 = ds 2 , and hence they also satisfy the relation 

( p'(p " -f- = 0 . 

Solving these equations for 0' and 0', we find 



o 


position. For the equation of the normal is 
X - x + (F - !))//' = 0, 

where A and Fare the running coordinates. In order to find the 
limiting position of the point of intersection of this normal with 
another which approaches it, we must solve this equation simulta- 
neously with the equation obtained by equating 1,1m derivative of the 
left-hand side with respect to the variable parameter ;r, i.e. 

— 1 — y ,a + (^ — “ 0- 

The valne of F found from this equation is precisely the ordinate 
of the center of curvature, which proves the proposition. Jt follows 
that the locus of the center of curvature is the envelope of the 
normals of the given curve, i.e. its evolufe . . 

Before entering upon a more precise discussion of the relations 
between a given curve and its evolute, we shall explain certain con- 
ventions. Counting the length of the arc of the given curve in a 
definite sense from a fixed point as origin, and denoting by a the 
angle between the positive direction of the x axis and the direction 
of the tangent which corresponds to increasing values of the arc, 
we shall have tan a = ± y\ and therefore 

, 1 , dx 

cos a — ± — — ± . ~~ . 

Vl + y rz ds 

On the right the sign + should be taken, for if x and a increase 
simultaneously, the angle a is acute, whereas if one of the varia- 
bles x and s increases as the other decreases, the angle a is obtuse 
(§ 81). Likewise, if /3 denote the angle between the y axis and the 
tangent, cos/3 == dy/ds . The two formulae may then be written 

dx . dy 

cos a — — t sm a = ~~~j 
as ds 

where the angle a is counted as in Trigonometry. 

On the other hand, if there be no point of inflection upon the 
given arc, the positive sense on the curve may be chosen in such a 
way that 5 and a increase simultaneously, in which case 11 = ds/da 
all along tile arc. Then it is n/isilv fipATi hv AvmTiininiT the two 


u I/O of the center of curvature are therefore given by the formulae 

Xi = a? + 11 COS -fi f) = x ~ R Sin a, 

Vx — y + R sin + f) = V + R cos or, 
lence we find 

dx x = cos cr ds — R cos a da — sin adR = — sin tr 

tfyi = sin a eZ&* — /2 sin cr cZa + cos cr = cos cr dR . 

the first place, these formulae show that dy 1 /dx 1 = — cot cr, which 
jves that the tangent to the_evolute is the normal to the given 
L*ve, as we have already seen. Moreover 

ds{ — dx\ + dy\ = dR 2 , 

ds L = ± dR. Let us suppose for definiteness that the radius 
curvature constantly increases as we proceed along the curve C 
ig. 42) from M t to M 2 , and let us choose the positive sense of 
tion upon the evolute ( D ) in such a way 
it the arc s x of (D) increases simultane- 
ity with R. Then the preceding formula 
'omes ds x = dR, whence s x = R + C. It 
Lows that the arc Iff 2 = R 2 — Ri, and we 
that the length of any arc of the evolute 
equal to the difference between the two 
'■Li of curvature of the curve C which cor - ^ 
oond to the extremities of that arc. 

[’his property enables us to construct the 
olute C mechanically if the evolute ( D ) be 
an. If a string be attached to (D) at an 
itrary point A and rolled around (. D ) to / 2 , thence following the 
gent to Mo, the point Jl/ 2 will describe the involute C as the 
ng, now held taut, is wound further on round (£>). This con- 
ic tion may be stated as follows: On each of the tangents TM of 
evolute lay off a distance IM — l, where l + s = const., 5 being 
length of the arc A I of the evolute. Assigning various values 
he constant in question, an infinite number of involutes may be 

urn oil n-p ■nrTnii'jTi aro nllPninCltllfi "fT'DlU UflV OUe of them bv luvini? 



(U ™ — (i<n cos (j)j — (Hr* cos (Djt. 

If the segment is tangent to the curve described by one of its 
extremities and normal to that, described by the other, we may set 
co,_ = 7 r, 0)0 = 7r/2, and the J’onniila bec.onies dl — </<r , ~.= 0. If the 
straight line is normal to one of the two curves and / is constant, 
dl = 0, cus cd^ = 0, and therefore cos o> 2 = 0. 

The theorem stated above regarding the 1 , arc. of the (‘.volute depends 
essentially upon the assumption that the radius of curvature con- 
stantly increases (or decreases) along the whole arc. considered. If 
this condition is not satisfied, the statement; of the theorem must 
he altered. In the first place, if the radius of curvature is a maxi- 
mum or a minimum at any point, dll = 0 at that point, and hence 
dx v = dy y = 0. Such a point is a cusp on 
the evolute. If, for example, the radius 
of curvature is a maximum at the point M 
(Fig. 43), we shall have 

are Il x = /M ! X M U 
arc //» = 1M — Awl/.., 

whence 

arc T L Jl 2 = 2/d/ — I L M\ - / a il/ 2 . 

Hence the difference I\ A I\ — L 71 /> is equal 
to the difference between the two arcs JJ V and / l, z and not, their sum. 



207, Cycloid. The cycloid is tho path of a point upon the circumference of a 
circle which rolls without slipping on a fixed straight line. Let us take the 



fixed line as the x axis and locate the origin at a point where the point chosen on 


— ui — i±~ = J up -usm?), 2/ = Jar = i u + u ^ = it — li cos 

ere P and Q are the projections of M on the two lines 01 and IT, respec- 
ely. It is easy to show that these formula} hold for any value of the angle 0. 
one complete revolution the point whose path is sought describes the arc 
Wi. If the motion be continued indefinitely, we obtain an infinite number 
arcs congruent to this one. Prom the preceding formulae we find 

x = R(<j) — sin <p ) , dx — R( 1 — cos 0) d<p , d-x = R sin <f> d<t> 2 , 

y = Ii( 1— cos0), dy = R sin 0 d<p , d 2 y = R cos0 d$ 2 , 

1 the slope of the tangent is seen to be 

dy sin 0 d 

— = — = cot-, 

dx 1 — cos 0 2 

ich shows that the tangent at M is the straight line 2IT, since the angle 
FC = 0/2, the triangle MTC being isosceles. Hence the normal at 21 is the 
aight line 211 through the point of tangency I of the fixed straight line with 
i moving circle. Por the length of the arc of the cycloid we find 

: 2 = I? 2 d<f> 2 [sin 2 0 + (1 - cos <f>) 2 ] = ili- sin 2 1 dtf or ds = 2 R sin t d<p , 

2 2 

lie arc be counted in the sense in which it increases with 0. Hence, counting 
arc from the point 0 as origin, we shall have 

s = 4R 

ting 0 = 27 T, we find that the. length of one whole section OBOi is 8R. The 
gth of the arc 02IB from the origin to the maximum B is therefore 4 1L and 
length of the arc BM (Pig. 44) is 4 R cos 0/2. Prom the triangle MTC the 
gth of the segment M T is 2 R cos 0/2 ; hence arc BM = 221 T. 

Again, the area up to the ordinate through 21 is 

A = f <l) ydx= f ^I 2 (l-2 cos0 + cos 2 0)d0 
Jo Jo 

(?) cos 2 0\_ 

z=R 2 J — 2 cos 0 -1 — Jd't’, 



"0 


3 . , sin 20\ 

- 0 — 2 sm 0 d — J 


R 2 . 


ice the area bounded by the whole arc OBOi and the base 00\ is Si rR~, that 
hr ee times the area of the generating circle. (Galileo.) 

Che formula for the radius of curvature of a plane curve gives for the cycloid 


8 R s sin 3 — 1?0 3 , 

1— = 4flsm|. 

2R 2 sin 2 ~ d0 3 


lillLilU YYILU 


ror, COnSlUCl me CUClC WIUUI is is ( ymim:um;iu tw wiu 

respect to the point I. Then the point M' where the line* Ml cuts this second 
circle is evidently the center of curvature, since M'l = MI, But we have 

arc T'M' = nil — arc IM' ~ nil — art*. I M nil — OI , 
or 

arc T'M' = Oil - 01 = III =:= Y f/ //\ 

Hence the point M' describes a cycloid which is congruent to the first one, the 
cusp being at IV and the maximum at O. As the point M describes the arc 
B0 \ , the point M' describes a second arc. 1V0\ which is symmetrical to the arc 
OB' already described, with respect to HIV, 


208. Catenary. The catenary is the plane curve whose equation with respect 
to a suitably chosen set of rectangular axes is 

(21) y = |(c« + <f«). 

Its appearance is indicated by the arc MAM' in the figure (Fig. 4o). 



If <j> denote the angle which the tangent TM makes with the x axis, the formula 
for y' gives 

X X 

e« - e" « 2 a 

sm</> = cos 0 = - 

5 x X y 

e n + e « e (i + c (t J 

The radius of curvature is given by the formula 

r = 11 ±i'D! = t. 

V" a * 

But, in the triangle MPN, MP = ilfJVcos 0 • hence 

MP 7/2 _ 


■fl.r 'AT 



l’ s = y sin 0* If a perpendicular Pm be dropped from P (Fig. 45) upon the 
mgent MT, we find, from the triangle PMm , 

Mm = MP sin = s. 

bnce the arc AM is equal to the distance Mm. 

209. Tractrix. The curve described by the point m (Fig. 45) is called the 
actriz. It is an involute of the catenary and has a cusp at the point A. The 
ngth of the tangent to the tractrix is the distance mP. But, in the triangle 
r P??i, mP = y cos <p = a ; hence the length mP measured along the tangent to 
e tractrix from the point of tangency to the x axis is constant and equal to a. 
fie tractrix is the only curve which has this property. 

Moreover, in the triangle MTP , Mm x mT~ a 2 . Hence the product of the 
dius of curvature and the normal is a constant for the tractrix. This property 
shared, however, by an infinite number of other plane curves. 

The coordinates (x 1: y{) of the point m are given by the formulae 

X _ X 

— e « 

Xi = x — s cos <b = z — a , 

X _x 

e a *f e 5 

2 a 

Vi ~y -s sin 0 = — 

e« + 

, setting e x / a = tan <9/2, the equations of the tractrix are 


(22) xi — a cos0 -f alog^tan^ , 3 q = asin0. 

5 the parameter 6 varies from 7C/2 to 7f, the point (aq, y{) describes the arc 
nn , approaching the x axis as asymptote. As d varies from 7r/2 to 0, the 
int (&! , y{) describes the arc imV, symmetrical to the first with respect to 
3 y axis. The arcs Amn and Am'n' correspond, respectively, to the arcs AM 
d AM' of the catenary. 


210. Intrinsic equation. Let us try to determine the equation of a plane 
rve when the radius of curvature R is given as a function of the arc .9, 
= tp(s). Let a he the angle between the tangent and the x axis ; then 


: ± ds/da , and therefore 


dcr = ± — = ± 


ds 

*(*)' 



first integration gives 


The curves defined by tliose equations depend upon the three arbitrary con- 
stants x () , y„, and <-r () . But if we disregard the position of the curve and think 
only of its form, we have in reality merely a single curve. For, if we first con- 
sider the curve C defined by the equations 



the general formula) may bo written in the form 


x = Xu -1- X cos o'o — Y sin n 0 » 
y = v/o -1- A" sin <r 0 -|- Toosno, 


if the positive sign be taken. These last formula) deline simply a transforma- 
tion to a new set of axes. If the negative sign be selected, the curve obtained 
is symmetrical to the curve C with respect to the X axis. A plane curve is 
therefore completely determined, in so far as its form is concerned, if its radius 
of curvature he known as a function of the arc. The equation li = </>(«) is 
called the intrinsic equation of the curve. More generally, if a relation between 
any two of the quantities /i, s, and <r be given, the curve is completely deter- 
mined in form, and the expressions for the coordinates of any point upon it 
may be obtained by simple quadratures. 

For example, if li be known as a function of or, li =/(<r), we lirst ibid 
ds = f(a)dcx, and then 

dx = cosctr/(a') 
dy — sin a f (a) da, 

whence x and y may be found by quadratures. If li is a constant, for instance, 
these formulae give 

x = x 0 4- B sin cr , y = y () — R cos a , 

and the required curve is a circle of radius li. This result is otherwise evident 
from the consideration of the evolute of the required curve, which must reduce 
to a single point, since the length of its arc is identically zero. 

As another example let us try to find a plane curve whoso radius of curva- 
ture is proportional to the reciprocal of the arc, 11 = a 2 /s. The formula give 


and then 


a — 


1 


sds 
a f 


2a*’ 




ds. 


Although these integrals cannot be evaluated in explicit form, it is easy to gain 
an idea of the appearance of the curve. As s increases from 0 to -f co, x and y 
each pass through an infinite number of maxima and minima, and they approach 
the same finite limit. Hence the curve has a spiral form and approaches 


^ auu o uc iwu piane curves wnicii 

are tangent at some point A. To every point m on C let ns assign, 
according to any arbitrary law whatever, a point m ' on C", the only 
requirement being that the point m' 
should approach A with m . Taking 
the arc Am — or, what amounts to 
the same thing, the chord Am — as 
the principal infinitesimal, let us first 
investigate what law of correspond- 
ence will make the order of the infin- 
itesimal mm' with respect to Am ns 
large as possible. Let the two cnrves 
be referred to a system of rectangular 
or oblique cartesian coordinates, the axis of y not being parallel to the 
common tangent A T. Let 

( c ) y =/(*)> 

(C") Y = F(x) 

be tlie equations of the two curves, respectively, and let (cr 0 , ?/ 0 ) be 
the coordinates of the point A. Then the coordinates of m will 
be [x 0 4 - h, f(x 0 4 - h)~\ y and those of m' will be [x 0 + 7c, F(x 0 + 7c)], 
where 7c is a function of h which defines the correspondence between 
the two curves and which approaches zero with h. 

The principal infinitesimal Am may be replaced by h = up, for 
the ratio ap/Am approaches a finite limit different from zero as the 
point vi approaches the point A. Let us now suppose that mm' is 
an infinitesimal of order r + 1 with respect to h, for a certain 
method of correspondence. Then mm’ 2 is of order 2r + 2. If 0 
denote the angle between the axes, we shall have 

mm'* = [/^(jt 0 -f 7c) — f(cc 0 + h) + (7c — h) cos Of 4- (7c — A) 2 sin 3 6 ; 

hence each of the differences 7c — h and F(x 0 4 - 7c) —f(x 0 4- A) must 
be an infinitesimal of order not less than r + 1 , that is, 

7c = 7* -j- ah r+l , F(x 0 4- h) -f(x 0 4- h) = ph r+1 , 

where a and (3 are functions of h which approach finite limits as h 
approaches zero. The second of these formulae may be written in 
the form 

i 7A 



Fig. 46 


7. r 4-1 \ 


YY,. 


nhr+l 


the terms which contain a form an infinitesimal of order not less 
than r -f- 1. Hence the difference 

A = F(.r 0 + A) — /(Xq + /i) 

is an infinitesimal whose order is not less than r + 1 and may exceed 
v -fi 1. But this difference A is equal to the distance mn between 
the two points in which the curves C and C' are cut by a parallel 
to the y axis through m. Since the order of the infinitesimal mm ' 
is increased or else unaltered by replacing m' by n, it follows that 
the distance between two corresponding j mints on the two curves is an 
infinitesimal of the greatest possible order if the two corresponding 
points always lie on a parallel to the y axis. If this greatest possi- 
ble order is r + 1, the two curves are said to have contact of order r 
at the point A. 

Notes. This definition gives rise to several remarks. The y axis 
was any line whatever not parallel to the tangent A T. Hence, in 
order to find the order of contact, corresponding points on the two 
curves may be defined to be those in which the curves are cut by 
lines parallel to any fixed line D which is not parallel to the tan- 
gent at their common point. The preceding argument shows that 
the order of the infinitesimal obtained is independent of the direc- 
tion of D , — a conclusion which is easily verified. Let mn and mm' 
be any two lines through a point m of the curve C which are not 
parallel to the common tangent (Fig. 46). Then, from the triangle 
mm' n, 

mm' _ sin mnm f 

mn sin nnn'n 

As the point m approaches the point A, the angles mnm ' and mm' n 
approach limits neither of which is zero or 7r, since the chord m'n 
approaches the tangent AT. Hence mm' /mn approaches a finite 
limit different from zero, and mm' is an infinitesimal of the same 
order as mn. The same, reasoning shows that mm' cannot be of 
higher order than mn, no matter what construction of this kind is 
used to determine m' from ??&, for the numerator sin mnm' always 
approaches a finite limit different from zero. 

The principal infinitesimal nsed above was the arc Am or the 


that purpose it is sufficient to set k = h + ah 8+1 , where s^r and 
where a is a function of h which remains finite for h = 0. On the 
other hand, if s < r, the order of mm 1 cannot exceed s + 1. 


212. Analytic method. It follows from the preceding section that 
the order of contact of two curves C and C* is given by evaluating 
the order of the infinitesimal 


y - v = F ( x o + h ) - A x o + h ) 

with respect to h. Since the two curves are tangent at A , 
F(x^) = f(x 0 ) and F'(x 0 ) —f'(x 0 ). It may happen that others of the 
derivatives are equal at the' same point, and we shall suppose for 
the sake of generality that this is true of the first n derivatives : 


(23) 


( no=/(o, no=/'(o, 

lF"(x 0 )=f"(x„), F™(x 0 )=f*{x 0 ), 

but that the next derivatives F< n+1 >(x 0 ) and / ( ’ i+1) (x„) are unequal. 
Applying Taylor’s series to each of the functions F(x) and f(x), we 
find 


Y = F(z 0 ) + ? +F'(xo) + ' 


+ 


Ji n 


1 .2 "-n 


F™(x 0 ) + 


h n+1 


1.2---(rc+l) 


h 


V = /(O + ^f( x o) H 

/>» /i n+1 

+ 1.2 + 1. 2- ■■(»+!) 


[F<» +1 >(O + 0> 


[/ (n + ,) (0 + <l> 


or, subtracting, 

(24) Y ~ y=z 1.2 •*"(«+ ! j ^ tn+,,(a:o) + 


where € and e f are infinitesimals. It follows that the order of coni ad 
of tioo curves is equal to the order n of the highest derivatives of F(x) 

and fix) which are equal for x = av 

The conditions (23), which are due to Lagrange, are the necessary 
and sufficient conditions that x = x 0 should be a multiple root of 
order n + 1 of the equation F(x)=f(x). But the roots of this 
x- . xi ^-p fho nninb? of intersection of the two 


even, and that it does not i(‘ n is odd. lienee currcs which. have 
contact of odd order do not cross, but cur res which, hare contact of 
even order do cross (ft their point of tangency. It is easy to see why 
this should be true. Let us consider for definiteness a curve (/' 
which cuts another curve C in three points near the point A. If 
the curve C l be deformed continuously in such a way that each of 
the three points of intersection approaches A, the limiting position 
of C has contact of the second order with r r , and a figure shows that 
the two curves cross at the point A. This argument is evidently 
general. 

If the equations of the two curves are not solved with respect to 
Y and y , which is the east! in general, the ordinary rules for the 
calculation of the derivatives in question enable us to write down 
the necessary conditions that the curves should have contact of 
order n. The problem is therefore free from any particular diffi- 
culties. We shall examine only a few special cases which arise 
frequently. First let us suppose that the equations of each of the 
curves are given in terms of an auxiliary variable 


(<?) 


( x=f(t), 

i y = <l>(t)> 




(A' ==/('"), 

l F = *(«), 


and that \p(t {) ) — c and \ = <£'(tf 0 ), i.e. that the curves are tan- 
gent at a point A whose coordinates are f(t {) ), <f>(t {) )> If f'(t {) ) is not 
zero, as we shall suppose, the common tangent is not parallel to the 
y axis, and we may obtain the points of the two curves, which have 
the same abscissae by setting u = t. On the other hand, x — x Q is of 
the first order with respect to t — t 0 , and we are led to evaluate the 
order of t p(t) — with respect to t — t 0 . In order that the two 
curves have at least contact of order n, it is necessary and sufficient 
that we should have 


(25) -K*n) = *(4>), = = 

and the order of contact will not exceed n if the next derivatives 
^ n + l) (to) and <h (n+l) (to) are unequal. 

Again, consider the case where the curve C is represented by the 
two equations 


(27) W)i W)] = 0. 

Then the curve C' is also represented by two equations of the form 

(28) x = f(f ) , y = <p(t). 

In order that the curves C and C' should have contact of order n at 
a point A which corresponds to a value of the parameter, it is 
necessary that the conditions (25) should be satisfied. But the 
successive derivatives of the implicit function \(/(t) are given by the 
equations 

|£a*> + gv«)=°, 

§g[/OT + 2|fjA9«0 

+P[fwr+g/"w+^f»- o, 



£r C/V)]“+- + ^^(0 = o. 

Hence necessary conditions for contact of order n will be obtained 
by inserting in these equations the relations 

* = t a , x =f(t 0 ), f(t 0 ) = *(<b), f W = *'&). • • -> 0 60 W = Wo). 
The resulting conditions may be expressed as follows : 

Let 

F( t)=F[f(t), *(*)]; 

the two given curves will have at least contact of order n if and 
only if 

(30) F(£ 0 ) = 0, F(t 0 ) = 0, • • •, ^ W = 0. 

The roots of the equation F(^) = 0 are the values of t which cor- 
respond to points of intersection of the two given curves. Hence 
the preceding conditions amount to saying that t = t 0 is a multiple 
root of order n , i.e. that the two curves have n + 1 coincident points 



(31) ]*('*'> Vi <f j b) ( h * * *> 0 — 

it is possible in general to choose these n -f- '1. parameters in such a 
way that C 1 and C shall have contact of order n at any preassigned 
point of C. For, list (■ be given by the equations x -=/(/), y = 

Then the conditions that the curves <■ and (■' should lmve contact 
of order n at the point where t = t i} are given by the equations (30), 
where 

F(0 = M, o ■•*,/] • 

If £ 0 be given, these n- fl equations determine in general the u- f 1 
parameters a, b, e, /. The curve ( 1l obtained, in this way is 
called an osculatiny curve to the curve. (’. 

Let us apply this theory to the simpler classes of curves. The 
equation of a straight line y = ax + l> depends upon tho two param- 
eters a and b\ the corresponding osculating straight lines will have 
contact of the first order. If y = f(x) is the equation of tin*, curve C, 
the parameters a and b must satisfy the two equations 

f(x^) = ax {) ~j- b } j f (,r {) ) = a j 

hence the osculating line is the ordinary tangent, as we should 
expect. 

The equation of a circle 

(32) (x-a)*+(i/-h)*-Jt* = 0 

depends upon the three parameters a, b, and Jl ; hence the corre- 
sponding osculating circles will have contact of the second order. 
Let y = fix) be the equation of the given curve C ; we shall obtain 
the correct values of a, b> and 11 by requiring that the circle should 
meet this curve in three coincident points. This gives, besides the 
equation (32), the two equations 

(33) x - a + (y-b)y' = 0, 1 + y' 2 + (y _ b)y" = 0. 

The values of a and b found from the equations (33) are precisely 
the coordinates of the center of curvature (§ 205) ; hence the oscu- 
lating circle coincides with the circle of curvature. Since the con- 
tact is in general of order two, we may conclude that in general the 

circle of curvature nf a nl.n.ue nui-no nvncoao -nni.nt 


since the coordinates ox the center of curvature depend only on 
x, y, y\ and y", any two curves which have contact of the second 
order have the same center of curvature. But the center of curva- 
ture of the osculating circle is evidently the center of that circle 
itself; hence the circle of curvature must coincide with the oscu- 
lating circle. On the other hand, let us consider two circles of 
curvature near each other. The difference between their radii, 
which is equal to the arc of the evolute between the two centers, 
is greater than the distance between the centers ; hence one of 
the two circles must lie wholly inside the other, which could not 
happen if both of them lay wholly on one side of the curve C in 
the neighborhood of the point of contact. It follows that they 
cross the curve C. 

There are, however, on any plane curve, in general, certain points 
at which the osculating circle does not cross the curve ; this excep- 
tion to the rule is, in fact, typical. Given a curve C which depends 
upon n- f- 1 parameters, we may add to the n + 1 equations (30) the 
new equation 

P , + 1 ) (f 0 ) = o 

provided that we regard t Q as one of the unknown quantities and 
determine it at the same time that we determine the parameters 
a, b, c, •••, L It follows that there are, in general, on any plane 
curve C, a certain number of points at which the order of con- 
tact with the osculating curve C 1 is n +1. Bor example, there are 
usually points at which the tangent has contact of the second order ; 
these are the points of inflection, for which y u = 0. In order to And 
the points at which the osculating circle has contact of the third 
order, the last of equations (33) must be differentiated again, which 
gives 

3yV' + (?-%"' = <>> 

or Anally, eliminating y — b ) 

(34) (l+y' 2 )y m -3yy ,2 = 0. 

The points which satisfy this last condition are those for which 
dll /dx — 0, i.e. those at which the radius of curvature is a maxi- 
mum nr a mhihrmm. On the ellipse, for example, these points are 



osculating curve may be thought of as the limiting position of a 
curve C which meets the fixed curve C in n + 1 points near a fixed 
point A of C, which is the limiting position of each of the points 
of intersection. Let us consider for definiteness a family of 
curves which depends upon three parameters a , b , and c , and let 
t {) + h XJ t 0 + // 2 , and t Q 4- h 3 be three values of t near t 0 . The curve 
O' which meets the curve C in the three corresponding points is 
given by the three equatious 

(35) F(7 0 + hi ) = 0, F(£ 0 + A 2 ) = 0, F(£ 0 4- A 3 ) ~ 0* 

Subtracting the first of these equations from each of the others and 
applying the law of the mean to each of the differences obtained, 
we find the equivalent system 

(36) F (f 0 + h x ) = 0, F f (jf 0 + k x ) = 0, F'(tf 0 4- A 2 ) = 0, 

where k x lies between h x and Ju, and k 2 between h x and h 2 . Again, 
subtracting the second of these equations from the third and apply- 
ing the law of the mean, we find a third system equivalent to either 
of the preceding, 

(37) F(7 0 4- Ax) = 0, F'(f 0 + h) = 0, F"(/ 0 4- h) = 0, 

where l x lies between k x and /c 2 . As h x , h 2 , and h 3 all approach 
zero, k x , k 2 , and l x also all approach zero, and the preceding equa- 
tions become, in the limit, 

FCo) = 0, F'C„) = 0, F''(i 0 ) = 0, 

which are the very equations which determine the osculating curve. 
The same argument applies for any number of parameters whatever. 
Indeed, we might define the osculating curve to be the limiting 
position of a curve C" which is tangent to C at p points and cuts C 
at q other points, where 2p 4- £ = n 4- 1, as all these p 4- q points 
approach coincidence. 

Tor instance, the osculating circle is the limiting position of a 
circle which cuts the given curve C in three neighboring points. It 
is also the limiting position of a circle which is tangent to C and 
which cuts C at another point whose distance from the point of 
tangency is infinitesimal. Let us consider for a moment the latter 


origin, y = 0. lienee R = 1/y , and therefore, by Taylor 

y=x ih +e )> 

where e approaches zero with x. It fol- 
lows that R is the limit of the expres- 
sion x 2 /(2/y) = OJ >i /(2MP) as the point 
M approaches the origin. On the other 
hand, let R x be the radius of the circle 
Ci which is tangent to the x axis at the 
origin and which passes through M. 

Then we shall have 

OP 2 = Mm = MP(2E 1 - MP ) , 
or 

OP 2 _ MP. 

2MP ~ H ~ 2 ’ 

hence the limit of the radius R x is really equal to the : 
curvature R. 



EXERCISES 

1. Apply the general formulae to find the evolute of an ellipse ; of 
bola ; of a parabola. 

2. Show that the radius of curvature of a conic is proportional t 
of the segment of the normal between its points of intersection witl 
and with an axis of symmetry. 

3. Show that the radius of curvature of the parabola is equal tc 
segment of the normal between the curve and the directrix. 

4. Let F and F* he the foci of an ellipse, M a point on the ellips 
normal at that point, and N the point of intersection of that norm 
major axis of the ellipse. Erect a perpendicular NK to JOT at JV, m 
at K . At K erect a perpendicular KO to JO 1 , meeting MJSF at 0. 

0 is the center of curvature of the ellipse at the point M. 

5. For the extremities of the major axis the preceding constructic 
illusory. Let AO A' be the major axis and BO'B the minor axis of ■ 
On the segments OA and OB construct the rectangle OA FB. Fror 
a perpendicular on AB, meeting the major and minor axes at G and 
lively. Show that C and JO are the centers of curvature of the elli] 
points A and JB, respectively. 


out slipping along another (iixed) circle is called an epicycloid or an tiypocycioia , 
Show that the evolute of any such curve is another curve of the same kind. 

8. Let AB be an arc of a curve upon which there are no singular points and 
no points of inflection. At each point m of this arc lay off from the point m 
along the normal at m a given constant length l in each direction. Let mi and 
7n 2 he the extremities of these segments. As the point m describes the arc AB , 
the points ?/ii and will describe two corresponding arcs A±Bi and A 2 B 2 . 
Derive the formulas Si = S — W, S* = S + 16, where &, Si, and S 2 are the 
lengths of the arcs AB, A\Bi, and A 2 B » , respectively, and where 9 is the angle 
between the normals at the points A and B. It is supposed that the arc A\ 
lies on the same side of A B as the evolute, and that it does not meet the evolute. 

[Licence, Paris, July, 1879.] 

9. Determine a curve such that the radius of curvatures p at any point M 
and the length of the arc s — AM measured from any fixed point A on the curve 
satisfy the equation as = p 2 -\- a 2 , where a is a given constant length. 

[Licence, Paris, July, 1883.] 

10. Let C be a given curve of the third degree which has a double point 
at 0. A right angle MON revolves about the point 0, meeting the curve C in 
two variable points M and N. Determine the envelope of the straight line MN. 
In particular, solve the problem for each of the curves \y 2 = x 3 and x* + t/ 3 = pxy. 

[Licence, Bordeaux, July, 1885.] 

11. Find the points at which the curve represented by the equations 

x = a (nco — sin w) , y = a (n — cos w) 

has contact of higher order than the second with the osculating circle. 

[Licence, Grenoble, July, 1885.] 

12. Let m, mi, and ??z 2 be three neighboring points on a plane curve. Find 
the limit approached by the radius of the circle circumscribed about the triangle 
formed by the tangents at these three points as the points approach coincidence. 

. 13. If the evolute of a plane curve without points of inflection is a closed 
curve, the total length of the evolute is equal to twice the difference between the 
sum of the maximum radii of curvature and the sum of the minimum radii of 
curvature of the given curve. 

14. At each point of a curve lay off a constant segment at a constant angle 
with the normal. Show that the locus of the extremity of this segment is a 
curve whose normal passes through the center of curvature of the given’ curve. 

15. Let r be the length of the radius vector from a fixed pole to any point of 
a plane curve, and p the perpendicular distance from the pole to the tangent. 
Derive the formula B = ± r dr /dp, where B is the radius of curvature. 

16. Show that the locus of the foci of the parabolas which have contact of 
the second order with a given curve at a fixed point is a circle. 



CHAPTER XI 


SKEW CURVES 

I. OSCULATING PLANE 

215. Definition and equation. Let MT be the tangent at a point M 
a given skew curve T. A plane through MT and a point M' of 
lear M in general approaches a limiting position as the point M' 
proaches the point ill. If it does, the limiting position of the 
me is called the osculating grtane to the curve T at the point M. 
3 shall proceed to find its equation. 

Let 

x =/(0> 2/ = <K0> 2 = 

the equations of the curve T in terms of a parameter t , and let t 
1 1 -J- A be the values of t which correspond to the points M and 
, respectively. Then the equation of the plane MTM ' is 

A(X - x) + B(V- y) + C(Z - ») = 0, 

ere the coefficients A,B , and C must satisfy the two relations 

Af'(f) + B<j>’(t) + = 0? 

A[f(t + A) — /(*)] + B [<K* A- A) " <#>(0] + c + A) — »K$)] = 0 • 

panding f(t + A), <£(£ -f 7i) and i/r(£ -f A) by Taylor’s series, the 
lation (3) becomes 

¥'(t) + } + B { W(t) + X [r(t) + c 2 ] }+•••= o . 

;er multiplying by h , let us subtract from this equation the equa- 
i (2), and then divide both sides of the resulting equation by 
2. Doing so, we find a system equivalent to (2) and (3) : 

Af(t) + + c ^( t ) = °> 

A[/"(*) + cj] + £[*"(*) + e 3 ] + CW(t) + e a ] = 0, 

3 re ci, e 2 , and approach zero with A. In the limit as A 
>roaches zero the second of these equations becomes 


( 6 ) 


( A dx + Bdy + C dz = 0 , 

( A d 2 x + B d 2 y + C d 2 z = 0 . 

The coefficients A, B, and C may be eliminated from (5) and (6), 
and the equation of the osculating plane may be written in the form 

X - x Y-y Z -a 
dx dy dz = 0 . 

d 2 x d 2 y d' 2 z 

Among the planes which pass through the tangent, the osculating 
plane is the one which the curve lies nearest near the point of tan- 
gency. To show this, let us consider any other plane through the 
tangent, and let F(t) be the function obtained by substituting 
fit -h h), <$>(t -h h) : i p(t + h) for X, T, Z , respectively, in the left-hand 
side of the equation (5), which we shall now assume to be the equa- 
tion of the new tangent plane. Then we shall have 

7 } 2 

m = o + w) + <w) + vi, 

where rj approaches zero with h. The distance from any second 
point M ] of T near M to this plane is therefore an infinitesimal of 
the second order; and, since F(t) has the same sign for all sufficiently 
small values of h , it is clear that the given curve lies wholly on one 
side of the tangent plane considered, near the point of tangency. 

These results do not hold for the osculating plane, however. For 
that plane, Af" -j- B<h" -fi C\j/" — 0; hence the expansions for the 
coordinates of a point of V must be carried to terms of the third 
order. Doing so, we find 

WAtN _ h z j A d z x 4- B d z y + C d 3 z t \ 

F ^~ 1.2.3 V df + 7‘ 

It follows that the distance from a point of r to the osculating 
plane is an infinitesimal of the third order ; and, since F(t) changes 
sign with h, it is clear that a skew curve crosses its osculating plane 
at their common point. These characteristics distinguish the oscu- 
lating plane sharply from the other tangent planes. 



( 7 ) 


A d s x + Bel 3 ]/ + Cd 3 z = 0. 

If this relation is satisfied, the expansions for the coordinates must 
be carried to terms of the fourth order, and we should obtain a 
relation of the form 

^ _ A 4 /Ad*x + Bd*y + Cd 4 z \ 

F{t) ~1.2.3.A\ dF +r >)' 

The osculating plane is said to be stationary at any point of r for 
which (7) is satisfied; if A dtx + B d*y + C d 4 z does not vanish 
also, — and it does not in general, — F{t) changes sign with h and 
the curve does not cross its osculating plane. Moreover the distance 
from a point on the curve to the osculating plane at such a point is 
an infinitesimal of the fourth order. On the other hand, if the 
relation A d*x -fi Bd i y + C d i z — 0 is satisfied at the same point, 
the expansions would have to be carried to terms of the fifth order ; 
and so on. 

Eliminating A, B , and C between the equations (6) and (7), we 
obtain the equation 

dx dy dz 

(8) A = d 2 x d 2 y d 2 z — 0, 

d z x (By d z z 

whose roots are the values of t which correspond to the points of r 
where the osculating plane is stationary. There are then, usually, 
on any skew curve, points of this kind. 

This leads us to inquire whether there are curves all of whose 
osculating planes are stationary. To be precise, let us try to find 
all the possible sets of three functions x , y ) z of a single variable t , 
which, together with all their derivatives up to and including those 
of the third order, are continuous, and which satisfy the equation 
(8) for all values of t between two limits a and b («- < b ). 

Let us suppose first that at least one of the minors of A which 
correspond to the elements of the third row, say dx cl 2 y — dy d 2 x } does 
not vanish in the interval ( a , b). The tw r o equations 

dz = C x dx + C 2 dy , 


( 9 ) 




i rt y72„ 


functions of t in the interval (a, b). Since A = 0, these functions 
also satisfy the relation 

(10) = C\d*x 4- C 2 d*y. 

Differentiating each of the equations (9) and making use of (10), 
we find 

dC x dx + dC 2 dy = 0, dC x d}x + dC 2 d~ y = 0, 

whence dC x = d0 2 = 0. It follows that each of the coefficients C L 
and f- 2 is a constant ; hence a single integration of the first of 
equations (9) gives 

z = t\x -\ f- C 2 y + C 3 , 

where C z is another constant. This shows that the curve V is a 
plane curve. 

If the determinant dxtiPy — dyd 2 x vanishes for some value c of the variable t 
between a and 6, the preceding proof fails, for the coefficients C\ and (7 2 might 
be infinite or indeterminate at such a point. Let us suppose for definiteness 
that the preceding determinant vanishes for no other value of t in the interval 
(a, 5), and that the analogous determinant dxd 2 z — dzd 2 x does not vanish for 
t = c. The argument given above shows that all the points of the curve r which 
correspond to values of t between a and c lie in a plane P, and that all the 
points of T which correspond to values of t between c and b also lie in some 
plane Q. But dxd 2 z~~ dzd? 2 x does not vanish for t = c; hence a number h 
can be found such that that minor does not vanish anywhere in the interval 
(c — h, c 4 h). Hence all the points on r which correspond to values of t 
between c ~h and c 4 h must lie in some plane R. Since R must have an 
infinite number of points in common with P and also with Q, it follows that 
these three planes must coincide. 

Similar reasoning shows that all the points of T lie in the same plane unless 
all three of the determinants 

dxd 2 y~dyd 2 x , dxd 2 z — dz d 2 x, dyd 2 z — dzd 2 y 

vanish at the same point in the interval (a, 6). If these three determinants do 
vanish simultaneously, it may happen that the curve T is composed of several 
portions which lie in different planes, the points of junction being points at 
which the osculating plane is indeterminate.* 

If all three of the preceding determinants vanish identically in a certain 
interval, the curve r is a straight line, or is composed of several portions of 
straight lines. If dx/dt does not vanish in the interval (a, 5), for example, we 
may write 

d 2 y dx — dy d 2 x _ d 2 zdx — dz d 2 x _ 

(dx) 2 “ ’ (dx) 2 ~ ’ 


whence 


which shows that r is a straight line. 


217. Stationary tangents. The preceding paragraph suggests the study of 
certain points on a skew curve which we had not previously defined, namely 
the points at which we have 

d 2 x __ d 2 y _ d 2 z 
dx dy dz 

The tangent at such a point is said to he stationary. It is easy to show by the 
formula for the distance between a point and a straight line that the distance 
from a point of r to the tangent at a neighboring point, which is in general an 
infinitesimal of the second order, is of the third order for a stationary tangent. 
If the given curve r is a plane curve, the stationary tangents are the tangents at 
the points of inflection. The preceding paragraph shows that the only curve 
whose tangents are all stationary is the straight line. 

At a point where the tangent is stationary, A = 0, and the equation of the 
osculating plane becomes indeterminate. But in general this indetermination 
can be removed. Tor, returning to the calculation at the beginning of § 215 
and carrying the expansions of the coordinates of M' to terms of the third order, 
it is easy to show, by means of (11), that the equation of the plane through M ' 
and the tangent at M is of the form 


X-x Y-y Z-z 

f'it) f(t) fit) 

/'"(*) + «i f"(t) + e 2 f"(t)+e 3 


= 0 , 


where ei , e 2 , e 3 approach zero with h. Hence that plane approaches a perfectly 
definite limiting position, and the equation of the osculating plane is given by 
replacing the second of equations (6) by the equation 

Ad 3 x + Bd 3 y + Cd 3 z- 0. 


If the coordinates of the point M also satisfy the equation 

d 3 x _d 3 y _ d 3 z 
dx dy dz 


the second of the equations (G) should be replaced by the equation 
Ad?: x — Bd'iy + Cd^z =0, 

where q is the least integer for which this latter equation is distinct from the 
equation A dx -f B dy + C dz = 0. The proof of this statement and the exami- 
nation of the behavior of the curve with respect to its osculating plane are left 
to the reader. 

Usually the preceding equation involving the third differentials is sufficient, 
and the coefficients A, B, C do not satisfy the equation 


eter a uetween tne two equations (io) ana represents one or 

more analytically distinct surfaces, each of which is an envelope 
of the surfaces S or else the locus of singular points of .S', or a com- 
bination of the two. Finally, as in § 1301 , the characteristic curve 
represented by the equations (10) and (IS) for any given value of a 
is the limiting position of the curve of intersection of S with a 
neighboring surface of the same family. 

220. Two-parameter families. Lot S ho any surface of the two- 
parameter family 

(19) f(.r, y, a, a, b) = 0, 

where a and b are the variable parameters. There does not exist, 
in general, any one surface which is tangent to each member of this 
family all along a curve. Indeed, let b = <£(a) he any arbitrarily 
assigned relation between a and b which rtulue.es tin*, family (10) to 
a one-parameter family. Then the equation (1.0), the equation 
b = <p(a) } and the equation 

< 2o > K +!«“)-> 

represent the envelope of this one-parameter family, or, for any 
fixed value of a , they represent the characteristic on the correspond- 
ing surface S. This characteristic depends, in general, on 
and there are an infinite number of characteristics on each of the 
surfaces S corresponding to various assignments of <£(«). There- 
fore the totality of all the characteristics, as a and b both vary arbi- 
trarily, does not, in general, form a surface. We shall now try to 
discover whether there is a surface E which touches each of the 
family (19) in one or more points, — not along a curve. If such a 
surface exists, the coordinates (x, //, z) of the point of tangency of 
any surface £ with this envelope E arc functions of the two variable 
parameters a and b which satisfy the equation (1.9) 5 lienee their dif- 
ferentials dx, dt/, da with respect to the independent variables a 
and b satisfy the relation 


or, by (21), 


d -f dx + d J- dy + d f da = 0, 
dx dy J dz 


d_f 

da 


da -f- 


df 

db 


db ~§ . 


Since a and b are independent -variables, it follows that the equations 


( 22 ) 




must be satisfied simultaneously by the coordinates (x, y , z) of the 
point of tangency. Hence we shall obtain the equation of the 
envelope, if one exists, by eliminating a and b between the three 
equations (19) and (22). The surface obtained will surely be tan- 
gent to S at (x, y 3 z) unless the equations 

V = V = ^ =0 

dx dy dz 

are satisfied simultaneously by the values (x, y, z) which satisfy (19) 
and (22) ; hence this surface is either the envelope or else the locus 
of singular points of S. 

We have seen that there are two kinds of envelopes, depending 
on the number of parameters in the given family. For example, 
the tangent planes to a sphere form a two-parameter family, and 
each plane of the family touches the surface at only one point. 
On the other hand, the tangent planes to a cone or to a cylinder 
form a one-parameter family, and each member of the family is 
tangent to the surface along the whole length of a generator. 


221. Developable surfaces. The envelope of any one-parameter family 
of planes is called a developable surface . Let 

(23) s = + Vf(«) + 

be the equation of a variable plane P, where a is a parameter and 
where f(a ■) and <£(<r) are any two functions of a. Then the equa- 
tion (23) and the equation 

(24) x -b yf(a) -f 4>'(a) = 0 

represent the envelope of the family, or, for a giv^n value of cr, they 


same skew curve. In order In do so lei us d iffonmliate (21) again 
with regard to a. The equation obtained 

(25) yf'X«) + <!>"(«) ,, 0 

determines a particular point M on <7. We proceed to show that (l 
is tangent at J\I to the skew curve V which .1/ describes as <r varies. 
The equations of P are precisely (2d), (21), (25), From which, if we 
desired, we might find .r, //, and a as runctions of the variable 
parameter a. Differentiating the first two of these and using the 
third of them, we find the relations 

(26) da = a tlx +f((x)dt/ i dx -|- ( / ,f (ci-) dy = 0, 

which show that tlie tangent to P is parallel to (l. I Jut these two 
straight lines also have a common point; lienee? they coincide. 

The osculating plane, to the curve P is the plane P itself. To 
prove this it is only necessary to show that the lirst and second 
differentials of x, y, and a with respect to tx satisfy the relations 

da = tx dx ~j-./ , (n) dy, 
d 2 a = tx d 2 x +,/ , (a) dry . 

The first of these is the first of equations (26), which is known to 
hold. Differentiating it again with respect to tx, we find 

d 2 z = a d 2 x +f(cx)d 2 y + [dx +/'(ir)r/ J y] dtx } 

which, by the second of equations (26), reduces to the second of the 
equations to be proved. 

It follows that any developable surface may be defined as the locus 
of the tangents to a certain skew carve P. In exceptional oases the 
curve r may reduce to a point at a finite or at an infinite distance ; 
then the surface is either a cone or a cylinder. This will happen 
whenever f\<x) = 0. 

Conversely, the locus of the tangents to any skew curve P is a 
developable surface. For, let 

*=/(*)> y = *(*)» « = <K0 

be tlie equations of any skew curve r. The osculating planes 


rm a one-parameter family, whose envelope is given by the pre- 
ding equation and the equation 

dA (X - x) + dB(Y~ y) + dC(Z - z) = 0 . 

>v any fixed value of t the same equations represent the charac- 
ristic in the corresponding osculating plane. We shall show that 
is characteristic is precisely the tangent at the corresponding 
int of T. It will be sufficient to establish the equations 

A dx + Bdy + C dz = 0, dA dx 4- dBdy + dC dz = 0. 

ic first of these is the first of (6), while the second is easily 
tained by differentiating the first and then making use of the 
jond of (6). It follows that the characteristic is parallel to 
3 tangent, and it is evident that each of them passes through 
3 point (cc, y , z) ; hence they coincide. 

This method of forming the developable gives a clear idea of 
i appearance of the surface. Let AB be an arc of a skew curve, 
each jDoint M of AB draw the tangent, and consider only that 
if of the tangent which extends in a certain direction, — from A 
vard B , for example. These half rays form one nappe S x of the 
felopable, bounded on three sides by the arc AB and the tan- 
lts A and B and extending to infinity. The other ends of the tan- 
lts form another nappe S 2 similar to S x and joined to S x along the 
AB. To an observer placed above them these two nappes appear 
cover each other partially. It is evident that any plane not tan- 
it to T through any point 0 of AB cuts the two nappes S x and ,S 2 
bhe developable in two branches of a curve which has a cusp at 0. 
e skew curve V is often called the edge of regression of the 
relopable surface* 

.t is easy to verify directly the statement just made. Let us 
e 0 as origin, the secant plane as the xy plane, the tangent to V as 
axis of Zj and the osculating plane as the xz plane. Assuming 
t the coordinates x and y of a point of T can be expanded in powers 
bhe independent variable z ) the equations of r are of the form 

x = a 2 z 2 -j- a 3 z 8 ^ , y — b 3 £ 3 -{-•••, 

the equations 

dx __ dy _ dry _ ^ 

TtT " d* *“ dz 2 


X — a z z 2 — a.j.r 1 — • • • __ }’ -- b. A ;F _ 

2o. 2 rJ »Ma' "1~ 

Setting Z =s 0, the coordinates A' and Y of the point, whore the tan- 
gent meets the secant plane*, are. Found to have developments which 
begin with terms in rS 1 and in r:'\ respectively ; hence there is surely 
a cusp at the origin. 


Example . Let us select as the edge of regression the shew cubic x y — V 2 , 
z = £ n . The equation of the osculating plane to the curve is 

(27) $8 ~ ;uax ~|. \UY Z i); 


hence we shall obtain the equation of the corresponding developable by writing 
down the condition that (27) should have a double root in t, which amounts to 
eliminating t between the equations 


(28) 


i; t*-2tX + Y-0, 
\\Xt*-2tY -i-Zst-O. 


The result of this elimination is tlio equation 


(XY - Z ) 2 - 4 (X‘ 2 - Y)(Y 2 - X Z) r, 0, 

which shows that the developable is of the fourth order. 

It should be noticed that the equations (28) represent tin*, tangent to the given 
cubic. 


222. Differential equation of developable surfaces. If z = F(x } y) he 
the equation of a developable surface, the function F(,r : ?/) satisfies 
the equation s 2 — rt = 0 , where r , s, and t represent, as usual, the 
three second partial derivatives of tlie function J<\x, //). 

For the tangent planes to the given surface, 

z = y;A r + qY + z — qrx — qy , 

must form a one-parameter family ; hence only one of the three 
coefficients y>, q, and z —q )X ~ ( PJ can vary arbitrarily. In particular 
there must be a relation between ]) and f l of the form t /*(y? , q) = 0. 
It follows that the Jacobian y)//>(:r, ?/) = — ,s*~ must vanish 

identically. 

Conversely, if F(x, y) satisfies the equation rt — ,s* 2 = 0, p and q 
are connected by at least one relation. If there, were, two distinct 

rp.latinns 01 ClTifl si mrrwil/1 Ur, Trt/ ... .A 1.1 1 ...f? -P/i-.,™ 




r 


, ousiouv ou vvuisounr: .due we also nave 


y ( rt — 5 2 ) = 


D(z -px- qy, p) 
D{x, y) ’ 


mce z-px — qy is also a function of p, say f(p), whenever 
— s* = 0. Then the unknown function F(x, y) and its partial 
irivatives p and q satisfy the two equations 


2 = <Kp), a-px- 4>(p)y = l'(p)- 

ifferentiating the second of these equations with respect to x and 
1th respect to y, we find 

[_x + y + i/O)] || = 0, 0 + 2 / + <//(p)] ~ = 0. 

nee p does not reduce to a constant, we must have 


* + 2 / + 'P'(p) = 0 ; 

nee the equation of the surface is to be found by eliminating p 
tween this equation and the equation 

»=px + y4>(p)+ilt(jp), 

doh is exactly the process for finding the envelope of the family 
planes represented by the latter equation, p being thought of as 
5 variable parameter. 


223. Envelope of a family of skew curves. A one-parameter family 
skew curves has, in general, no envelope. Let us consider first 
amily of straight lines 

'29) x — az-Yp, y = bz + q, 

ere a, b, p , and q are given functions of a variable parameter a. 

! shall proceed to find the conditions under which every member 
this family is tangent to the same skew curve T. Let z = <£(a) 
the z coordinate of the point M at which the variable straight 
3 D touches its envelope I\ Then the required curve T will be 
resented by the equations (29) together with the equation 
: <£(<*), and the direction cosines of the tangent to T will be pro- 


the straight line D itself is that we should have 


that is, 


dx _ dz 
da da 

a f 4>(a) -f = 0, 


c hl = jj— y 
da da 

-f* ( I ! = 0* 


The unknown function <jb(a) must satisfy these two equations ; 
hence the family of straight lines has no envelope unless tlie two 
are compatible, that is, unless 

a'q' — V])' = 0. 


If this condition is satisfied, we shall obtain the envelope "by setting 

<K«) =- q'/v. 

It is easy to generalize the preceding argument. Let us consider a 
one-parameter family of skew curves ( C) represented by the equations 


(30) F(x,y,z, a) = 0, $(*> y, «, a) = 0, 


where a is the variable parameter. If each of these curves C is 
tangent to the same curve V, the coordinates ( x , y, z) of the point 
M at which the envelope touches the curve C which corresponds to 
the parameter value a are functions of a which satisfy (30) and 
which also satisfy another relation distinct from those two. Let 
dx, dy , dz be the differentials with respect to a displacement of M 
along C ; since a is constant along C, these differentials must satisfy 
the two equations * 


(31) 


r 9F 7 ,dF. dF 

— dx + t— dy + -r- dz = 0, 
ox Oy dz 


— dx + ^dy + ^dz-- 


d U 


0. 


On the other hand, let Bx, By, Sz, 8a be the differentials of x , ?/, 2 , 
and a with respect to a displacement of M along T. These differen- 
tials satisfy the equations 


8x 8y §« 

or, making use of (31) and (32), 


~8a = 0, 
oa 


da 


8a s= 0. 


It follows that the coordinates ( x , y, 2 ) of the point of tang ency must 
satisfy the equations 


(33) 


F = 0, 4>=0, 


dF 

da 


= o, 


da 


= 0 . 


ITence, if the family (30) is to have an envelope, the four equations 
(33) must be compatible for all values of a. Conversely, if these 
four equations have a common solution in x, ?j, and z for all values 
of a , the argument shows that the curve r described by the point 
(x, ?/, z ) is tangent at each point ( x , y, z) upon it to the correspond- 
ing curve C. This is all under the supposition that the ratios between 
dx 9 dy , and dz are determined by the equations (31), that is, that the 
point (x, y , z ) is not a singular point of the curve C. 


Note. If the curves C are the characteristics of a one-parameter 
family of surfaces F(x , y, z } a) = 0, the equations (33) reduce to 
the three distinct equations 


(34) 


F = 0 , 


8F 

da 


= 0 , 


d 2 F 
do c 2 


= 0 ; 


hence the curve represented by these equations is the envelope 
of the characteristics. This is the generalization of the theorem 
proved above for the generators of a developable surface. 


The equations of a one-parameter family of straight lines are often written 
in the form 


(35) 


x — scp _ v " yp _ z -zq 
a b c 


where cc 0 , Vo, zo , a, b , c are functions of a variable parameter a. It is easy to 
find directly the condition that this family should have an envelope. Let l 
denote the common value of each of the preceding ratios ; then the coordinates 
of any point of the straight line are given by the equations 

x — x 0 4- la , y — yo + lb > z = z o + » 

and the question is to determine whether it is possible to substitute for l such a 


Demoting liy m t.lm common value of these ratios and eliminat ing': l and m from 
the throe linear equations obtained, we iind the equation of eondifion 


y’u 

ids Ml 

a 

h r 

of 

b' r' 


If this condition is salisfiud, the equations (DU) determine l, and hence also the 
equation of the envelope. 


111. CURVATURE AND TORSION OF SKEW CURVES 

224. Spherical indicatrix. Ltd; ns adopt upon a given show curve T 
a definite sense of motion, and lot ,s* ho tho length of tin? an? AM 
measured from sumo fixed, point A as origin to any point d/, allixing 
tlie sign + or the sign — according as the direction from A toward 
M is the direction adopted or the. opposite, direction. Let MT lie 
the 'positive direction of the tangent at d/, that is, that which cor- 
responds to increasing values of the are.. I f through any point 0 in 
space lines he drawn parallel to these half rays, a com? S is formed 
which is called the directiny rone of the developable surface formed 
by the tangents to V. Let ns draw a sphere of unit radius about 0 
as center, and let 3 he the line of intersection of this sphere with 
the directing cone. The curve 3 is called the .yjfiv, rival Indira trix 



of the curve Y. The correspondence between the points of these two 


It is evident that if the point 0 be displaced, the whole curve 2 
undergoes the same translation ; hence we may suppose that 0 lies 
at the origin of coordinates. Likewise, if the positive sense on the 
curve F be reversed, the curve 2 is replaced by a curve symmetrical 
to it with respect to the point 0\ but it should be noticed that the 
positive sense of the tangent mt to 2 is independent of the sense of 
motion on Y. 

The tangent plane to the directing cone along the generator Om is 
■parallel to the osculating plane at M, For, let AX -f- BY + CZ = 0 
be the equation of the plane Omm', the center 0 of the sphere being 
at the origin. This plane is parallel to the two tangents at M and 
at J/'; hence, if t and t + h are the parameter values which corre- 
spond to Af and A!', respectively, we must have 

(38) Af'{t) + 2ty'(0 + cy(t) = 0. 

(39) Af(t + h) + + h) -f- C$'(t + h) = 0. 

The second of tliese equations may be replaced by the equation 

A f(t + h) -f(t) B y(t + h) - m c f(t ± h) - m = 
h A A 

which becomes, in the limit as A approaches zero, 

(40) Af"(f) + B<j>"(t ) + Cf(t) = 0 . 

The equations (38) and (40), which determine A, B, and C for the 
tangent plane at m, are exactly the same as the equations (6) which 
determine A, B, and C for the osculating plane. 

225. Radius of curvature. Let w be the angle between the positive 
directions of the tangents MT and M'T 1 at two neighboring points 
M and At 1 of I\ Then the limit of the ratio m/arc AIM', as M 
approaches M 1 , is called the curvature of F at the point Af, just as 
for a plane curve. The reciprocal of the curvature is called the 
radius of curvature : it is the limit of arc MM'/oi. 

Again, the radius of curvature R may be defined to be tlie limit 
of the ratio of the two infinitesimal arcs MM’ and mm', for we have 

arc AIAf' _ ar c ATM' arc tow' y chord mm' . 

nlinrrl ■m.'wJ fi) 


(41) 


U 


ds 

da 


Let the equations of V 1)(‘ given in tin*, form 

(42) x =/(/), />(/), .-■:«//( 0, 

where 0 is the origin of coordinates. Then tin* coordinates of the 
point m are nothing else than the direction cosines of <1/V, namely 


dx 
ds ’ 



7 = : 


dr: 

ds' 


Differentiating these equations, wo find 


da 


ds (V 2 x — dx d! 2 s 


dp- 


ds d' 2 y — dy d*s 
' ds* ’ 




ds - dr: <Ps 
dx 2 ’ 


dcr* = da 2 + d ft' 2 T ffy a = 



where S indicates as usual the sum of the three similar terms 
obtained by replacing x by a*, //, a successively. Finally, expanding 
and making use of the expressions for ds* and ds drs , we find 


da 2 ■■ 


— [*Vr/.K </“.»■]' 
ds* 


By Lagrange’s identity (§ 131) this equation may be written in 
the form 


where 

(43) 


dor 2 = 


A 2 + p ( 1 52 

f/7 


( A = ^ - dr: d~y, B = - rf.r (Ptf, 

( C — dx d*y — dy d*x, 


a notation which we shall use consistently in what follows. Then 
the formula (41) for the radius of curvature becomes 


(44) 


R 2 = ■ 


ds* 


A 2 + B' 2 + C 2 


and it is evident that II 2 is a rational function of .r, ?/, r:, x\ y\ 
x > y > The expression for the radius of curvature itself is 



lien we shall have 


\ / 


w 1 r w 


(45) 


a — f'(s) , fi — cj) ( (s) , y = ^’(s) , 

da = /"(« ) ds, d/3 = </>''(s)ds, dy = «//'(s)ds, 

, ^ = I [/"(*)] 2 + TO ? + TO ] 2 ^ 


d the expression for the radius of curvature assumes the partic- 
arly elegant form 


( 44 ') ji = [/"(*)] 2 + ww ? + !>"(«)]*■ 


226. Principal normal. Center of curvature. Let us draw a line 
rough M (on T) parallel to mt, the tangent to 5 at m. Let MN 
the direction on this line which corresponds to the positive direc- 
>n mt, The new line MN is called the principal normal to T at M: 
is that normal which lies in the osculating plane, since mt is 
rpendicular to Om and Omt is parallel to the osculating plane 
224). The direction MN is called the positive direction of the 
ineipal normal. This direction is uniquely defined, since the posi- 
e direction of mt does not depend upon the choice of the positive 
’ection upon T. We shall see in a moment how the direction in 
estion might he defined without using the indicatrix. 

Ef a length M C equal to the radius of curvature at M be laid off 
MN from the point M, the extremity C is called the center of 
mature of T at M, and the circle drawn around C in the osculat- 
f plane with a radius MC is called the circle of curvature. Let 
/?', y' be the direction cosines of the principal normal. Then the 
jrdinates (x u y u %) of the center of curvature are 

x 1 = x + Ra yi — y + Rfi, #! = z ~j- Ry'. 
t we also have 

, _ da __ da ds_ ___ da _ R dsd 2 x — dxd 2 s 

a da ds da ds ds 3 

i similar formulae for /3 f and y'. Replacing a f by its value in 
i expression for x, we find 

dsd 2 x — dxd 2 s 
ds 8 


x x = x ■+■ R' 


or, in terms of tlie quantities . i, />, ami 

II dr: — I 1 tli/ 
da' 


The values of y t and may he written down by eyelie. ])enmitation 
from this value of x u and the coordinates of tin*, center of curvature 
may he written in the form 


f „ II dr: ( ' (hf 


( 46 ) 


in = y + /» 2 


+ & ■ 


( ' (lx .1 dr: 

da 1 } 
A (l )/ • l\ dx 


da' 1 


These expressions for x x , t/ u and r: t are rational in u*, y, z, x' } //', s', 
as", ?/', z". 

A plane ^ through M perpendie.ular to M IV passes through tlie 
tangent MT and does not cross the, curve V at M. We. shall proceed 
to show that the center of curvature and the points of V near M lie 
on the same side of Q, To show tliis, let us take a,s the independent 
variable the arc s of the curve V counted from M as origin. Then 
the coordinates X, Y ) Z of a point M 1 of l 1 near M are of the form 


•S’ 


,2 


, s dx , 

! * + I * + i.a 


(5H 


the expansions for Y and being similar to the expansion for X 
But since s is the independent variable, we shall have 

dx d 2 x da d tr cr 1 r 

da 5 ds l da (hr da 11 


and the formula for -Y bee-omes 


X = x + as + 



1.2 


If in the equation of the plane Q , 


A', ) , and Z be replaced by these expansions in the left-hand member, 
the value of that member is found to be 


i (ara ' + m ' + yyl) + o (i + ’) = I (I + v) > 


where v approaches zero with 5 . This quantity is positive for all 
values of 5 near zero. Likewise, replacing ( X , Y, Z) by the coordi- 
nates (x + /ur'j y -f- R /3\ % + Ry { ) of the center of curvature, the 
result of the substitution is R , which is essentially positive. Hence 
the theorem is proved. 


227. Polar line. Polar surface. The perpendicular A to the oscu- 
lating plane at the center of curvature is called the polar line. This 
straight line is the characteristic of the normal plane to V. Tor, in 
the first place, it is evident that the line of intersection D of the 
normal planes at two neighboring points M and M 1 is perpendicular 
to each of the lines MT and M'T 1 ; hence it is also perpendicular to 
the plane mOm } . As M' approaches M, the plane mOm 1 approaches 
parallelism to the osculating plane ; hence the line D approaches a 
line perpendicular to the osculating plane. On the other hand, to 
show that it passes through the center of curvature, let s be the 
independent variable ; then the equation of the normal plane is 

(47) a(X - a) + P(Y- y) + y (Z - *) = 0, 

and the characteristic is defined by (47) together with the equation 

(48) I (X -x)+ 1 ■ (F- y) + I(Z~ *) -1=0- 

This new equation represents a plane perpendicular to the principal 
normal through the center of curvature ; hence the intersection of 
the two planes is the polar line. 

The polar lines form a ruled surface, which is called the polar 
surface. It is evident that this surface is a developable, since we 
have just seen that it is the envelope of the normal plane to V. 
If T is a plane curve, the polar surface is a cylinder whose right 
section is the evolute of T; in this special case the preceding state- 
ments are self-evident. 


The perpendicular to tho osculating plain* at M is (jailed the 
binomial. Let us (Loose a oortuin direction on it as positive, — - wo 
shall determine later which we shall take, - - and let e", /l'\ y n he 
the corresponding direction cosines. Tin*. parallel lint* through the 
origin pierces the unit sphere at a point a, which we shall now put 
into correspondence with the point M of P. Tho locus of n is a 
spherical curve (*), and it is easy to show, as above, that the radius 
of torsion T may he defined as the limit, of the ratio of tin* two corre- 
sponding ares Ml I/' and nn 1 of the t.wo curves V and ( m ). lienee we 
shall have 


where r denotes the arc of the curve W. 

The coordinates of n are a", fi n } y ", which art* given by the formula) 
(§215) 

a" = fj" = n ,, y" r -^=, 

±VA' 2 +JJ i +C 1 ±VA -+J1-+ C- .1:. V.l 

where the radical is to he taken with the same sign in all three 
formula. From these formula* it is easy to deduce tho values of 
da", d/3", dy"j for example, 

d „ _ ± (A* + ]P + C!*)dA - A (A tlA + ]Ull l + <!(W) 

(A 2 + Ji 2 + C 2 f 

whence, since dr 2 = da 1,2 + dft" 2 + dy" 2 , 

^ = SJ1 sm-ls( 

(A ' “ + U l + V ' 1 

or, by Lagrange’s identity, 

ei* + />■+ (?)* ’ 

■where S denotes the sum of the three terms obtained by cyclic per- 
mutation of the three letters A, li, (\ The numerator of this expres- 
sion may be simplified by means of tho relations 

A. dx -f- I* d j/ ~j- ( 1 dr: = 0 , 
dA dx -f dn dy + f/r dr: = (), 

whence 



/ a n\ 


dx 


dy 


1 


where K is defined by (49) ; or, expanding, 

1 ( dz dx 
dx ( d 2 z d 2 x 

= $(dzd 2 x d 8 y — dxd 2 zd 8 y ), 


< 7 # <£?/ 

d 8 x d s y 


dx dy 
d 2 x d 2 y 


dz dx 
d 8 z d s x 


where S denotes the sum of the three terms obtained by cyclic per- 
mutation of the three letters x, y, z. But this value of K is exactly 
the development of the determinant A [(8), § 216]; hence 


dr = dz 


A ds 

A 2 + ~W 2 + C 2> 


and therefore the radius of torsion is given by the formula 


(50) 


m j. ^ + B 2 + C 2 
T = ± A 


If we agree to consider T essentially positive, as we did the radius 
of curvature, its value will be the absolute value of the second mem- 
ber. But it should be noticed that the expression for T is rational 
in x } y, z, x\ y\ z', x", y n , z"; hence it is natural to represent the 
radius of torsion by a length affected by a sign. The two signs 
which T may have correspond to entirely different aspects of the 
curve F at the point M. 

Since the sign of T depends only on that of A, we shall investigate 
the difference in the appearance of T near M when A has different 
signs. Let us suppose that the trihedron Oxyz is placed so that an 
observer standing on the xy plane with his feet at 0 and his head in 
the positive z axis would see the x axis turn through 90° to his left 
if the x axis turned round into the y axis (see footnote, p. 477). 
Suppose that the positive direction of the binormal MN b has been so 
chosen that the trihedron formed from the lines MT, MN, MN b has 
the same aspect as the trihedron formed from the lines Ox, Oy , Oz ; 
that is, if the curve T be moved into such a position that M coincides 
with 0 , MT with Ox, and MN with Oy, the direction MN b will coin- 
cide with the positive z axis. During this motion the absolute value 


will be given by tne lorinumj 


fX = ti t f + f 2 (<h + e), 

( 51 ) Jy = V * + /»(/; 8 + e % 

U = <“(".+ O* 

where e, e', e" approach zero with /, provided that the parameter t is 
so chosen that i = () at the origin. .For with the system of axes 
employed we must have dy = dr: = d~r: 0 when 0. Moreover 
we may suppose that > 0, for a change in the parameter from t to 
— t will change (i x to — a 1 . The eoellieient />» is positive since // must 
be positive near the origin, hut r tl may be either positive or negative. 
On the other hand, for t = 0, A V2(t } Lr, A dt rt . lienee the sign of A 
is the sign of c 3 . There are them two eases to be distinguished. If 
c s > 0, x and n are both negative for — h < t < 0, and both positive 
for ()<t< h , where h is a sullieiently small positive number; i.e. 
an observer standing on the xy plane with his feet at a point P on 





Fig. 49 , a 


X 



the positive half of the principal normal would see the arc MM' at 
his left and above the osculating plane, and the are, MM " at his right 
below that plane (Fig. 49, a). In this ease the curve is said to be 
sinistrorsal On the other hand, if c. A < 0, the aspect of the curve 
would be exactly reversed (Fig. 49, ft), and the curve would be said 
to be dextrorsal . These two aspects are essentially distinct. For 
example, if two spirals (helices) of the same pitch be drawn on the 
same right circular cylinder, or on two congruent cylinders, they 
will be superposable if they are both sinistrorsal or both dextrorsal; 
but if one of them is sinistrorsal and the other dextrorsal, one of 
them will be superposable upon the helix symmetrical to the other 
one with respect to a plane of symmetry. 


( 52 ) 


A 2 + B 2 + C 2 

A ; 

i. at a point where the curve is dextrorsal T shall be positive, while 
shall be negative at a point where the curve is sinistrorsal. A dif- 
rent arrangement of the original coordinate trihedron Oxyz would 
ad to exactly opposite results.* 


229. Frenet’s formulae. Each point M of T is the vertex of a tri- 
ctangular trihedron whose aspect is the same as that of the trihe- 
on Oxyz, and whose edges are the tangent, the principal normal, 
id the binormal. The positive direction of the principal normal is 
ready fixed. That of the tangent may be chosen at pleasure, but 
is choice then fixes the positive direction on the binormal. The dif- 
rentials of the nine direction cosines (a, ft, y), (a 1 , ft, y'), (rr", /?", y") 
these edges may be expressed very simply in terms of R, T, and 
e direction cosines themselves, by means of certain formulae due 
Frenet.t We have already found the formulae for da, dfi, and dy : 


(53) 


d a __ a 1 dj3 _ /3 ' dy __ y f 

ds R* ds R ds R 


The direction cosines of the positive binormal (§ 228) are 


Vd 2 + £ 2 -t-C 2 




B 


^A 2 + B 2 + C 2 


y" = e 


V/i 2 + £ 2 -}- C 2 


iere e = ± 1. Since the trihedron (MT, MN, MN b ) has the same 
pect as the trihedron Oxyz, we must have 


a ' = P"y — fiy n , or a 


By - Cp 

e Va 2 + R 2 7 O' 2 


On the other hand, the formula for da” may be written 
B(B dA — A dB) + C(C dA - A dC) 

da = £ 

by (49) and the relation K — A, 

da" A CB - By «’*■ 

ds £ (A 2 + JB 2 + C 2 )* A^ + Bt+C 2 


&It is usual iu America to adopt an arrangement of axes precisely opposite to that 


( 54 ) 


y 

T 


<1, r»_.r' </y" 

f/s 7’ f/.s* 7' f/.s- 

which are exactly analogous to (55).* 

In order to lind da', dft\ dy, let us differentiate the well-known 
formula) 

«'* + (r~ i- y- -l, 

nu- f + ftft ( d- yy' • 0, 

«r'«r M + iS , ^-hyV ,; °> 

replacing da, dft, dy, da", dft", dy" by their values from (55) and 
(54). This gives 

a’ da' -\~ ft* dft' *\- y* dy 

+ ft f//3' “I* y <7y' -|- ^ — 0, 

+ y "dy' -)- J - 0; 

whence, solving for cZur', r//?', dy', 

dhd _ « (d 1 dft' ft ft" dy 1 y y" 

~ Tt T ' "(is “ ~~ Jl ~~ T ’ Us ** ~ n T 

The formulae (53), (54), and (55) constitute Frenefs formula). 

Note. The formula) (54) show that the tangent to the spherical 
curve 0 described by the point n wliose coordinates are a", ft", y" is 
parallel to the principal normal. This can be verilied geometrically. 
Let S' be the cone whose vertex is at o and whose, directrix is the 
curve 0. The generator On is perpendicular to the plane which is 
tangent to the cone S along ()m (§ 223). Hence S' is the polar cone 
to S. But this property is a reciprocal one, i.e. the generator Om 
of S is surely perpendicular to the plane which is tangent to S' 
along On. Hence the tangent mt to the curve 55, since it is perpen- 
dicular to each of the lines On and <)m>, is perpendicular to the 
plane mOn. For the same reason the tangent nt 1 to the curve 0 is 
perpendicular to the plane wOn. It follows that mt and nt' are 
parallel. 


If we had written tho formula for thn lorslon in tlin form 1/7’= A/M 2 4* W + 0 2 ), 


230. Expansion of x, y, and z in powers of s. Given two functions 
R = <£(*), T = ^(s) of an independent variable 5 , the first of which 
is positive, there exists a skew curve Y which is completely defined 
except for its position in space, and whose radius of curvature and 
radius of torsion are expressed by the given equations in terms of 
the arc s of the curve counted from some fixed point upon it. A rig- 
orous proof of this theorem cannot be given until we have discussed 
the theory of differential equations. Just now we shall merely show 
how to find the expansions for the coordinates of a point on the 
required curve in powers of s, assuming that such expansions exist. 

Let us take as axes the tangent, the principal normal, and the 
binormal at 0, the origin of arcs on V. Then we shall have 


(56) 


__ s /dx\ s 2 fd 2 x\ 

“ I U/o + 172 \d?) 


o + l. 2. 3 


d?x\ 

d&)x 


+ • 


V 


_ 1 (<h\ , (<p?/\ , ** (<Py\ 

1 \ds) 0^1.2 W /0 1.2.3 \dsV 
s (d*\ 1 52 /d 2 z\ 

= 1 W/o + T72 \d?) 


+ T 
0 1 


1.2.3 WWo 
3 /tfz\ 


+ • 


where x, y, and , 


.2.3 \ds 3 /o 
are the coordinates of a point on Y. 
d x __ d 2 x __da __ nr' 

ds ’ ds 2 ds R 
whence, differentiating, 


+ • 


But 


d*x 
ds 8 : 


<Y_dR. 
' R 2 ds 


R\R^ 


In general, the repeated application of Frenet’s formulae gives 

d> n X r 1 nr / 1 7~> ft 

~yT = nr + M n a + P n cc , 

where L n , P n are known functions of A, T, and their successive 
derivatives with respect to 5. In a similar manner the successive 
derivatives of y and a are to be found by replacing (nr, nr', nr") by 
(/?, /?', /?") and (y, y', y"), respectively. But we have, at the origin, 
nr 0 = 1, fi 0 = 0, y 0 = 0, <Xq = 0, $ = I; 7(! = ^ a 0 ~ ^ P'o = ^ 7o = 1 5 
lienee the formulae (56) become 


by their values for .s* = 0. 

These form uhe enable us to calculate the principal parts of cer- 
tain infinitesimals. For instance, tin? distance from a point of the 
curve to the osculating piano is an infinitesimal of the third order, 
and its principal part is — ,s* :j /(> /i* 7 T . The distance from a point on 
the curve to the x axis, i.e. to the tangent, is of the. second order, 
and its principal part is s 2 /! III (compare. § 2M). Again, let us cal- 
culate the length of an infinitesimal chord <\ We find 

cW+//M .,. w . 

where tin', terms not written down are of degree higher than four. 
This equation may be written in the form 



which shows that the difference .s* — r. is an infinitesimal of the 
third order and that its principal part is .s' ! yiM A’ A 

In an exactly similar manner it may be. shown that the shortest 
distance between the tangent at the. origin and the tangent; at a 
neighboring point is an infinitesimal of the. third order whose prin- 
cipal part is .s 8 /12I£ T. This theorem is due to llouquet. 

231. Involutes and evolutes. A curve l\ is called an involute of a 
second curve r if all the tangents to V are among the normals to I\, 
and conversely, the curve T is called an evolutv of l\. It is evident 
that all the involutes of a given curve V lie on the developable sur- 
face of which r is the edge of regression, and cut the generators of 
the developable orthogonally. 

Let (x, y, z) be the coordinates of a point M of T, (nr, /3, y) the 
direction cosines of the tangent Ml\ and l tlm segment i\IM 1 between I 

M and the point M x where a certain involute cuts MT. Then the 
coordinates of M x are 

Xi — X + la, y x = y + If}, z x = » + ly 9 


whence 


dx x — dx -f“ l dtx “f~ (t dl , 


lb ib necessary ana sutficieiit that a dx x + fidy x 4- y dz x should vanish, 
i.e. that we should have 

a dx + ft dy + y dz + dl + l(a dec + /3 dp + y dy) = 0, 

which reduces to ds + dl = 0. It follows that the involutes to a 
given skew curve T may be drawn by the same construction which 
was used for plane curves (§ 206). 

Let us try to find all the evolutes of a 
given curve F, that is, let us try to pick 
out a one-parameter family of normals to 
the given curve according to some contin- 
uous law which will group these normals 
into a developable surface (Fig. 60). Let 
L> be an evolute, <£ the angle between the 
normal MM 1 and the principal normal MN, 
and l the segment MP between M and the 
projection P of the point M x on the principal normal. Then the 
coordinates (x lf y u z x ) of M x are 

r x x = x + la' + lcc n tan <£, 

(57) \yi = y + lp' 4- Ifi" tan <£, 

i z x = z 4- ly f 4" ly u tan <£, 

as we see by projecting the broken line MPM X upon the three axes 
successively. The tangent to the curve described by the point M x 
must be the line MM ± itself, that is, we must have 

dx 1 _ dy t __ (hi 
x x — x~~y x -y Si — * 

Let Jc denote the common value of these ratios ; then the condition 
dx x = k(x x — x) may be transformed, by inserting the values of x x 
and dx x and applying Frenet’s formulae, into the form 

ads(l ■— -~j 4- (dl 4- 1 tan <j>- - Jclj 

+ a" [d(l tan 4>)- 1 -y~ Id tan <j> J = 0. 

The conditions diu = k(v i — ?/) and dz x = k (z x — z) lead to exactly 



(58) 



dl -f- / tan c/> A7, 

d(/ tan </>) •■ = A7 tan (/>. 


From the first of these L s= /£, which shows that the point /> is the 
center of curvature and that the line /M/ is the polar line. It fol- 
lows that all the, evolatrs of a f/irr/t shew curve T Hr on I hr /wltfr sur- 
face, In order to determine these evnlut.cs completely it only remains 
to eliminate k between the last two of equations (f>8). Doing so 
and replacing / by H throughout, we Jiml ds ■ 7* <-/</>. Hence </> may 
be found by a single quadrature : 

(59) < !>= ,< k+ £f 

If we consider two different determinations of the angle 4> 'which 
correspond to two different values of tin*, constant </>„, the difference 
between these two determinations of </> remains constant all along r. 
It follows that two normals to the curve V irhirh are tamjrnt to two 
different evolates intersect at a constant antjlr, lienee, if we know 
a single family of normals to T which form a developable surface, 
all other families of normals which form developable surfaces may 
be found by turning each member of the given family of normals 
through the same angle, which is otherwise arbitrary, around its 
point of intersection with r. 


Note I. If r is a plane curve, T is infinite, and the preceding 
formula gives <£ = <£«,. The evolute which corresponds to c/> 0 = 0 is 
the plane evolute studied in § 206, which is the locus of the centers 
of curvature of T. There are an infinite number of other evnlutes, 
which lie on the cylinder whose right section is the ordinary evo- 
lute. We shall study these curves, which are called hr/ ires, in the 
next section. This is the only case in which tin*, locus of the cen- 
ters of curvature is an evolute. In order that (f>9) should be satis- 
fied by taking <j> = 0, it is necessary that V should, he infinite or 

th n.t A sTinnlfl vnnieln vlnMfi/.nll.r . 


J.1. ~ 


where s x denotes the length of the arc of the evolute counted from 
some fixed point. This shows that all the evolutes of any given 
curve are rectifiable. 


232. Helices. Let C be any plane curve and let us lay off on the perpendic- 
ular to the plane of C erected at any point m oil C a length mM proportional to 
the length of the arc o- of C counted from some fixed point A. Then the skew 
curve T described by the point M is called a helix. Let us take the plane of C 
as the xy plane and let 

x=/(o-), y - 0(o-) 

be the coordinates of a point m of C in terms of the arc cr. Then the coordi- 
nates of the corresponding point M of the curve T will he 


(GO) x=f((T ) , y = 0(<r) , 2 = Kcr , 

where K is the given factor of proportionality. The functions / and 0 satisfy 
the relation f ' 2 *f 0' 2 = 1 ; hence, from (GO), 


ds 2 = (/' 2 + 0'2 + K 2 ) cZcr 2 = (1 + K 2 ) da 2 , 

where s denotes the length of the arc of V. It follows that s ? = a V l 4- E 2 4- J7, 
or, if s and cr be counted from the same pointed on (7, s = cr Vl+ since E= 0. 
The direction cosines of the tangent to T are 


( 61 ) 


« = L., B= *M= , 7 = ■ — — — . 

vr TTc* P Vi + K 2 Vi + k 2 


Since 7 is independent of cr, it is evident that the tangent to r makes a constant 
angle with the z axis ; this property is characteristic : Any curve whose tangent 
makes a constant angle with a fixed straight line is a helix. In order to prove 
this, let us take the z axis parallel to the given straight line, and let C he the 
projection of the given curve T on the xy plane. The equations of T may alwa} s 
be written in the form 


(62) x=/(a) , y=0(cr), 

where the functions / and 0 satisfy the relation f ' 2 + 0' 2 = 1, for this merely 
amounts to taking the arc cr of C as the independent variable. It follows that 


dz 

ds 


0'(cr) 


r 


V/'~ + 0'2 _|_ 0'2 Vl + V 2 

hence the necessary and sufficient condition that 7 he constant is that ^0 
be constant, that is, that *(<r) should he of the form Ka + z 0 . It follows that 
the equations of the curve r will be of the form ( 60 ) if the origin he moved to 
the point x — 0, y = 0, z = Zq. 

Since 7 is constant, the formula dy/ds — y/B shows t lat / -- • _ ence ] 
principal normal is perpendicular to the generators of the cylinder. Since it is 
also perpendicular to the tangent to the 1 hehx it » i “°™» 0 Mw W , ha i ‘the 


hence the ratio /// i is constant jor tin? neiix. 

Each of the properties mentioned abovo is eharae.t, eristic, for t hi* helix. Let 
us show, for example, that cv cry curve for which (he rutin T/ll in mnntanl in a 
heilX. (J. 15 K KTItA n i>. ) 

Erom Erenet’s formula) wo have 

dir dfi dy T 1 

da" : dll" ' dy" It II ’ 


lienee, if II is a constant, a single integral, ion gives 

a" = II a - A , \1" -- 11(1 - /;, y" Ily L\ 


where A, 7>, C are three new constants. Adding these three equations after 
multiplying them by a, [1, 7 , respectively, we iind 

A a -|- lift -p L f 7 * //, 
or 

A (X -|- U(1 -|- Cy II 

Vx- -1- U* + C- Vx- p 7;- q- c- 

But the three quantities 

X _ 7; r: 

V3>"+ c ta ’ Vx - h- ir + c ,a ’ Vx - • p /r- -p a* 


are the direction cosines of a certain straight line A, and tins preceding equa- 
tion shows that the tangent makes a constant angle with this line. Hence the 
given curve is a helix. 

Again, let us find tho radius of curvature. By (fid) and (01) wo have 


a' __ da 
R ~ dn 


i 


P 


1 ~P K 2 K * 


whence, since 7 ' = 0 , 

,08) s = a+W tr ’ ( ° , + r ’ t " )I ' 

This shows that the ratio (1 + 1C *)/R is independent of K. But when K = 0 
this ratio reduces to the reciprocal 1 /r of tho radius of curvature of the right 
section C, which is easily verified (§ 205). Hence the preceding formula may 
he written in the form R = r(l -f K 2 ), which shows that tho ratio of the radius 
of curvature of a helix to the radius of curvature of the corresponding curve C 
is a constant. 

It is now easy to find all the curves for which R and T are both constant. 
Eor, since the ratio T/R is constant, all the curves must be helices, by Bertrand’s 
theorem. Moreover, since R is a constant, the radius of curvature r of the 
curve C also is a constant. Hence C is a circle, and the required curve is a 
helix which Vies on a circular cylinder . This proposition is due to Puiseux.* 


* It is assumed in this proof that wo are dealing only with real curves, for we 

ntimimn.1 AO I 1)0 i , iO 1 . . 11 .. InO 


CUIVW> wjiuMs puncipai normals are the principal normals to a given skew 
curve r . Let the coordinates a, ?y, z of a point of r be given as functions of the 
arc s. Let us lay off on each principal normal a segment of length l , and let the 
coordinates of the extremity of this segment be X, ¥, Z ; then we shall have 


(04) X = x+la', F = ?y + Ip, Z = z + ly'. 


The necessary and sufficient condition that the principal normal to the curve Y' 
described by the point (X, X, Z) should coincide with the principal normal to V 
is that the two equations 

a'dX + p'dY + y'dZ = 0, 


ex' (dY d 2 Z - dZ d 2 F) + p ' (dZd?X - dXdtZ) + y'(dXd*Y~ dYd*X) = 0 


should be satisfied simultaneously. The meaning of each of these equations is 
evident. From the first, dl = 0; hence the length of the segment l should he a 
constant. Replacing dX, d 2 X, dF, • • • in the second equation by their values 
from Frenet’s formulae and from the formulae obtained by differentiating 
Frenet’s, and then simplifying, we finally find 


whence, integrating, 
(05) 




L + l = \ 

B + T 


where V is the constant of integration. It follows that the required curves are 
those for which there exists a linear relation between the curvature and the torsion . 
On the other hand, it is easy to show that this condition is sufficient and that 
the length l is given by the relation (65). 

A remarkable particular case had already been solved by Monge, namely 
that in which the radius of curvature is a constant. In that case (05) becomes 
l = R. and the curve Y' defined by the equations (64) is the locus of the centers 
of curvature of r. From (64), assuming l~R = constant, we find the equations 

dX = — — a" ds, dY = -^p"ds, dZ = -^ 7 "ds, 

T T d 


which show that the tangent to Y' is the polar line of Y. The radius of curva- 
ture B' of Y' is given by the formula 


dX 2 4 dF 2 + dZ 2 
E ~ da" 2 + d/T 2 + dy"* 




hence R ' also is constant and equal to R. The relation between the two curves 
T and Y' is therefore a reciprocal one : each of them is the edge of regression of 
the polar surface of the other. It is easy to verify each of these statements for 


Then the equations 


Y = B 


Z = rJ* 7 dcr, 


(06) X = Bj” order, . 

where dcr = fdd 1 + d/3 2 + dy 2 , represent a curve which has the required prop- 
erty, and it is easy to show that all curves which have that property may be 
obtained in this manner. For or, /3, y are exactly the direction cosines of the 
curve defined by (CG), and cr is the arc of its spherical indicatrix (§ 225). 


IV. CONTACT BETWEEN SKEW CURVES 
CONTACT BETWEEN CURVES AND SURFACES 


234. Contact between two curves. The order of contact of two 
skew curves is defined in the same way as for plane curves. Let r 
and T' be -two curves which are tangent at a point A. To each point 
M of T near A let us assign a point M' of V according to such a law 
that M and M' approach A simultaneously. We proceed to find 
the maximum order of the infinitesimal MM' with respect to the 
principal infinitesimal AM , the arc of T. If this maximum order 
is n A- 1> we shall say that the two curves have contact of order n . 

Let us assume a system of trirectangular # axes in space ; such 
that the yx plane is not parallel to the common tangent at A , and 
let the equations of the two curves be 


( V = f( x ')> 
l s = <K*)> 


<n 


j Y = F(x ), 


If x 0) Vq> * 0 are coordinates of A , the coordinates of M and M l 
are, respectively, 


Oo + hy A x 0 + h )> o + ; 0] » l x 0 + F( x o + h )> H x o + &)] > 

where k is a function of h which is defined by the law of corre- 
spondence assumed between M and M' and which approaches zero 
with h . We may select h as the principal infinitesimal instead of 
the arc AM (§211); and a necessary condition that MM' should 
be an infinitesimal' of order n + 1 is that each of the differences 


k — h, F(x 0 + k) —f(x o + h ) , <5>(x 0 + k) - cj>(x 0 + h) 


T t is Pn.STT tn slinw Tru- nnssino- fnrrm-rla fnr -tl-io Uaf-nm, 


fur, 


lwu j x ” 'v v V^O T /0 ) = pn , 

O(*o + &) — <A( ;r o + = yh n + l , 

lore rr, /3, y remain finite as h approaches zero. Eeplacing k by 
i value h + ah H + l from the first of these equations, the latter two 
come 

F(x 0 + h + ah n + v ) ~ f(x Q + h) — /3Ji n+1 , 

+ h + ah n+l ) - + h) = y h n +\ 

[paneling F(x 0 + h + ah* + 1 ) and <E>(.r 0 + h + ah n+1 ) by Taylors 
•ies, all the terms which contain a will have a factor ti l+l -, hence, 
order that the preceding condition be satisfied, each of the 
Terences 

F(x o + h) - f(x 0 -f h) , $(% 0 + h) ~ cj>(x 0 + h) 

ould be of order n + 1 or more. It follows that if j\IM* is of 

ler n -f 1, the distance MN between the points M and N of the 

0 curves which have the same abscissa x 0 -f h will be at least of 
ler n -f 1. Hence the maximum order of the infinitesimal in 
estion will be obtained by putting into correspondence the glints 
the two curves which have the same abscissa . 

Phis maximum order is easily evaluated. Since the two curves 

1 tangent we shall have 

■o) = F(X o) , f(x o) = F’(; x 0 ) , <£(0 = 4>(a- 0 ) > fW = $ '(‘ T o) • 

b us suppose for generality that we also have 

/"(* o) = F"(x „) , • • • , f M (®o) = FV (a *) , 

+"(*•) = *' W » ft : ’° (*o) = 4>( " ) W , 

that at least one of the differences 

F^(x 0 ) + 0 ), + - ^ (H + 1) (^o) 

s not vanish. Then the distance MM 1 will be of order n + 1 
the contact will be of order n. This result may also be stated 
follows : To find the order of contact of ftvo curves T and T, con- 
r the two sets of projections (C, C w ) and (C i, Cj) of the given 
>es on tdie xy plane and the xz plane , respectively , and find the 
>,r of contaci of each set ; then the order of contact of the given 


If we suppose that /'(£„) is not zero, 1,1m tangent at the. point; of 
contact is not parallel to the yz plane, and the ] joints on the two 
curves which have the same abscissa correspond to the same value 
of t In order that the contact should he of order n it is neces- 
sary and suJlieient that each of the infinitesimals <!>( /) and 

&(t) — if/f) should be of order n -f~ 1. with respect to t - i.e. that 
we should have 

and that at least one of the differences 


* c * + ,> (*o) _ ^ + y * ■'•»(*„) 

should not vanish. 

It is easy to reduce to the preceding the ease in which one of the 
curves r is given by equations of the form 

(67) *=/(<), y = <K0> « = <K0> 

and the other curve F by two implicit equations 


■FX*; y, s) — 0, F’j (;r, y, ~) = 0. 


Resuming the reasoning of § 212, we could show that a necessary 
condition that the contact should be of order n at a point of T 
where t = t 0 is that we should have 


( 68 ) 

where 


j F (t 0 ) = 0, P(^) = 0, 

(F 1 (t o ) = 0, F{(if 0 ) = 0, 


, F 0,, (£„) = 0, 

, F{* , (A)) = 0, 


F (o = nm mi> f x ^ [/(o, mi ■ 


235. Osculating curves. Let r be a curve whose equations are 
given in- the form (67), anil let F be one of a family of curves in 
2re + 2 parameters a, b, c, •••, l, which is defined by the equations 

(69) F(x, y, z, a, 5, • • -, Z) = 0, I<\ (x, y, z, a, c, ■ ■ ■, l) = 0. 


U JL J lvjlu.\>uv>x O AXJ. o U\jii. 

way that the corresponding curve V has contact of order n with 
le given curve r at a given point. The curve thus determined is 
illed the oscillating curve of the family (69) to the curve r. The 
luations which determine the values of the parameters a,b,c,---, l 
:e precisely the 2n + 2 equations (68). It should be noted that 
lese equations cannot be solved unless each of the functions F and 
i contain at least n + 1 parameters. For example, if the curves 
are plane curves, one of the equations (69) contains only three 
irameters ; hence a plane curve cannot have contact of order 
igher than two with a skew curve at a point taken at random on 
te curve. 

Let us apply this theory to the simpler classes of curves, — the 
raiglit line and the circle. A straight line depends on four parain- 
ers ; hence the osculating straight line will have contact of the 
’St order. It is easy to show that it coincides with the tangent, 
r if we write the equations of the straight line in the form 


x = az *f 

e equations (68) become 


Vo - bz 0 + q, = 


iere (x Q , y 0 , s 0 ) is the supposed point of contact on T. Solving 
ese equations, we find 


„ _ x o 
a = — ~ ? 


5=4 

*0 


Xq 

JP — Xq , Zqj 

Z Q 


__ 2L 

q~yo '^oi 
*0 


lich are precisely the values which give the tangent. A neces- 
:y condition that the tangent should have contact of the second 
ler is that x f 0 f = a&H, yU = 1>Zq, that is, 


^l == yl = ^l. 

x’o y’o *1 

:e points where this happens are those discussed in § 217. 

The family of all circles in space depends on six parameters; 
ice the osculating circle will have contact of the second order, 
t the equations of the circle be written in the form 


A{X - (() />(// - 0) f *') ~ ", 

-0, 

V; 0, 


dx 

A lu +It 


ddx 

'did 


dU 

, dr: 

dt 

” ' dt 

d"!/ 

i r d * : 

dt . “ 

1 ' dr- 


(x - rr.)“ H- (// - rt) 3 -1“ O' • • '')* -- /t a , 

<»—>a? + <'-*>&■' <-■ "''S- ”• 
c - ») %+(,- >•> 3 + (-- -- ■•) 3 i- ^ "L - ». 


r /// 2 


,/// 2 


r// tt 


where cc, v/, and r: are to bo replaced by /(/), </>(/), and i//(/), respec- 
tively. The second and the third of these equations show that the 
plane of the osculating circle is the osculating plain*, of the curve T. 
If a, b, and c be thought of as the running coordinates, the last 
two equations represent, respectively, the normal plane at the point 
(x, y , &) and the normal plane at a point whose distance from 
(x, y , .u) is infinitesimal. Hence the center of the osculating circle 
is the point of intersection of the osculating plane and the polar 
line. It follows that tin* osculating circle coincides with the circle 
of curvature, as we might have foreseen by noticing that two curves 
which have contact of the second order have the same circle of 
curvature, since the values of y\ y", r: n are the same for the two 
curves. 


236. Contact between a curve and a surface. Let S be a surface 
and T a curve tangent to S at a point A. To any point M of r 
near A let us assign a point M' of s according to such, a law that 
M and M 1 approach A simultaneously. First hit us try to find what 
law of correspondence between M and M 1 will render the order 
of the infinitesimal MM' with respect to the arc, AM a maximum. 
Let us choose a system of rectangular coordinates in such a way 
that the tangent to V shall not be parallel to the yz plane, and that 
the tangent plane to S shall not be parallel to the s axis. Let 
( x o> ?/<>•; *o) the coordinates of A ; X = F(x, //) the equation of S’, 
V = /(*' 3! ), & — <£(#) the equations of V ; and n + 1 the order of the 


— - f ^ wux u-iiiciuco u-l m . in oraer tnat MM' should, 
i of order n + 1 with respect to the arc AM, or, what amounts to 
e same thing, with respect to h, it is necessary that each of the 
fterences X — x, Y — y, and Z z should be an infinitesimal at 
ast of order n + 1, that is, that we should have 

” x = «h* +1 , y-y = ph*+\ Z~z = F(X, Y)-z = y ; 4 »+i, 

:iere nr, p, y remain finite as h approaches zero. Hence we shall 
we 

F(x + ah a+I , y + fih n+1 ) — % — yh n+1 , 

d the difference F(x, y) — z will be itself at least of order n + 1. 
lis shows that the order of the infinitesimal MN, where N is the 
int where a parallel to the z axis pierces the surface, will be at 
ist as great as that of MM'. The maximum order of contact — 
dch we shall call the order of contact of the curve and the surface 
is therefore that of the distance MN with respect to the arc AM 
with respect to h . Or, again, we may say that the order of con- 
't of the curve and the surface is the order of contact between r 
d the curve V in which the surface S is cut by the cylinder which 
ejects T upon the xy plane, (It is evident that the z axis may be 
f line not parallel to the tangent plane.) For the equations of 
> curve r' are 

y = /(*) > z=f\x, /(*)] = $(*) , 

1, by hypothesis, 

$(x 0 ) = , S'fo) = 4>'( x o) • 

we also have 

*o) = t'W, • • •, ‘5 Cn) («o) = *°‘ + ,, (*o) * 4> (n + l) (*o), 

curve and the surface have contact of order n. Since the equa- 
i <f>(.r) = cj>(x) gives the abscissas of the points of intersection of 
curve and the surface, these conditions for contact of order n 
i point A may be expressed by saying that the curve meets the 
Pace in n 1 coincident points at A. 

finally, if the curve T is given by equations of the form x =/(fy 
<£(*), z = $(t), and the surface S is given by a single equation 
he form F(x } y, z) = 0, the curve r' just defined will have equa- 
s of the form x =f(t), y = $(?), z = 7 r(t), where t r(t) is a func- 


Using F(£) to denote the function considered in § 234, these ecjxi ac- 
tions may be written in the form 

F(* o ) = 0, F%) = 0, F«(g = 0. 

These conditions may be expressed by saying that the curve and. 
the surface have n + 1 coincident points of intersection at hlieix* 
point of contact. 

If S be one of a family of surfaces which depends on rv — \~ 1 
parameters a, b, c, l, the parameters may be so chosen that; 
has contact of order n with a given curve at a given point; tlxis 
surface is called the osculating surface. 

In the case of a plane there are three parameters. The equations 
which determine these parameters for the osculating plane are 

Af (t) + (t) + (t) + D = 0, 

Af'(t) + Bp (i) + Cf (t) = 0, 

^/"(0 + ¥(0 + W ) ' = o . 

It is clear that these are the same equations we found beforo f oa? 
the osculating plane, and that the contact is in general of the second 
order. If the order of contact is higher, we must have 

Af"(t) + Bp"® + cy"(o = 0, 

i.e. the osculating plane must be stationary. 

237. Osculating sphere. The equation of a sphere depends on f 0 
parameters ; hence the osculating sphere will have contact of 
third order. Tor simplicity let us suppose that the coordin-^^^ 
x , y, % of a point of the given curve T are expressed in terms of 
arc 5 of that curve. In order that a sphere whose center is (a, & 
and whose radius is p should have contact of the third order 
T at a given point ( x , y, z) on T, we must have 

F(V) = 0, F'($) = 0, F"0) = 0, F ,n (s) = 0, 

where 

F(«) = (x - ay + (y - by + («- c ) 2 - p 2 


§ mj 
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,nd where x > V> z are expressed as. functions of s. Expanding the 
ist three of the equations of condition and applying Frenet’s 
Druiuliu, we find 


F (.s) — (x — a) a -f (y — b) ft -f (z — c) y = 0 ; 



“ jp-fo C( x “»)«' + (?- b) j3 f + (* - c)/] = 0. 


hese three equations determine a, b, and c. But the first of them 
[presents the normal plane to the curve r at the point ( x , y, z) in 
ie running coordinates (a, b, o'), and the other two may be derived 
om this one by differentiating twice with respect to s. Hence 
e center of the osculating sphere is the point where the polar line 
uches its envelope. In order to solve the three equations we may 
duce the last one by means of the others to the form 

' (x-a) a” + (y- 6)/ 3" + (* - c) y" = T 
which it is easy to derive the formulae 

a = x + Ra 1 - a", b =w + RBf - T~ B". 

ds ds r 

J ~D 

C-z+Ry’-T-y". 

mce the radius of the osculating sphere is given by the formula 

R is constant; the center of the osculating sphere coincides with 
■ center of curvature; which agrees with the result obtained in 
33. 


538. Osculating straight lines. If the equations of a family of 
ves den end on n 4-2 parameters, the parameters may be chosen 


parameters. lienee, through each ] >oin t. ,1/ uf a given Kiirfaue S, 
there exist one or more straight 1 i 1 n*s which have contact of the 
second order with the surface. In order to determine these lines, 
let us take the origin at the point /!/, and let us suppose, that tins 
axis is not parallel to the tangent plane at .1/. Let. r: /*’(>, //) 

he the equation of the surface with respect to these axes. The 
required line evidently passes through the origin, and its equations 
are of the form 



lienee the equation r.p = J\ap, (>p) should have a triple root p = 0; 
that is, we should have 

c = ap - 1 - /)(/ , 

0 = <rr -)- ‘Jabs -j~ irt, 

where y;, <y, r, s, t denote the values of the first and second deriva- 
tives of F(x, //) at the origin. The first of these equations expresses 
that the required line lies in the tangent plane, which is evident 
a priori The second equation is a quadratic equation in the ratio 
b/ttj and its roots are real if .r — H is positive. lienee, there are in 
general two and only two straight lines through any point of a given 
surface which have contact of the second order with that surface. 
These lines will he real or imaginary according as ,s*- — vt is positive 
or negative. We shall meet these, lines again in the following 
chapter, in the study of the curvature of surfaces. 


EXERCISES 

1. Find, in finite form, the equations of the evolutus of the curve which 
cuts the straight line generators of a right circular cone at a constant angle. 
Discuss the problem. 

[Licence, Marseilles, July, 1884.] 

2. Do there exist skew curves Y for which the three points of intersection 
of a fixed piano P with the tangent, the principal normal, and the binomial are 
the vertices of an equilateral triangle ? 

3. Let P be the edge of regression of a surface which is the envelope of 
a one-parameter family of spheres, i.e. the envelope of the characteristic circles. 
Show that the curve which is the locus of the centers of the spheres lies on 
the polar surface of T. Also state and nrnvn the nrvn versa. 



iIiat the curve r described by the point N and the curve T" described by the 
jenter of curvature of P have tlieir tangents perpendicular, their elements of 
englh equal, and their radii of curvature equal, at corresponding points. 

[Rouquet.] 

5. If the osculating sphere to a given skew curve T has a constant radius a , 
how that r lies on a sphere of radius a, at least unless the radius of curvature 
>f l 1 is constant and equal to a. 

6. Show that the necessary and sufficient condition that the locus of the 
enter of curvature of a helix drawn ou a cylinder should he another helix on a 
y Under parallel to the first one is that the right section of the second cylinder 
hould be a circle or a logarithmic spiral. In the latter case show that all the 
elices lie on circular cones which have the same axis and the same vertex. 

[Tissot, Nouvelles Annales , Vol. XI, 18-52.] 

7*. If two skew curves have the same principal normals, the osculating 
lanes of the two curves at the points where they meet the same normal make 
constant angle with each other. The two points just mentioned and the cen- 
t’s of curvature of the two curves form a system of four points whose anhar- 
lonic ratio is constant. The product of the radii of torsion of the two curves 
t corresponding points is a constant. 

[Paul Serret ; Mannheim; Schell.] 

8*. Let x , y , z be the rectangular coordinates of a point on a skew curve P, 
ad s the arc of that curve. Then the curve P 0 defined by the equations 



here xo , yo, Zq are the running coordinates, is called the conjugate curve to T; 
id the curve defined by the equations 

X ~ x cos 9 + Xo sin 6 , T = y cos 0 + 7/ 0 sin 0, Z = z cos0 4 z o sin0, 

here X, F, Z are the running coordinates and 6 is a constant angle, is called 
related curve. Pind the orientation of the fundamental trihedron for each of 
.ese curves, and find tlieir radii of curvature and of torsion. 

If the curvature of P is constant, the torsion of the curve P 0 is constant, and 
e related curves are curves of the Bertrand type (§ 233). Hence find the 
ineral equations of the latter curves. 

9. Let T and T' be two skew curves which are tangent at a point A. Prom 
lay off infinitesimal arcs AM and AM' from A along the two curves in the 
me direction. Find the limiting position of the line MM'. 


[Cauciiy.] 


rigidly connected to the fundamental trihedron, each <>i whose generators 
describes a developable surface. 

[Ckhako, liinixta di Mut/nunaHra, Vol. II, 1K02, p. Ififj.] 

11* In order that the principal normals of a given skew curve should he the 
binomials of another curve, the radii of curvature, and the radii of torsion of 
tlie lirst curve must satisfy a relation of the form 



where A and B are constants. 

[ Manniikim, (Um}itcx rendux, 1877.] 

[The ease in which a straight lino through a point on a skew curve rigidly 
connected with the fundamental trihedron is also I he principal normal (or the 
binomial) of another skew curve has been discussed by Pellet. (dnnijdc.x rrndux , 
May, 1.887), by Oesarh (Nouvdlcn Annttla.% 1888, p. 117), and by Balitrand 
(Mathcsis, 18D4, p. lfitf).] 

12. If the osculating plane to a skew curve V is always tangent to a fixed 
sphere whose center is O, show that, the plane through the tangent perpen- 
dicular to tho principal normal passes through O , and show that the ratio of 
the radius of curvature to the radius of torsion is a linear function of the arc. 
State and prove tlio converse theorems. 


CHAPTER XII 


SURFACES 

I. CURVATURE OF CURVES DRAWN ON A SURFACE 

239. Fundamental formula. Meusnier’s theorem. In order to study 
tlie curvature of a surface at a 11021 -singular point M , we shall sup- 
pose the surface referred to a system of rectangular coordinates 
such that the axis of z is not parallel to the tangent plane at M. 
If the surface is analytic, its equation may be written in the form 

(!) x = F(x,i j), 

where F(x, y ) is developable in power series according to powers of 
x — x 0 and y — y 0 in the neighborhood of the point M (x 0 , y Q , z Q ) 
(§ 194). But the arguments which we shall use do not require the 
assumption that the surface should be analytic: we shall merely 
suppose that the function F(x, y), together with its first and second 
derivatives, is continuous near the point (x 0 , Vo) We shall use 
Mongers notation, p, q , r, s, t , for these derivatives. 

It is seen immediately from the equation of the tangent plane 
that the direction cosines of the normal to the surface are propor- 
tional to p, q, and — 1. If we adopt as the positive direction of the 
normal that which makes an acute angle with the positive z axis, 
the actual direction cosines themselves A, /a, v are given by the 
formulae . 

r?,\ \ _ n£ - 1 V ___ = L__. 

1 ’ Vl + j3 2 + 2 2 ’ ** Vh -f + f Vi+y + 2 2 

Let C be a curve on the surface S through the point ill, and let 
the equations of this curve be given in parameter form ; then the 
functions of the parameter which represent the coordinates of a 
point of this curve satisfy the equation (1), and hence their differ- 
entials satisfy the two relations 

(3) dz z=pdx + qdy, 

/ * V m , .10. . . 1 JnJl I O o /Jr* /In -1— / /Tlfi 


dx __ dy _ dr: _ d'-.r n d~i/ /V d~r: y' 

dv ; dir ’ dir dir" li dir “ !! dir “ /V 

whore the letters a , y, <r\ ft, y\ /»’ have the .same meanings as in 
§ 22 ( ,). Substituting those values in (•!) and dividing by V 1. d- ft + ft, 
that equation becomes 

y' — pa’ — yft nr d- 2mfi I /ft ! 

.11 VI+ ft -I- ft V 1 d’ ft ' I • ft 

°r ? by (2), 

A.ft - h /'.ft d~ vf rt r d ■ 2,s*o ft { i'ft 

A Vi | ft d- 'ft 

But the numerator Aft + /^ft + 17' is nothing but the cosine of the 
angle 0 included between the', principal normal to r and flu? positive 
direction of the normal to the surface; lienee the preceding formula 
may be written in the form 

, rN cos 9 rtr d~ 2s uifi d- tfP 

\?) "7 . 

Jl Vi d- ft -j~ ft 

This formula is exactly equivalent; to the formula (4); hence it 
contains all the information we ean discover concerning t he ourva- 
ture of curves drawn on the surface. Since II and Vi . + ft + f 
are both essentially positive, cos 0 and m 2 -f 2m fi -f ift have the same 
sign, i.e. the sign of the latter quantity shows whether 9 is acute or 
obtuse. In the first place, let us consider all the curves on the sur- 
face $ through the point M which have the same osculating plane 
(which shall be other than the tangent plane) at the point M. All 
these curves have the same tangent, namely the intersection of the 
osculating plane with the tangent plane to the surface. The direc- 
tion cosines or, ft y therefore coincide for all these curves. Again, 
the principal normal to any of these curves coincides with one of 
the two directions which can be selected upon the perpendicular to the 
tangent line in the osculating plane. Let <» be the angle which the 
normal to the surface makes with one of these directions; then we 
shall have 6 — to or 0 — tt ~ to. But the sign of rir + 2-s’oft + tfi 2 
shows whether the angle 0 is acute or obtuse ; lienee the positive 


iJM/biun oj rue principal. normal is the same for all these curves, 
iiicc 6 is also the same for all the curves, the radius of curvature 
is the same for them all ; that is to say, all the curves on the sur- 
ace through the point M which hcive the same osculating plane have 
',e same center of curvature. 

It follows that we need only study the curvature of the plane 
lotions of the surface. First let us study the variation of the 
irvature of the sections of the surface by planes whicli all pass 
trough the same tangent MT. W e may suppose, without loss of 
morality, that m 2 -f 2sa/3 + tft 2 > 0, for a change in the direction 
' the & axis is sufficient to change the signs of r, s } and t. For all 
ese plane sections we shall have, therefore, cos 0 > 0, and the 
igle 0 is acute. If R x be the radius of curvature of the section 
r the normal plane through MT, since the corresponding angle 6 
zero, we shall have 

1 __ ra 2 -f- 2 sap + tfi 2 . 

Ri Vl 

>m paring this formula with equation (5), which gives the radius 
curvature of any oblique section, we find 


W 


A — cos ^ 

R x ~ U 


R = P x cos 0 , which shows that the center of curvature of any 
'■ ique section is the projection of the center of curvature of the 
vmal section through the same tangent line. This is Meusniers 
jorem. 

The preceding theorem reduces the study of the curvature of 
lique sections to the study of the curvature of normal sections. 
3 shall discuss directly the results obtained by Euler. First let 
remark that the formula (5) will appear in two different forms 
a normal section according as ra 2 -f- 2saf3 + is positive or 
native. In order to avoid the inconvenience of carrying these 
3 signs, we shall agree to affix the sign + or the sign — to the 
.ius of curvature R of a normal section according as the direction 
m M to the center of curvature of the section is the same as oi 
josite to the positive direction of the normal to the surface. 


respect to its tangent plane near the point of Uuigcne.y. I ‘'or if 
s' 2 — rt < 0, the quadratic for m nr -|- U.s'u/i -|- tfi 1 keeps the same 
sign — the sign of r and ol! ( — as the normal plane, turns around 
the normal; lienee all the normal Mentions have their renters of 
curvature on the same side of the tangent plane, and therefore all 
lie on the same side of that plane: the surface, is said to In*, convex 
at such a point, and the point is called an elliptic point. On the 
contrary, if s a — rt > 0, the form nr 2snfi -b fft'‘ vanishes for two 
particular positions of the normal plane, and the corresponding 
normal sections have, in general, a point of indention. When the 
normal plane lies in one of the dihedral angles formed by these two 
planes, It is positive, and the corresponding section lies above the tan- 
gent plane; when the normal plane lies in the other dihedral angle, 
It is negative, and the section lies below tin*, tangent plane. J fence 
in this case the surface crosses its tangent plane at the point of 
tangcncy. Such a point is called a hyperbolic point. Finally, if 
s 2 — rt = 0, all the normal sections lie on the same, side of the tan- 
gent plane near the point of tangcncy except that one for which 
the radius of curvature is infinite. The latter section usually 
crosses the tangent plane. Such a point is called a parabolic point. 

It is easy to verify these results by a direct study of the differ- 
ence u = & — ?J of the values of a for a point; on the surface and for 
the point on the tangent plane at M which projects into the same 
point (x, y) on the xy plane. For we have 


=p(x-xj) + i(y-y „), 
whence, for the point of tangcncy (x„, y„), 


and 


du 



du 

dy 


= o, 


— _ - , 0% __ 
dx l V) dx dy ~ S) dy 2 “ 


It follows that if $ 2 — rt < 0, u is a maximum or a minimum at M 
(§ 56), and since u vanishes at AT, it has the same sign for all other 
points in the neighborhood. On the other hand, if .s* 2 — rt > 0, u 
has neither a maximum nor a minimum at AT, and hence it changes 



— o tu WlcU i S . me iiiuiuamx. in oraer to study tne varia- 

oil of the radius of curvature of a normal section, let us take the 
)int M as the origin and the tangent plane at M as the xy plane. 
r ith sucli a system of axes we shall have p — q = Q > and the 
rmula (7) becomes 

(8) ~ = rcos 2 <j> + 2s cos </> sin <f> + t sin 2 <f>, 

hero <£ is tlie angle which the trace of the normal plane makes 
tth the positive x axis. Equating the derivative of the second 
smber to zero, we find that the points at which R may be a maxi- 
ma or a minimum stand at right angles. The following geomet- 
;al picture is a convenient means of visualizing the variation of R. 
:t us lay off, on the line of intersection of the normal plane with 
e xt j plane, from the origin, a length Om equal numerically to the 
uare root of the absolute value of the corresponding radius of cul- 
ture. The point m will describe a curve, which gives an instanta- 
ous picture of the variation of the radius of curvature. This curve 
called the indicatrix. Let us examine the three possible cases. 

1) s 2 — rt < 0. In this case the radius R has a constant sign, which 
shall suppose positive. Tlie coordinates of ?n are £ = cos <j> 

1 rj = Vh! sin cj> j hence the equation of the indicatrix is 

?) r$ 2 -h 2s$tj + tyf =1, 

ich is the equation of an ellipse whose center is the origin. It is 
ar that R is at a maximum for the section made by the normal 
ne through the major axis of this ellipse, and at a minimum for 
normal plane through the minor axis. The sections made by two 
lies which are equally inclined to the two axes evidently have the 
le curvature. Tlie two sections whose planes pass through the 
s of the indicatrix are called the principal normal sections , and 
corresponding radii of curvature are called the principal radii of 
nature . If the axes of the indicatrix are taken for the axes of x 
. y , we shall have 5 = 0, and the formula (8) becomes 

— = r cos 2 (j) 4" t sin 2 . 

R 

bh these axes the principal radii of curvature Ri and R* correspond 

1 T -* / T1 "I / 7J . _ .4 « 


have infinite radii of curvature. Let L[ot* x and L\()L» be the inter- 
sections of those two planes with the xy plane. When the trace, of 
the normal plane lies in the angle for example, the radius 

of curvature is positive. lienee the corresponding portion of the 
indieatvix is represented l>y the equation 

+ 2- s, 4o? -I- i > 

where £ and rj are, as in the previous ease, the coordinates of the 
point m. This is an hyperbola whose asymptotes are the lines 
L\OLi and IA()I ; 2 . When the trace of the normal plane lies in the 
other angle LU)L u R is negative? and the coordinates of vi are 

£ = cos c f) f rj *V Ji sin (j> . 

Hence the corresponding portion of the indic-atrix is the hyperbola 

r£ 1 2 -)- -f * trj 2, ~~ — 1 , 

which is conjugate to the preceding hyperbola. These two hyper- 
bolas together form a picture of the variation of the radius of curva- 
ture in this ease. If the axes of the hyperbolas be taken as the 
x and y axes, the formula (S) may be written in the form (10), as in 
the previous case, where now, however, the principal radii of curva- 
ture R x and ll 2 have opposite signs. 

3) 6* 2 — rt = 0. In this case the radius of curvature R has a 
fixed sign, which we shall suppose positive. The indic-atrix is still 
represented by the equation (9), but, since its center is at the origin 
and it is of the parabolic type, it must be composed of two parallel 
straight lines. If the axis of y he taken parallel to these lines, we 
shall have s = 0, t = 0, and the general formula (8) becomes 


1 _ C0S 2 c j> 

R ~~ ~R 1 

This case may also be considered to be a limiting case of either of 
the preceding, and the formula just found may be thought of as the 


Euler’s formulae may be established without using the formula (5). Taking 
3 point M of the given surface as the origin and the tangent plane as the zy 
me, the expansion of z by Taylor’s series may be written in the form 

„ _ rz 2 4- 2 sxy + Ufl , 

* — L . , 

1.2 1 

tere the terms not written down are of order greater than two. In order 
tind’ the radii of curvature of the section made by a plane y = as tan 0, we 
y introduce the transformation 


x ~ x'cos<p — y'sin 0, y = z'sin^ 4. y'c os<p, 

1 then set y' = 0. This gives the expansion of z in powers of x% 
? — r cos2 ^ + 2s sin 0 cos (f> + t sin 2 0 ^ 

" ~ O 


- x' 2 + • 


ich, by § 214, leads to the formula (8). 

AT otes. The section of the surface by its tangent plane is given by the equation 
0 = rx 2 + 2 sxy + ty 2 + 0 3 (x, y) H , 

l has a double point at the origin. The two tangents at this point are the 
mptotic tangents. More generally, if two surfaces S and Si are both tangent 
he origin to the xy plane, the projection of their curve of intersection on the 
plane is given by the equation 

0 = (r - r*i)x 2 + 2 (s - Si)xy + (t - y z + • . *, 

ire ri, s 1? ti have the same meaning for the surface S x that r, s, t have 
S. The nature of the double point depends upon the sign of the expression 
* Si) 2 — (r — r x )(£ — £ x ). If this expression is zero, the curve of intersection 
in general, a cusp at the origin. 


?o recapitulate, there exist on any surface four remarkable posi- 
ts for the tangent at any point : two perpendicular tangents for 
.eh the corresponding radii of curvature have a maximum or a 
Linmin, and two so-called asymptotic, or principal* tangents, for 
ch the corresponding radii of curvature are infinite. The latter are 
e found by equating the trinomial ra 2 -{-2sa/3-\-tfi 2 to zero (§ 238). 
proceed to show how to find the principal normal sections and 
principal radii of curvature for any system of rectangular axes. 


41. Principal radii of curvature. There are in general two different 
nal sections whose radii of curvature are equal to any given 
Le of R. The only exception is the case in which the given 
Le of R is one of the principal radii of curvature, in which case 


a, ft, y by the throe (‘-([nations 


V i + ■>,* + 1/ 1 


= ra' ! -|- 2m(S + t.(P, y = - pa I </f), fi~ + y“ = 1. 


It is easy to derive from these 1,1 following homogeneous combina- 
tion of degree zero in <r and [3: 

(H\ Vl + ?>*•!- '/' _ nr* -I - 2»«r/J | • //i 1! 

' ' '■It <r -[■ /i'- -\- (pa \- <//■!)- 

It follows that the ratio /3/tr is given by the e.( [nation 

<t a (l + p 2 - W7) -I- 2,v£(/n/ - . 9 /;) + (1 + r/ a - W)*=Q, 

where Ji = /jVl +y/ 2 + '/“• If this o<juation has a double root,* that 
root satisfies each of the equations Formed by setting the two Jirst 
derivatives of the left-hand side with respect to n and /I equal to 
zero : 

(12) j < 1 + 2>* “ rI) ) + P(P‘l ~ « J) ') - °> 

^ ; ( a ( prj - sl>) + 0(1 + y 2 - * />) = 0 . 

Eliminating n and (3 and replacing I) by its value, we obtain an 
equation for the principal radii of curvature : 

( 13 ) \ ( Tt ~~ Ii% “ * v ^+^" 2 + rCC 1 +^*) * + (1 + ( f ) v ““ %"/*] /e 

l + (1 + if J + !/ 2 ) 2 ” O *. 

On the other hand, eliminating .7) from the equations (12), we obtain 
an equation of the second degree which determines the lines of inter- 
section of the tangent plane with the principal normal sections : 

V } ( +«£[(! +^^(l+7 2 )^ + ^Q^-(l + y 2 ) 5 ]-°. 


and (14) will surely be real. It is easy to verify this fact directly. 

In order that the equation for Ji should have equal roots, it is 
necessary that the indicatrix should be a circle, in which case all 
the normal sections will have the same radius of curvature. Hence 
the second member of (11) must be independent of the ratio /3/a, 
which necessitates the equations 




$ 


t 


: 1 equations are called umbilics . At 

ldl P° mts tlie equation (14) reduces to an identity, since every 
lazneter of a circle is also an axis of symmetry. 

It is often possible to determine the principal normal sections 
om certain geometrical considerations. For instance, if a surface 
lias a plane of symmetry through a point M on the surface, it is 
ear that the line of intersection of that plane with the tangent 
ane at M is a line of symmetry of the indicatrix; hence the sec- 
Dn by the plane of symmetry is one of the principal sections. For 
:ample, on a surface of revolution the meridian through any point 
one of the principal normal sections ; it is evident that the plane 
the other principal normal section passes through the normal to 
e surface and the tangent to the circular parallel at the point, 
it we know the center of curvature of one of the oblique sections 
rough this tangent line, namely that of the circular parallel itself, 
follows from MeusnieFs theorem that the center of curvature of 
e second principal section is the point where the normal to the 
L’face meets the axis of revolution. 

At any point of a developable surface, s 2 — r£ = 0, and the indica- 
x is a pair of parallel straight lines. One of the principal sec- 
ns coincides with the generator, and the corresponding radius of 
rvature is infinite. The plane of the second principal section is 
L-pendicular to the generator. All the points of a developable 
.’face are parabolic, and, conversely, these are the only surfaces 
ich have that property (§ 222), 

tf a non-developable surface is convex at certain points, while other 
nts of the surface are hyperbolic, there is usually a line of para- 
ic points which separates the region where s 2 — rt is positive from 
> region where the same quantity is negative. For example, on the 
shor ring, these parabolic lines are the extreme circular parallels. 

'n general there are on any convex surface only a finite number of umbilics. 
proceed to show that the only real surface for which every point is an 
bilic is the sphere. Let X, fi, v he the direction cosines of the normal to the 
'ace. Differentiating (2), we find the formulae 

d\ __ pqs — (l + q 2 )r d \ _ pqt — (l -|- 9 ~)s 

to ~ (i + p tJ + g 2 )* ’ ty (i + p 2 + g 2 )* 

dfx ^ pqr~(l+p 2 )s djx _ pqs-( 1 ±P 2 )t ? 


X 


x-x {) U - •//» vV" L* .'•(»)“ (// ■//..)* 

i a i v i 

a a u 

X • Xn 

J) :r: — - • , 

V Va- • (X #«)“ • (// //<>)" 

7/ “ ?/» 

* Va a - (.'* Xu)* (// //.,) J 

whence, integrating, (.lie value of z is found to 1 m? 

2 - 2« -|- Vrt- - {x * *»)“ ' (it //<>)“» 

which is the equation of a sphere. It is evident. that if rX/r\r. - " Vy/Py ~ 0, the 
surface is a plane. .But the equations (15) also have an infinite number of 
imaginary solutions which satisfy the relation 1 -|- jfi |- <r -- <>, as we can see by 
differentiating this equation with respect to x and with respect to y. 


JI. ASYM PTOTTC LINKS (JONJIHJATK LINKS 

242. Definition and properties of asymptotic lines. At every hyper- 
bolic point of a surface there are two tangents for which the corre- 
sponding normal sections have in finite* radii of curvature, namely 
the asymptotes of the indicatrix. The curves on tins given surface 
which are tangent at each of their points to one of these asymptotic 
directions are called asymptotic- lines. If a point moves along any 
curve on a surface, the differentials dx , dtp dr: are proportional to 
the direction cosines of the tangent. For an asymptotic tangent 
vet* + 2sa/3 + tf$ z = 0 ; hence the differentials dx and dy at any point 
of an asymptotic line must satisfy the relation 

(16) . r dx 2 + 2s dx dy + t dy 2 = 0 . 

If the equation of the surface he given in the form rj = F(x> y), and 
we substitute for r, s , and t their values as functions of x and y, 
this equation may be solved for dy/dx } and we shall obtain the two 
solutions 

( 17 ) ~j~. = M x > ?/)> -f- = M x > v ) • 

AVe shall see later that each of these equations has an infinite num- 
ber of solutions, and that every pair of values (.r 0 , ?/„) determines 
in general one and only one solution. It follows that there pass 



o > . —v xiio-j uo u.cuneu without; me use or 

iy metrical relation : the asymptotic lines on a surface are those 
trues for which the osculating plane always coincides with the tan- 
'.nt plane to the surface. For the necessary and sufficient condition 
iat the osculating plane should coincide with the tangent plane to 
e surface is that the equations 

dz - p dx - qdy = 0, d 2 z - p d 2 x - q d 2 y = 0 

.ould be satisfied simultaneously (see § 215). The first of these 
uations is satisfied by any curve which lies on the surface. Dif- 
ren tinting it, we obtain the equation 

d 2 z — p d 2 x — qd 2 y — dp dx —dqdy = 0, 

rich shows that the second of the preceding equations may be 
placed by the following relation between the first differentials : 

(18) dp dx -fi dqdy = 0, 

equation which coincides with (1G). Moreover it is easy to 
plain why the two definitions are equivalent. Since the radius of 
L’vature of the normal section which is tangent to an asymptote 
the indicatrix is infinite, the radius of curvature of the asymp- 
.ic line will also be infinite, by Meusnier’s theorem, at least unless 
3 osculating plane is perpendicular to the normal plane, in which 
;e Meusnier’s theorem becomes illusory. Hence the osculating 
me to an asymptotic line must coincide with the tangent plane, 
least unless the radius of curvature is infinite ; but if this were 
e, the line would be a straight line and its osculating plane 
aid be indeterminate. It follows from this property that any 
gective transformation carries the asymptotic lines into asymp- 
lc lines. It is evident also that the differential equation is of 
same form whether the axes are rectangular or oblique, for the 
lation of the osculating plane remains of the same form, 
t is clear that the asymptotic lines exist only in case the points of 
surface are hyperbolic. But when the surface is analytic the 
erential equation (1G) always has an infinite number of solu- 
is, real or imaginary, whether s 2 — rt is positive or negative. As a 
eralization we shall say that any convex surface possesses two sys- 
ls of imaginary asymptotic lines. Thus the as) mptotic lines of an 
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SURFACES 


[XII, § 2-13 


For an ellipsoid or a sphere these generators are imaginary , but 
they satisfy the differential equation for the asymptotie lines. 

Example. Lot us try to Hurt the .asymptotic lines of the .surface 

z — x m t/ n . 

In this example wo have 

r =s m (m — 1 ) x m ~ 2 y n , $ - mux" 1 1 //« 1 , l . n{n. 1 ) x m y n ~ 2 , 

and the differential equation (10) may be written in Mm form 

?n(m — 1 ) -|- 2mn{' /( ^} -|- n(n. - 1 ) -• 0 . 

\xdy/ \x. tin} 

This equation may bo solved as a quadratic in (// dx)/(x dy). Let. k\ and 7i a bo 
the solutions. Then the two families of asymptotic lines are the curves which 
project, on the xy plane, into the curves 

yt<i zz C i:c, yh—C. 2 x. 


243. Differential equation in parameter form. Lot the equations of 
the surface be given in terms of two parameters u and v : 

(19) x =/(«, v), ;// = </•>(»> r), a . - $(», r) . 

Using the second definition of asymptotic lines, let us write the 
equation of the tangent plane in the form 

(20) A (. X - *) + />>( r - y) + r {% - ,•) - 0, 
where A, B, and C satisfy the equations 


( 21 ) 


■o, 


■ df , 3d> fill, 

/( §4 


which are the equations for yl, B, and C found in § 31). Since the 
osculating plane of an asymptotic line is the same as this tangent 
plane, these same coefficients must satisfy the equations 

A clx -j- Ij (l if -f- ( 1 <7,v “ 0 , 

A (I* x -J- B d“ y “{- U <l~?* = 0 . 

The first of these equations, as above, is satisfied identically. Pilfer- 



, ico us consider me conoid z = <f>{y/x). This equa- 

m is equivalent to the system x = u,y = uv, z = <p(v), and the equations (21) 
come x ' 

A+Bv- 0, Bu + C<p'(v) = 0. 

iese equations are satisfied if we set G = - u, A = - 'u^('u), B = 0'(u) • hence 
e equation (22) takes the form 

uc{)"(x)) dv 2 — 2<f>'(v) dudv = 0 . 

le solution of this equation is v = const., which gives the rectilinear genera- 
’s. Dividing by dv, the remaining equation is 

0 // (i>) dn __ 2 

ience the second system of asymptotic lines are the curves on the surface 
fined by the equation u = K(p'(v), which project on the xy plane into the 
:ves 

Again, consider the surfaces discussed by Jamet, whose equation may be 
itten in the form 

•'(;)' m - 

iing the independent variables z and u = y/x, the differential equation of 
asymptotic lines may be written in the form 

ra& = ± JZMdu, 

v f(z) \ m 

tl which each of the systems of asymptotic lines may be found by a single 
drature. 

^ helicoid is a surface defined by equations of the form 

£ = pcosw, V — p sin a?, z =f(p) + hoi. 

\ reader may show that the differential equation of the asymptotic lines is 
pf"(p) dp 2 — 2h du dp + p 2 f'(p) dw 2 — 0 j 
n which w may be found by a single quadrature. 

144 . Asymptotic lines on a ruled surface. Eliminating A } B } and C 
ween the equations (21) and the equation 

AcPx + Bd?ij + Cd*z = 0, 

find the general differential equation of the asymptotic lines : 

df dtp dip 
du du du 


d 2 x = a + ,* • (l‘ 2 r -I" *„ (hr -{- 2 , \ tlu dr . *„ dr 1 

dit, or otr at or fr- 


aud analogous expressions for d' 1 // and d' 2 ::. Subtracting from the 
third row of the determinant (22) the first row multiplied by dru 
and the second row multiplied by drr, tin; differential equation 
becomes 


ay 

did 


df 

d<i> 

(Uf; 

du 

du 

dll 

or 

d</, 


()» 

dr 

dr 


d 1 r d' 1 f 

(hr -i- 2 : (huiv + *'yv- 

f)-u nti r 1 


— 0 . 


Developing this determinant with respect to the. (dements of the 
first row and arranging with respect to du and dr, the equation 
may be written in the form 

(2d) I) dir + 2 1)' du dv + D" did , , 0, 

where D, 1)' ) and ])" denote the three determinants 

ox (iff dr: 

on du die 

]y=s 

dv dr dr ’ 

d‘ 2 x dry (dr: 

door du do dudv 
dx dy dr: 
du. du du 
dx dy d r: 
dr dr dr 
d~x d“y d 2 r: 
dv 54 dr 2 dv' 1 

As an application let us consider a ruled surface, that is, a surface 
whose equations are of the form 

x = x 0 + ant, y = y 0 + fin, z — r: Q yu, 

where ?/ 0 , r: 0 , a, ft, y are all functions of a second variable param- 
eter v. If we set u = 0, the point (x 0 , y 0 , r: l} ) describes a certain 
curve T which lies on the surface. On the other hand, if we set 


dx 

O// 

dr: 

du 

du 

du 

dx 

hi 

dr: 

dr 

dr 

or 

d' 2 x 

d*y 

d‘ 2 r: 

du 2 

du 1 

du 2 


J)" = 


ixlk , ui uaig uaou ouiJLdTCj cUJU blit! VcUUtJ U1 H clU clliy pOlIlt 

f the line will be proportional to the distance between the point 
x, ?/, x) and the point (a* 0 , y 0 , x 0 ) at which the generator meets the 
urve T. It is evident from the formulae (2o) that D = 0, that D' 
3 independent of u, and that D" is a polynomial of the second 
egree in u : 

| a I 


D n = 


xl + a’u 
Xq + a n u 


iince dv is a factor of (24), one system of asymptotic lines consists 
f the rectilinear generators v = const. Dividing by du, the remain- 
lg differential equation for the other system of asymptotic lines is 
f the form 

(26) y + Lu% + Mu + N = 0 , 


rhere L, M, and N are functions of the single variable v. An equa- 
ion of this type possesses certain remarkable properties, which we 
hall study later. For example, we shall see that the (inharmonic 
%tio of any four solutions is a constant. It follows that the anliar- 
lonic ratio of the four points in which a generator meets any four 
symptotic lines of the other system is the same for all generators, 
diicli enables us to discover all the asymptotic lines of the second 
y T stem whenever any three of them are known. e shall also 
ee that whenever one or two integrals of the equation (26) are 
nown, all the rest can be found by two quadratures or by a single 
uadrature. Thus, if all the generators meet a fixed straight line, 
iat line will be an asymptotic line of the second system, and all 
ie others can be found by two quadratures. If the surface pos- 
3sses Wo such rectilinear directrices, we should know two asymp- 
)tic lines of the second system, and it would appear that another 
uadrature would be required to find all the others. But we can 
btain a more complete result. For if a surface possesses tw r o 
mtilinear directrices, a projective transformation can be found 
r hich will carry one of them to infinity and transform the suifaee 
ito a conoid ; but we saw in § 243 that the asymptotic lines on a 
onoid could be found without a single quadrature. 

245. Conjugate lines. Any two conjugate diameters of the indica- 


tlie surface S, and let m and m' be the slopes of the projections of 
two conjugate tangents on the xy plane. These projections on the 
xy plane must be harmonic conjugates -with respect to the projec- 
tions of the two asymptotic tangents at the same point of the sur- 
face. But the slopes of the projections of the asymptotic tangents 
satisfy the equation 

T + 2.^ + tfA? = 0. 

In order that the projections of the conjugate tangents should be 
harmonic conjugates with respect to the projections of the asymp- 
totic tangents, it is necessary and sufficient that we should have 

(27) r + s (in + m') -{- tmm ' = 0 . 

If C be a curve on the surface S, the envelope of the tangent 
plane to 5 at points along this curve is a developable surface which 
is tangent to S all along C. At every point M of C the generator of 
this developable is the conjugate tangent to the tangent to C. Along 
C, x } y, z, p , and q are functions of a single independent variable a. 
The generator of the developable is defined by the two equations 

z - S- 2 >(X - x) - q(Y- y) = 0, 

— dz + p dx + q dy — dp(X — x) — dq(Y — y) = 0, 

the last of which reduces to 


Y — y _ dp __ rdx + s dy 
X — x dq s dx t dy 

Let m be the slope of the projection of the tangent to C and m' the 
slope of the projection of the generator. Then we shall have 


dy __ 

dx 


y-y 

X — x 


■ 


and the preceding equation reduces to the form (27), which proves 
the theorem stated above. 

Two one-parameter families of curves on a surface are said to 
form a conjugate network if the tangents to the two curves of the 
two families which pass through any point are conjugate tangents 
at that point. It is evident that there are an infinite number of 


'Xi vuu cb bumwu represented oy equations ot the form (19), let us find the 
mdifions under which the curves u = const, and v = const, form a conjugate 
Btwork. If we move along the curve u = const., the characteristic of the 
aigent plane is represented by the two equations 


A(X -x) + B(Y - y) + C(Z - z) = 0 , 


dA 

hi 


(-T- 


s)+ S (r -^ + S (Z - z)=o - 


i order that, this straight line should coincide with the tangent to the curve 
= const., whoso direction cosines are proportional to Gx/cv , cy/dv , dz/5v , it 
necessary and sufficient that we should have 


A 5 - +B^- + G— = 0, 
du dr 


d-d c) x 0# dy ^ 3C 52 
chi dv du dv du dv 


fferentiating the first of these equations with regard to w, we see that the 
:ond may be replaced by the equation 


(28) 


A 


d*% t B e 2 ?/ 

du dv du dv 


+ C 


r.0 „ 

0~Z 

dudv 


= 0 , 


d finally the elimination of A, 15, and 0 between the equations (21) and (28) 
xls to the necessary and sufficient condition 


dx 

dy 

dz 

du 

du 

du 

dx 

dy 

dz 

dv 

dv 

dv 

d 2 x 

d 2 y 

d 2 z 

du dv 

du dv 

du dv 



This condition is equivalent to saying that x, y , z are three solutions of a 
’erential equation of the form 


29) 


J1L = m 8 J + n 8 J, 

du dv du ■ dv 


ere M and N are arbitrary functions of u and v. It follows that the knowl- 
e of three distinct integrals of an equation of this form is sufficient to 
ermine the equations of a surface which is referred to a conjugate network. 

■ example, if we set M = N = 0, every integral of the equation (29) is 
sum of a function of u and a function of » ; lienee, on any surface whose 
ations are of the form 

30) *=/(«) +/i(s), y =*(«)+* i(*)i z = i>(u)+i>i(v). 


sum u Jiliowcil i,o vary, uiu poim win iicHcnne curve i on mo Hiirnir.o ; ukc- 
wLsc, if vi» is kept, fixed and n is allowed l,o vary, tin* point. M» will describe 
anolhor curve l 1 ' on the surface. It follows that we may general o the surface hy 
^ivine; V a motion of translation which causes the point. to describe r', or hy 
giving l 1 ' a motion of translation which muses the point ,V| to describe !\ It is 
evident from this method of generation Unit, t he two families of curves (u) and (d) 
are conjugate. For example, the tangents to this different positions of V' at tlie 
various points of V form a cylinder tangent to tlie surface along V ; hence the 
tangents to tho two curves at any point are conjugate LangenLs. 


III. LINKS OF OlIUVATliltK 


246. Definition and properties of lines of curvature. A curve on a 
given surface S is cadi <‘d a lino of rurndnro if tins normals to the 
surface along that curve form a developable surface. If z • -/(>, y) 
is the equation of tint surface referred to a system of rectangular 
axes, the equations of the normal to the surface are 


( 31 ) 


$ df = ~p% + (* /! "h V' : ) , 

yz + (// -l- '/'-)* 


The necessary and sufficient condition that this line should describe 
a developable surface is that the two equations 


( - ^ dp + d(x + pz) - 0 , 

^ } \-Zd q + d(y + ys) - 0 

should have a solution in terms of ^ (§ 223), that is, that we 
should have 

d(x + pa) = d(y + g;S ) 
dp d(j 

or, more simply, 

dx 4- p dz dy + </ dz 
dp dq 

Again, replacing dz 9 dp, and dy by their values, this equation may 
be written in the form 


(33) (V±jf)dx + pq dy _ pg dx + ft + y 2 ) dy _ 

^ v dx + s dy $ dx + t dy 

This equation possesses two solutions in dy/dx which are always 
real and unequal if the surface is real, except at an umbilie. For, 


uie determination ot tne lines ot intersection ot the principal normal 
sections with the tangent plane. It follows that the tangents to the 
lines of curvature through any point coincide with the axes of the 
indieatrix. We shall see in the study of differential equations that 
there is one and only one line of curvature through every non- 
singular point of a surface tangent to each one of the axes of the 
indieatrix at that point, except at an umbilic. These lines are 
always real if the surface is real, and the network which they form 
is at once orthogonal and conjugate, — a characteristic property. 


Example . 
example 


Let us determine the axes of the paraboloid z — xy/a. In this 




r = t = 0, 


s = 


1 

a 


and the differential equation (S3) is 


(a 2 + y 2 ) dx 2 = (a 2 + x 2 ) dy 2 or 


dx 


dy 


Vx 2 4- a 2 Vy 2 4- a 2 


: = 0. 


If we take the positive sign for both radicals, the general solution is 


( x + Vx 2 4- a 2 )(y 4- Vy 2 4- a 2 ) = <7, 
which gives one system of lines of curvature. If we set 


(34) x = x Vy 2 4- a 2 + y Vx 2 4- a 2 , 

the equation of this system may be written in the form 


X 4. Vx 2 + a* = C 

by virtue of the identity 

(x Vy 2 -f a 2 4- y Vx 2 4- a 2 ) 2 4- a i = [xy + V (x 2 + a 2 )(y 2 + a 2 )] 2 

It follows that the projections of the lines of curvature of this first system are 
represented by the equation (34), where X is an arbitrary constant. It may be 
shown in the same manner that the projections of the lines of curvature of the 
other system are represented by the equation 


(35) x Vy 2 4 - cl 2 — y Vx 2 4- a 2 — 

Prom the equation xy = az of the given paraboloid, the equations (34) and 
(35) may be written in the form 

vi 2 +"^+vy + z 2 = c, Vx 2 + z 2 - vy + z 2 = o'. 


But the expressions and VF+i 5 represent, respectively, the dis- 


dinates of the point A at which AIN is tangent, to V. Thu ordinate 
Z is given by either of the. equations (32), which reduce, to a single 
equation since (■ is a line of curvature. The equations (32) may 
, be written in the form 


y -l- pf/ 1 !,*/ _ p'i dx -I* 0 -I- <r ) </// < 

r dx -p s (l if ,s dx ■ | • / ihj 

Multiplying each term of the first fraction by dx, each term of the 
second by dy, and then taking the proportion by composition, wo 
find 

y __ ^ = ^ ± '///M- ( V dX -}- (/ f ///) “ 
v dx 2 “b 2, s' dx dy -|- i (l if' 

Again, since dx, dy, and <h are proportional to the direction cosines 
a, ft, y of the tangent, this equation may be written in the form 

% _ z- <** + P 2 + (p <* + t/Pf _ J _ 

ra z + 2scrfi -j- ifl 1 nr + 2sn fi + tfi" 

Comparing this formula with (7), which gives the radios of curva- 
ture li of the normal section tangent to the line of curvature, with 
the proper sign, we see that it is equivalent to the equation 


(3G) 




Vl 4- 2 ** + < 


Rv, 


where v is the cosine of the acute angle between the r: axis and the 
positive direction of the normal. Tbit c + Rv is exactly the value 
of Z for the center of curvature of the normal section under con- 
sideration. It follows that i the point of tanyency A of the normal 
MN to its envelope P coincides with the center of curvature of the 
principal normal section tangent to C at M. Hence the curve Y is 
the locus of these centers of curvature. If we consider all the lines 
of curvature of the system to which (! belongs, the locus of the cor- 
responding curves r is a surface 2 to which every normal to the 
given surface S is tangent. For the normal AIN, for example, is 
tangent at A to the curve P which lies on 5. 

The other line of curvature (!' through M cuts a at right angles. 
I he normal to S along C is itself alwavs tan yen 1*. tn a curve V 



race, wmcn is men represented oy an irreauciDie equation. 

Tlie normal AIN to S is tangent to each of these nappes 2 and 2' 
at the two principal centers of curvature A and A' of the surface S 
at the point M. It is easy to find the tangent 
planes to the two nappes at the points A and A f 
(Fig. 51). As the point M describes the curve 
C, the normal MN describes the developable 
surface D whose edge of regression is P; at 
the same time the point A' where MN touches 
2' describes a curve y' distinct from V, since 
the straight line MN cannot remain tangent to 
two distinct curves V and V 1 . The developable 
JD and the surface S' are tangent at A'; hence 
the tangent plane to 2' at A' is tangent to D 
all along MN. It follows that it is the plane 
NMT, which passes through the tangent to C. 

Similarly, it is evident that the tangent plane 
to 2 at A is the plane NMT’ through the tan- 
gent to the other line of curvature C\ 

The two planes NMT and NMT ' stand at right angles. This fact 
leads to the following important conception. Let a normal OM be 
dropped from any point 0 in space on the surface S, and let A and 
A' be the principal centers of curvature of S on this normal. The 
tangent planes to 2 and 2' at A and A', respectively, are perpendic- 
ular. Since each of these planes passes through the given point 0, it 
is clear that the two nappes of the evolute of any surface S, observed 
from any point O in space , appear to cut each other at right angles. 
The converse of this proposition will be proved later. 

248. Rodrigues’ formulae. If A, fx, v denote the direction cosines 
of the normal, and R one of the principal radii of curvature, the 
corresponding principal center of curvature will be given by the 
.formulae 

( 37 ) X = x + R\, Y=yA-Ra, Z = z + 

As tlie point (.t, y, &) describes a line of curvature tangent to 
the normal section whoso radius of curvature is R, this center of 




the normal M ;V ; hence wo must have 


dX d Y _dZ 

X (h v 

or, replacing -V, F, and by their values from (‘57) and omitting the 
common term dll } 

dx -J- R (IX __ d]f + II (l }t> dr: -p II dv 

X fx v 

The value of any of these ratios is zero, Cor if we take, them by 
composition after multiplying eae.li term of the lirst ratio by X, of 
the second by //,, and of the third by v, we obtain another ratio 
equal to any of the three; but the denominator of the new ratio is 
unity, while the numerator 

X dx 4- djj -f- v dr: 4* 7t(X (IX 4" ft d ^ -P v dv) 

is identically zero. This gives immediately the formulas of Olindo 
liodrigues : 

(38) dx 4- R dX s= 0 , dt/ 4- R dfj. = 0, dr: + R dv = 0, 

which are very important in the theory of surfaces. It should be 
noticed, however, that these formulas apply only to a displacement 
of the point ( x , y, rS) along’ a line of curvature. 

249. Lines of curvature in parameter form. Tf the equations of the 
surface are given in terms of two parameters u and v in the form 
(19), the equations of the normal are 

X — x __ Y — y __Z — z 

_____ - c 7 

where A , B, and C are determined by the equations (21). The 
necessary and sufficient condition that this line should describe a 
developable surface is, by § 223, 


dx 

d[/ 

dr: 

A 

n 

a 

dA 

dli 

dc 



z — a arc tan - , 
x 


liose equation is equivalent to tlie system 

x = p cos 0 , y = p sin 0 , z — aQ. 

. this example the equations for A, and C are 

•4 cos 0 + B sin 0 = 0 , - Ap sin 0 + £p cos 0 + Ca = 0 . 

iking C = p, we find A = a sin 5 = - a cos 0. After expansion and simpli- 
iation the differential equation (39) becomes 

dp*-(p* + a?)d $ 2 = 0 or de = ± ~ ffe 

Vp 2 4- a 2 

loosing the sign + , for example, and integrating, we find 

p + Vp 2 -f a 2 = ae Q ~ e 0 , or p = - [e d ~ G o — er( d ~ G o)] . 

2 

le projections of these lines of curvature on the xy plane are all spirals which 
e easily constructed. 

The same method enables us to form the equation of the second 
!gree for the principal radii of curvature. With the same symbols 
, B, C, A, p, v we shall have, except for sign, 

A ^ B C 

VA 2 + i? 2 + C’ 2 ’ M VJ r +£ r + c 2 ’ v VJtJ&Tc* 

e shall adopt as the positive direction of the normal that which 
given by the preceding equations. If R is a principal radius of 
rvature, taken with its proper sign, the coordinates of the corre- 
oncling center of curvature are 

X — x + pA , Y=y-)rpB, Z~z-\-pC , 

lere 

R = p y/A* + B*+ C' 2 . 

the point ( x , y, ») describes the lines of curvature tangent to the 
incipal normal section whose radius of curvature is R. we have 
;n that the point (A', Y, Z) describes a curve T which is tangent 
the normal to the surface. Hence we must have 

A'v -i_ ~ A 4 4- A An All 4- n dR 4- R Ad Az 4“ o AO 4- O do 


. dx -|- n d( * — < a ; - w. 


Eliminating p and K From those, throe, equations, we iinil again the 
differential equation (.‘>0) of the. lines of curvature. But if we 
replace dx, dp, dx, dA, dU, and dd l>y the; expressions 


ox dx 

— an + v, dt>, 
die on 


dr , <>(' , 

da 4 - . dtr 
(Ut (U) 


respectively, and then eliminate da, do, and A', we liml an equation 
for the determination of p : 


dx dA 

dx dA 


W t +P *l 

dp + ’’do 


dy dr. 

d if d n 


da ^ () a 

do + p OP 

I 

dx , dc 

dr. , dr 


da P da 

Fpf p 1) p 

( 


If we replace p by Jl/ ^ A s + is* + r a , this equation becomes an 
equation for tlio principal radii of curvature. 

The equations (39) and (4.1.) enable us to answer many questions 
which we have already considered. Eor example, the necessary 
and sufficient condition that a point of a surface should be a para- 
bolic point is that the coefficient of p 2 in (41) should vanish. In 
order that a point he an umbilio, the equation (39) must he satisfied 
for all values of da and do 


As an example let us find the principal radii of curvature of the rectilinear 
helicoid. With a slight modification of tho notation used above, wo shall have 
in this example 

x = u cos v , 7/ = u sin v , z ~ av , 

A = a sin v , B = — a cos v , G = u , 

and the equation (41) becomes 

a' 2 p 2 = Or id , 

whence R = ± (a 2 + u 2 )/a. Hence the principal radii of curvature, of the helicoid 
are numerically equal and opposite in sign. 


250. Joachim sthalbs theorem. The lines of curvature on certain 
surfaces may be found by geometrical considerations. For example, 
it is quite evident that the lines of curvature on a surface of revolu- 


;hese curves is tangent at every point to one of the axes of the 
ndicatrix at that point. This is again confirmed by the remark 
Jiat the normals along a meridian form a plane, and the nor mal s 
ilong a parallel form a circular cone, — in each case the normals 
orm a developable surface. 

On a developable surface the first system of lines of curvature 
onsists of the generators. The second system consists of the 
atliogonal trajectories of the generators, that is, of the involutes of 
he edge of regression (§ 231). These can be found by a single quad- 
ature. If we know one of them, all the rest can be found without 
ven one quadrature. All of these results are easily verified directly. 

The study of the theory of ©volutes of a skew curve led Joa- 
himsthal to a very important theorem, which is often used in that 
heory. Let S and S f he two surfaces whose line of intersection C 
i a line of curvature on each surface. The normal iJ/iV to S along 
" describes a developable surface, and the normal MN' to S' along 
1 describes another developable surface. But each of these normals 
s normal to C. It follows from § 231 that if two surfaces have a 
mimon line of curvature , they intersect at a constant angle along 
iat line. 

Conversely, if two surfaces intersect at a constant angle , and if 
leir line of intersection is a line of curvature on one of them , it is 
Iso a line of curvature on the other. Bor we have seen that if one 
unity of normals to a skew curve C form a developable surface, 
le family of normals obtained by turning each of the first family 
Lrougli the same angle in its normal plane also form a developable 
irface. 

Any curve whatever on a plane or on a sphere is a line of curva- 
tre on that surface. It follows as a corollary to JoacliimsthaTs 
Leorem that the necessary and sufficient condition that a 'plane, curve 
1 a spherical curve on any surface should he a line of curvature is 
at the plane or the sphere on which the curve lies should cut the 
rface at a constant angle. 

251. Dupin’ s theorem. We have already considered [§§ 43, 146] 
iply orthogonal systems of surfaces. The origin of the theory of 
cli systems lay in a noted theorem due to Diqiin, which we shall 


we Slum Helve, l .U1- J- = [j = I<r fiui •• \/, vr/1'if- ''j nm. f uu»a 

not vanish, in general, except when Uio origin is a singular point. 
It follows that tho necessary and sufficient, condition that the. x and 
y ax os should bo tho axns of the indioatrix is that .v 0. But, this 
value of this sooond derivative a -- <> 2 ;:/dxdy is given by the equation 


d 2 f d- 1' 

()x dy dx dr: 


<r 2 f d' 2 f (> f 


Since p and <y both vanish at tho origin, this necessary and sufficient 
condition, that .s* should vanish, there is that we should have 


Now let the three .families of the triply orthogonal system be given 
by the equations 

Pi (*> y > '-) = in , P-i (*■> ih •") = pi , P -. i (•'■. y , ") = ps> 

where F 1} F», F ;i satisfy the relation 

a 3) m »j * , fo m , m m = o 

^ (■)./: dx, ()y ()y dr: dr: 


and two other similar relations obtained by cyclic permutation of 
the subscripts 1, 2, o. Through any point M in space there passes, 
in general, one surface of each of the three families. The tangents to 
the three curves of intersection of these three surfaces form a trirec- 


tangular trihedron. In order to prove .1 lupin’s theorem, it will be 
sufficient to show that each of these tangents coincides with one of 
the axes of the indioatrix on each of the surfaces to which it is 


tangent. 

In order to show this, let us take the point M as origin and the 
edges of the trirectangular trihedron as the axes of coordinates; 
then the three surfaces pass through the origin tangent, respec- 
tively, to the three coordinate planes. At the origin we shall have, 
for example, 



T? \ TT \ 


— — - — V Hid axes 01 tne inaicatnx of the surface 

F{x y, *) = 0 at the origin if (B> Fl /dz dy) 0 = 0. To show that this 
is the case, let us differentiate (43) with respect to y, omitting the 
terms which vanish at the origin ; we find 


or 


(44) 


'SF,\ ( cPF, 

dx ) 0 \8xdy i 


+ 



(*&) 

IF\ 

8z 


+ 


3* FA 

dFA 
dx l 


0. 


Tz oni the two lelations analogous to (43) we could deduce two 
equations analogous to (44), which may he written down by cyclic 
permutation : 


(45) 


(S 2 F, \ /g *FA 

\h/ <>*l \3« da/, _ 

( d Jl\ (!h\ ~ 

\^ x )o \ vy Jo 



From (44) and (45) it is evident that we shall have also 




dz dx 


= 0 , 


vliich proves the theorem. 

A remarkable example of a triply orthogonal system is furnished 
>y the coufocal quadrics discussed in § 147. It was doubtless the 
Livestigation of this particular system which led Dupin to the gen- 
ral theorem. It follows that the lines of curvature on an ellipsoid 
r an hyperboloid (which had been determined previously by Monge) 
re the lines of intersection of that surface with its coufocal quadrics. 

The paraboloids represented by the equation 


?/ 2 

2 >-\ 


+ 



q-\ 


= 2x - A, 


here A is a variable parameter, form another triply orthogonal 
astern, which determines the lines of curvature on the paraboloid, 
inally, the system discussed in § 246, 



me siuuy oi tripiy onmagontii systems is out; ui biie musu muc 
ing and one of the most difficult problems of differential geom< 
A very large number of memoirs have been published on the sub 
the results of which have been collected by Darboux in a re 
work.* Any surface S belongs to an infinite number of ti 
orthogonal systems. One of these consists of the family of surf 
parallel to S and the two families of developables formed bj 
normals along the lines of curvature on S. For, let 0 be any j 
on the normal MN to the surface S at the point M, and let 
and MT 1 be the tangents to the two lines of curvature C an 
which pass through M\ then the tangent plane to the parallel 
face through 0 is parallel to the tangent plane to 8 at il/, and 
tangent planes to the two developables described by the norma 
S along C and C 1 are the planes MNT and MNT 1 , respectively. T 
three planes are perpendicular by pairs, which shows that the sy 
is triply orthogonal. 

An infinite number of triply orthogonal systems can be dei 
from any one known triply orthogonal system by means of su 
sive inversions, since any inversion leaves all angles uncliar 
Since any surface whatever is a member of some triply orthos 
system, as we have just seen, it follows that an inversion carrie 
lines of curvature on any surface over into the lines of curvatu\ 
the transformed surface. It is easy to verify this fact directly. 

252. Applications to certain classes of surfaces. A large number of pro! 
have been discussed in which it is required to find all the surfaces whose 
of curvature have a preassigned geometrical property. We shall proce 
indicate some of the simpler results. 

First let us determine all those surfaces for which one system of lin 
curvature are circles. By Joachimsthal’s theorem, the plane of each c 
circles must cut the surface at a constant angle. Hence all the normals t 
surface along any circle C of the system must meet the axis of the circh 
the perpendicular to its plane at its center, at the same point 0. The s; 
through C about 0 as center is tangent to the surface all along C ; henc 
required surface must be the envelope of a one-parameter family of spl 
Conversely, any surface which is the envelope of a one-parameter fami 
spheres is a solution of the problem, for the characteristic curves, whic 
circles, evidently form one system of lines of curvature. 

Surfaces of revolution evidently belong to the preceding class. An 
interesting particular case is the so-called tubular surface , which is the env 
of a sphere of constant radius whose center describes an arbitrary curve r. 


- - — — 1 » ww lines m wine n the surface 

18 C r U t i y i ° dcvelo l laWe surfaces which may be formed from the normals to r 
If both systems of lines of curvature on a surface are circles, it is clear from 
the preceding argument that the surface may be thought of as the envelope of 
either of two one-parameter families of spheres. Let ,S 1 , 6' 2 , S a be any three 
spheres of the first family, C lt C 2 , C 3 the corresponding characteristic curves, 
md Mi , M -, , M a the three points in which C U C S , C s are cut by a line of curva- 
oire C of the other system. The sphere S' which is tangent to the surface along 
C is also tangent to the spheres S 1 ,S 2 ,S s at , M 2 , M 3 , respectively. Hence 
' he rc <iwed surface is the envelope of a family of spheres each of which touches 
hree fixed spheres. This surface is the well-known Lupin cyclide. Mannheim 
jave an elegant proof that any Lupin cyclide is the surface into which a certain 
tnchor ring is transformed by a certain inversion. Let 7 be the circle which 
s orthogonal to each of the three fixed spheres jSi, £ 2, £3. An inversion whose 
)ole is a point on the circumference of 7 carries that circle into a straight line 
W, an d carries the three spheres Si, S 2 , £3 into three spheres 2i, 2 2 , 2 8 
>rthogonal to 00', that is, the centers of the transformed spheres lie on 00'. 
j et Ci, C 2 , Cs be the intersections of these spheres with any plane through 
)0 7 , C' a circle tangent to each of the circles Ci, C' 2 , Cs, and 2' the sphere 
n which C ' is a great circle. It is clear that 2' remains tangent to each of the 
pheres X 1 , X 2 , S 3 as the whole figure is revolved about 00', and that the 
nvelope of S' is an anchor ring whose meridian is the circle C'. 

Let us now determine the surface for which all of the lines of curvature of 
ne system are plane curves whose planes are all parallel. Let us take the xy 
lane parallel to the planes in which these lines of curvature lie, and let 

x cos a + y sin a = F(a , z) 

3 the tangential equation of the section of the surface by a parallel to the xy 
lane, where F(a,*z) is a function of a and z which depends upon the surface 
nder consideration. The coordinates x and y of a point of the surface are 
ven by the preceding equation together with the equation 

dF 

— xsma + y coscr = 

da 


The formulae for x, y , z are 
dF 

(40) x=Fcosa sinrr, 

da 


dF 

y = Fsina -} cos a, 

da 


ny surface may be represented by equations of this form by choosing the 
notion F(a, z) properly. The only exceptions are the ruled surfaces whose 
recting plane is the xy plane. It is easy to show that the coefficients A, B, C 
the tangent plane may be taken to be 

A = cos a , # = sin<r, C = - 


dF . 

. J 

CZ 


nee the cosine of the angle between the normal and the z axis is 

- F r _(a, z) 


v = 


This is equivalent to Haying that /'h(‘H «) iiS iiwU*|Miiiiiniit. of a, i.o. that z) 
is oE Hits form 

F(a, z) <f,(z) ■!• M<i), 

wlii'-rts l, ho f auctions <f> and ^ arc. arbitrary. Substituting this value* in (lb), wo 
SCO that the most gen oral solution ol' ihn problem is given by the equations 

) x “ ^(a)cosfr - ^'(<r) Hin d- 0 ( 2 ) <m<r, 
y = \j/(( r) sin <r -1- ^'(<r) oostr T 0 ( 2 ) sin <r , 

These surfaces may be generated as follows. The first two of equations (17), 
for z constant and a variable, represent a family of parallel curves which are 
the projections on the xy piano of the sections of the surface by planes parallel 
to the xy plane. .But these curves arc all parallel to the. curve obtained by sid- 
ling (j){z) — 0. Hence the surfaces may he generated as follows : Takiny in Uic 
xy plane any curve whatever and its parallel curves, lift each of the curves verti- 
cally a distance yiven by some arbitrary law ; the curves in their new positions Jorm 
a surface which is the most yeneral solution of the problem. 

It is easy to see that the preceding construelion may he replaced by the 
following: The required surfaces are those described by any plane, earn whose 
plane rolls without slippiny on a cylinder of any base. By analogy with plane 
curves, those surfaces may he called rolled surfaces or roulettes. This fact may 
he vended by examining the piano curves <r =~ const. The two families of lines 
of curvature are the piano curves z = const, and tr -- const. 

IV. FAMILIES OF STRAIGHT LINKS 

The equations of a straight line in space contain four variable 
parameters. Hence we may consider one-, two-, or three-parameter 
families of straight lines, according to the number of given relations 
between the four parameters. A one-parameter family of straight 
lines form a ruled surface. A two-parameter family of straight 
lines is called a line congruence, and, finally, a three-parameter 
family of straight lines is called a line complex, 

253. Ruled surfaces. Let the equations of a one-parameter family 
of straight lines (G) be given in the form 

(48) x = az + p , y == hz + q , 

where a, b , y?, q are functions of a single variable parameter u. Let 
us consider the variation in the position of the tangent plane to the 




uy ^ Oi;, one equation oi tlie 


ban gent plane at M is 


X- a Y-y 
a b 

a'z+p’ b'z + q 1 



= 0 ; 


where a', b\ p\ q' denote the derivatives of a, b, p, q with respect 
;o u. lieplacing x and y by az + p and bz + q, respectively, and 
simplifying, this equation becomes 


(49) ( Vz + <fi)(X - aZ -p) - (a'z +p')(Y- bZ - q) = 0. 

hi the first place, we see that this plane always passes through the 
generator G, which was evident a priori , and moreover, that the plane 
aims around G as the point of tangency M moves along G } at least 
mless tlie ratio {a ! z ArP*)/(b'z 4- q r ) is independent of z. i.e. unless 
v'q 1 — b'p’ — 0, — we shall discard this special case in what follows, 
since the preceding ratio is linear in z, every plane through a gen- 
irator is tangent to the surface at one and only one point. As the 
joint of tangency recedes indefinitely along the generator in either 
Lirection the tangent plane P approaches a limiting position P\ 
vhich we shall call the tangent plane at the point at infinity on that 
generator. The equation of this limiting plane P 1 is 

(50) V(X - aZ -p) - a\Y -bZ-q) = 0. 

jet o) be the angle between this plane P' and the tangent plane P at 
, point M (x, y, z) of the generator. The direction cosines (eft ft, y 1 ) 
,nd (a, ft y) of the normals to P 1 and P are proportional to 

V , — a', a’b — ah' 

nd 

Vz + <i', - {a'z +x >') > K a ' z +!>') ~ a (P' s + ! J') > 


espectiyely; hence 

cos co = aa 1 + /3ft + yy f = 


A& + B 

~\/ A A z~ -j- 2Bz -{- 


rhere 


A = a' 2 4 -b' 2 4 -(aV-ba'y, 

B = a'p 1 4 -Vq' + («&' ~ ba’)(aq r - bp 1 ), 
C — p' 2 4 -ft 2 4-( aq'-bpj 2 . 


a 


-F-f-m’ on oQoir Torlnp.tinn. we find, bv Lanranges identity (§ lol), 


( 52 ) 


II a'p 1 -|™ />'</' -{- (aft 1 • - fni.' )("(/* - hji r ) 

A a'" -J- b 1 " T ( (f b l * half 


The point O v is (willed tlic» central point of the generator, and Mu*, tan- 
gent plane J\ at (>i is (‘.ailed the centra! plane. The single 0 between 
the tangent plane / , sit any point M of the genera, tor ami this eentral 
plane 1\ is 7 r/2 — o>, and the formula (dl) nuiy be replaced hy the 
formula 

tan 0 ^ _/i (zjziO. « L*'! + h '* -I • K u ^( ;: • - ^ . 

Vd a — />’“ (jt't / 1 — ////) Vi -|- (fr' J -h ^ 

Let p be the distance between the central point o 1 and tin*, point M, 
taken with the sign + or the sign — according as the angle which 
O l M makes with the positive r: axis is acute or obtuse. Then we 
shall have p = (p — Vi + + b' 1 , and the preceding formula may 

be written in the form 

(53) tan 0 = kp, 


where k, which is called the parameter of distribution , is defined by 
the equation 


(54) 


a' 2 + 5 ,a + (ah' - bx'f 
(a' <f — 6'y/)(l -}■- rr + /r) 


The formula (53) expresses in very simple form the manner in which 
the tangent plane turns about the generator. It contains no quantity 
which does not have a geometrical meaning : we shall see presently 
that k may be defined geometrically. However, there remains a cer- 
tain ambiguity in the formula (53), for it is not immediately evident 
in which sense the angle 0 should be counted. In other words, it is 
not clear, cl priori, in which direction the tangent plane turns around 
the generator as the point moves along the generator. The sense of 
this rotation may be determined by the sign of k. 

In order to see the matter clearly, imagine an observer lying on a 
generator G. As the point of tan gen cy M moves from his feet toward 
his head lie will see the tangent plane P turn either from his left 
to his right or vim versa. A little reflection will show that the 
sense of rotation defined in this way remains unchanged if the 
observer turns around so that his head and feet eliaiuro nlaees. 



give a clear idea of tlie two possible situations. Let us now move 
10 axes m such a way that the new origin is at the central point <X 
the new 0 axis is the generator G itself, and the plane is the cen- 
i a p ane 1 1 . It is evident that the value of the parameter of dis- 
" ,lltlon le niams unchanged during this movement of the axes 
and that the formula (53) takes the form 


(^')- tan 0 = 7cg, 

ivliere Q denotes the angle between the plane P x and the tangent 
ilano P, counted in a convenient sense. For the value of « 0 which 
iorresponds to the z axis we must have a = b = p = q — o, and the 
equation of the tangent plane at any point M of that axis becomes 


(b'z + q')X-(a'z+p')Y^O. 

n order that the origin be the central point and the x» plane the 
ential plane, we must have also a 1 = 0, q ] = 0 ; hence the equation 
f the tangent plane reduces to 7 = (b l z/p l )X, and the formula (54) 
ives Jc — — b'/p\ It follows that the angle 0 in (53') should he 
ounted positive in the sense from Oy toward Ox. If the orient*- 
on of the axes is that adopted in § 22 8, an observer lying in the 
axis will see the tangent plane turn from his left toward his right 
k is positive, or from his right toward his left if k is negative. 
The locus of the central points of the generators of a ruled surface 
called the line of stviction. The equations of this curve in terms 
• parameter u are precisely the equations (48) and (52). 


Note. If a f q l = b f p f for a generator G, the tangent plane is the 
me at any point of that generator. If this relation is satisfied 
r every generator, i.e. for all values of u, the ruled surface is a 
velopable surface (§ 223), and the results previously obtained can 
easily verified. For if a' and V do not vanish simultaneously, 
3 tangent plane is the same at all points of any generator <7, 
d becomes indeterminate for the point z = — p'/a' = ~q'/b', i.e. 

* the point where the generator touches its envelope. It is easy 
show that this value for z is the same as that given by (52) when 
r f — b'p'. It follows that the line of striction becomes the edge 
regression on a developable surface. The parameter of distribution 


responding to the values u and u -f h of the parameter, respectively, 
and let G 1 be given by the equations 

(55) x = (a + Art)# + y; + Ay?, V = Q> + Aft)# + £ + Ay. 

Let § be the shortest distance between the two lines G and G l} a the 
angle between G and G 1} and (A', Y , #) the point where G meets the 
common perpendicular. Then, by well-known formula) of Analytic 
Geometry, we shall have 

Art Ay + Aft A p + (a A ft — ft Aa)r(rt -f Art) Ay — (ft + Aft) kv~] 

2 ~ ' (Am.)“ + {Mjf + (aHJb-bK^f ’ 

_ Art Ay — A ft Ay; 

V (Art) 2 H- (Aft) 2 + (a Aft — ft Art) 2 

V (Aa) 2 H- (Aft) 2 + (rt Aft — ft Art) 2 

Sin CT = 7 -tz ± —- :.A= r :-- ----- • 

Vrt 2 + ft 2 + 1 V(rt + Aft) 2 + (ft + Aft) 2 + 1 

As h approaches zero, Z approaches the quantity z x defined by (52), 
and (sin a) /S approaches k . Hence the central point is the limiting 
position of the foot of the common perpendicular to G and G 1} while 
the parameter of distribution is the limit of the ratio (sin a) /S. 

In the expression for 8 let us replace A a, Aft, Ay;, Ay by their 
expansions in powers of h: 

j h 2 

Art = ha 1 + a " H 

and the similar expansions for A ft, Ay?, Ay. Then the numerator of 
the expression for 8 becomes 

7,3 

Art Ay — Aft Ay? = /^ 2 (rt f y' — ft f y?') + — (rt"y r + a/y" — ft"y?' — ft'y;") H , 

while the denominator is always of the first order with respect 
to h. It is evident that 8 is in general an infinitesimal of the first 
order with respect to 7i, except for developable surfaces, for which 
rt'y' = ft'y?', But the coefficient of h*/2 is the derivative of a 1 q ! — ft'y;'; 
hence this coefficient also vanishes for a developable, and the shortest 
distance between two neighboring generators is of the third order 
(§ 230). This remark is due to Bouquet, who also showed that if 
this distance is constantly of the fourth order, it must be precisely 


255. Congruences. Focal surface of a congruence. Every two-parameter 
family of straight lines 


(56) x = az+p, y = bz + q, 

where a, b, p, q depend on two parameters a and f3, is called a line 
congruence. Through any point in space there pass, in general, a 
certain number of lines of the congruence, for the two equations (56) 
determine a certain number of definite sets of values of a and ft when 
x , y, and z are given definite values. If any relation between a and p 
be assumed, the equations (56) will represent a ruled surface, which 
is not usually developable. In order that the surface be developable, 
we must have 

da dq — db dp — 0, 


or, replacing da by (da ( da) da + (da/dp) d/3, etc., 


(57) 


da _ , da __ 


d i da + d 4 d(i 


db 




dp , .dp jo 

Y* dx + rpP 



This is a quadratic equation in dp /da. 
ally obtain two distinct solutions, 


(58) 




dp 

da 


Solving it, we should usu- 

= f 2 (a,p), 


either of which defines a developable surface. Under very gen- 
eral limitations, which we shall state precisely a little later and 
which we shall just now suppose fulfilled, each of these equations 
is" satisfied by an infinite number of functions of a ) and each of them 
has one and only one solution which assumes a given value p Q when 
a — a 0 . It follows that every straight line G of the congruence 
belongs to two developable surfaces, all of whose generators are 
members of the congruence. Let T and r' be the edges of regression 
of these two developables, and A and A' the points where G touches 
T and T', respectively. The two points A and A f are called the focal 
points of the generator G . They may be found as follows without 
integrating the equation (57). The ordinate z of one of these points 
must satisfy both of the equations 
z da 4- dr? = 0 , 


z db 4- d q = 0 , 



I / 



0(3 


Eliminating - between these two equations, we find again tins equa- 
tion (57). 'But if we eliminate dfi/da we obtain an equation oi' the 
second degree 


( 59 ) 


da ^ dp 
dn: da 


\<>, 8 Oft) 


da <)p\ 
oft oft) 


fib 
On r 



- 0 , 


whose two solutions are the values of :: for the foetal points. 

The locus of the focal points A and A 1 consists of two nappes 
2 and S' of a surface whose equations a, re given in parameter form 
by the formula) (50) and (5b). These two nappes arc not in general 
two distinct surfaces, but constitute two portions of the same ana- 
lytic surface. The whole surface is called the focal- surface,. It is 
evident that the focal surface is also the locus of the edges of regres- 
sion of the developable surfaces which can he funned from the lilies 
of the congruence. For by the very definition of the curve T the 
tangent at any point a is a lino of the congruence ; hence a is a 
focal point for that line of the congruence. Every straight line 
of the congruence is tangent to each of the nappes 2 and 2', for it 
is tangent to each of two curves which lie on these two nappes, 
respectively. 

By an argument precisely similar to that of § 217 it is easy to 
determine the tangent planes at A and A 1 to 2 and 2' (Fig. 51). 
As the line G moves, remaining tangent to F, for example, it also 
remains tangent to the surface 2'. Its point of tangency A' will 
describe a curve y’ which is necessarily distinct from F f . Hence 
the developable described by G during this motion is tangent to 2' 
at A 1 , since the tangent planes to the two surfaces both contain the 
line G and the tangent line to f. It follows that the tangent plane 
to 2' at A ' is precisely the osculating plane of f at A. Likewise, 
the tangent plane to 2 at A is the osculating plane of V at A'. 
These two planes are called tlie focal jdanes of the generator G. 

It may happen that one of the nappes of the focal surface degen- 
erates into a curve C. In that case the straight lines of the con- 
gruence are all tangent to 2, and merely meet C. One of the 


v/ij. v^/ . o_x uv-MJijL ui uiivj ilciJJJJCO KJ1. 1/1J.C lUUiU SlUlcUJc 

‘generate into curves C and C\ the two families of developables 
insist of the cones through one of the curves whose vertices lie 
l the other. If both the curves C and C' are straight lines, the 
ngruence is called a linear congruence . 


256. Congruence of normals. The normals to any surface evidently 
nn a congruence, but the converse is not true: there exists no 
rfacc, in general, which is normal to every line of a given con- 
■lienee. For, if we consider the congruence formed % the normals 
a given surface $, the two nappes of the focal surface are evidently 
e two nappes S and 2' of the evolute of S (§ 247), and we have seen 
at the two tangent planes at the points A and A' where the same 
irinal touches 2 and S' stand at right angles. This is a character- 
tic property of a congruence of normals, as we shall see by trying 
find the condition that the straight line (56) should always remain 
>rinal to the surface. The necessary and sufficient condition that it 
i ou Id is that there exist a function /(a, ft) such that the surface S 
presented by the equations 
(60) x = az+p, y = bz + q, 

normal to each of the lines ( G ). It follows that we must have 


dx 

a ^ +b d^ + fo 


0, 


dx J_ /. dy 4- - 0 

a dp + w ’ 


, replacing x and y by az +p and bz + g, respectively, and divid- 


g by V a 2 + V 1 + 

(x Va 2 + 6 2 + l) + , = ■-■ = = °> 


(61) 


d_ 

fa’ 


Va 2 + i 2 + 1 


3 

dfi 


<>p , i. $<1 
a^rr + 07- 


, 3/3 dp 


be necessary and 
itible is 


sufficient condition that these equations be com- 

o \ / 3/w \ 


/ a. 


surfaces. 

In order to find the geometrical meaning of the condition (62), it 
should be noticed that that condition, by its very nature, is inde- 
pendent of the choice of axes and of the choice of the independent 
variables. We may therefore choose the z axis as a line of the con- 
gruence, and the parameters a and /3 as the coordinates of the point 
where a line of the congruence pierces the xy plane. Then we shall 
have p = a, q = ft, and a and b given functions of and j3 which van- 
ish for a — (3 = 0. It follows that the condition of integrability, for 
the set of values ce = /5 = 0, reduces to the equation da/d/3 = db/da . 
On the other hand, the equation (57) takes the form 


da (da db\ _ 3b 7 9 

a3 d P+[sZ- ™) da da = °> 


d(l 


\da d(3 t 


which is the equation for determining the lines of intersection of 
the xy plane with the developables of the congruence after a and 
/3 have been replaced by x and ?/, respectively. The condition 
da/d/3 = ob/da , for a — (3 = 0, means that the two curves of this 
kind which pass through the origin intersect at right angles j that 
is, the tangent planes to the two developable surfaces of the congru- 
ence which pass through the z axis stand at right angles. Since the 
line taken as the z axis was any line of the congruence, we may state 
the following important theorem: 

The necessary and sufficient condition that the straight lines of a 
given congruence be the normals of some surface is that the focal jolanes 
through every line of the congruence should be perpendicular to each 
other . 


Note. If the parameters a and /3 be chosen as the cosines of the angles which 
the line makes with the x and y axes, respectively, we shall have 


b — — ^ — ■ • » Vh a 2 b~ — — : - — ■ - 1 

V 1 — a 2 — (3 2 Vl — a 2 — (3‘ 2 


Vl — tr' 2 — |Q 2 

and the equations (61) become 

(JL( * L\ +a *P + 

J ccx \Vl— cc 2 - p 2 J da 


( 63 ) 


^=0, 

da 


+ B^ = 0. 


fir 


where F(a, p) can be found by a single quadrature. It follows that z is the 
solution of the total differential equation 



/ d*F , _ a 2 ^\ . / 52^ 

( a — - + 8 ) da - ( a 

\ da 2 dadpj ^ dadp 


+ (3 



dp, 


whence 

«=Vl- a a -/3*('o + F- a — -j8— ' 1, 

V 8a 0/3 / 

where C is an arbitrary constant. 


257. Theorem of Malus. If rays of light from a point source are reflected (or 
refracted) by any surface, the reflected (or refracted) rays are the normals to 
each of a family of parallel surfaces. This theorem, which is due to Malus, has 
been extended by Cauchy, Dupin, Gergonne, and Quetelet to the case of any 
number of successive reflections or refractions, and we may state the following 
more general theorem : 

If a family of rays of light are normal to some surface at any time, they retain 
that property after any number of reflections and refractions. 

Since a reflection may be regarded as a refraction of index -1, it is evidently 
sufficient to prove the theorem for a single refraction. Let S be a surface nor- 
mal to the unrefracted rays, mM an incident ray which meets the surface of 
separation S at a point M, and MR the refracted ray. .By Descartes’ law, the 
incident ray, the refracted ray, and the normal MN lie in a plane, and the 
angles i and r (Fig. 52) satisfy the relation 
n sin i = sin r. For definiteness we shall sup- 
pose, as in the figure, that n is less than 
unity. Let l denote the distance Mm, and 
let us lay off on the refracted ray extended 
a length V = Mm' equal to k times l , where 
k is a constant factor which we shall deter- 
mine presently. The point m' describes a 
surface S'. We shall proceed to show that 
k may be chosen in such a way that Mm' is 
normal to S'. Let C be any curve on S. 

As the point m describes G the point M 
describes a curve T on the surface 2, and Fia 

the corresponding point m' describes another 

curve C' on S'. Let s, <r, s' be the lengths of the arcs of the three curves C , V, 
C' measured from corresponding fixed points on those curves, respectively, 
W the angle which the tangent MT\ to T malces with the tangent MT to the 
normal section by the normal plane through the incident ray, and 4> and <jf/the 
angles which MT^ makes with Mm and Mm', respectively. In order to find 



cos <•/> = sin i cos w , cm )s tf/ sin r cos w . 

Applying the formula (10') of § 82 for the differential of a segment, to the seg- 
ments Mm and il/m', we line! 

dl “ — d(T cos w sin i , 

dl' = — d(r cos u) sin r — d, s' cos 0 , 


where 0 denotes the angle between m'M. and the tangent to O', 
dl ' by k dl , wo find 

cos (o d<r(/c Hin i — sin r) r- ds' cos 0 , 

or, assuming k = n, 


ds' cos 0 == 0 . 


Hence, replacing 


It follows that Mm' is normal to C', and, since O' is any curve whatever on 
S', Mm' is also normal to the surface S', This surface S' is called the anti- 
caustic surface, or the secondary caustic . It is clear that S' is the envelope of 
the spheres described about M as center with a radius equal to n times Mm; 
hence we may state the following theorem : 

Let us consider the surface S which is normal to the incident rays as the envelope 
of a family of spheres whose coders lie on the surface of separation 2. Then the 
anticaustic for the refracted rays is the envelope of a family of spheres with the 
same centers , whose radii are to the radii of the corresponding spheres of the first 
family as unity is to the index of refraction. 

This envelope is composed of two nappes which correspond, respectively, 
to indices of refraction which arc numerically equal and opposite in sign. In 
general these two nappes are portions of tho same inseparable analytic surface. 


258. Complexes. A line complex consists of all tho lines of a three-parameter 
family. Let tho equations of a lino be given in the form 

(04) x = az -J- p , y = hz -f q . 

Any line complex may be defined by means of a relation between a, b, p , q of 
the form 

(05) F(a, b,2),q) = 0 ‘, 

and conversely. If F is a polynomial in a, b, p, q, tho complex is called an 
algebraic complex. The lines of the complex through any point (xo, Voi Zo) form 
a cone whose vertex is at that point ; its equation may bo found by eliminating 
a , b, p,q between the equations (04), (05), and 

(GO) x 0 = az 0 + p , 2/o = bz 0 + q . 

Hence the equation of this ccme of the complex is 

'x~Xo y-y o Voz - yzf\ _ 

, , , 1 = 0 . 

z-z 0 / 


(67) 


s z — Zo z — Zo 


z~z 0 


of the curve of the complex. For, if we wish to find the number of lines of 
nmplex which pass through any given point A and which lie in a plane P 
igh that point, we may either count the number of generators in which P 
,he cone of the complex whose vertex is at^L, or we may count the number 
lgents which can be drawn from A to the curve of the complex which lies 
a plane P. As the number must be the same in either case, the theorem is 
id. 

the cone of the complex is always a plane, the complex is said to be linear , 
lie equation (06) is of the form 


3) Aa 4" Bb -j - tJp 4 * Fg 4 - E(ag bp ) 4 ~ F = : 0 . 

the locus of all the lines of the complex through any given point (x 0} yo , z 0 ) 
j plane whose equation is 


A (x - xq) 4- B(y - y 0 ) 4- C(x 0 z - z Q x) 

4- D(yoZ - z 0 y) -f E(y 0 x - x 0 y) 4- F{z - z 0 ) = 0. 


curve of the complex, since it must be of class unity, degenerates into a 
,, that is, all the lines of the complex which lie in a plane pass through a 
3 point of that plane, which is called the pole or the focus. A linear coin- 
therefore establishes a correspondence between the points and the planes 
ace, such that any point in space corresponds to a plane through that point, 
any plane to a point in that plane. A correspondence is also established 
1£ r the straight lines in space. Let F be a straight line which does not 
i g to the complex, F and F' the foci of any two planes through X>, and A 
ne FF'. Every plane through A has its focus at its point of intersection <p 
the line D, since each of the lines (pF and <pF' evidently belongs to the 
ilex. It follows that every line which meets both F and A belongs to the 
>lex, and, finally, that the focus of any plane through I) is the point where 
plane meets A. The lines F and A are called conjugate lines; each of them 
3 locus of the foci of all planes through the other. 

the line F recedes to infinity, the planes through it become parallel,^ and 
dear that the foci of a set of parallel planes lie on a straight line. 'I here 
vs exists a plane such that the locus of the foci of the planes parallel to it 
rpendicnlar to that plane. If this particular line be taken as the z axis, 
ilane whose focus is any point on the z axis is parallel to the xy plane. 3y 
the necessary and sufficient condition that this should be the case is that 
B — C = F = 0, and the equation of the complex takes the simple form 


) aq — bp + E = 0 • 

lane whose focus is at the point (x, y , z) is given by the equation 

) Xy-Tx + X{Z-z) = 0, 

t X, T, Z are the running coordinates, 
an example let ns determine the curves whose tangents belong to the 
1 n r*n TVP whose coordinates x, y , z are known 


complex is that it should lie in the plane (71) whose focus is the point (x, y, z ), 
that is, that we should have 

(72) xdy — y dx — Kdz. 

We saw in §218 how to find all possible sets of functions x, y, z of a single 
parameter which satisfy such a relation ; hence we are in a position to find 
the required curves. 

The results of § 218 may be stated in the language of line complexes. For 
example, differentiating the equation (72) we find 

(73) xdry - yd 2 x — Kd 2 z, 

and the equations (72) and (73) show that the osculating plane at the point 
(x, 2/, 2 ) is precisely the tangent plane (71) ; hence we may state the following 
theorem : 

If all the tangents to a shew curve belong to a linear line complex, the osculating 
plane at any point of that curve is the plane whose focus is at that point ' 

(ApruLL.) 

Suppose that we wished to draw the osculating planes from any point 0 in 
space to a skew curve r whose tangents all belong to a linear line complex. Let 
M be the point of contact of one of these planes. By Appell’s theorem, the 
straight line MO belongs to the complex ; hence M lies in the plane whose focus 
is the point 0. Conversely, if the point M of F lies in that plane, the straight 
line MO, which belongs to the complex, lies in the osculating plane at If ; hence 
that osculating plane passes through 0. It follows that the required points are 
the intersections of the curve with the plane whose focus is the point 0 (see 
§ 218). 

Linear line complexes occur in many geometrical and mechanical applica- 
tions. The reader is referred, for example, to the theses of Appell and Picard.* 


EXERCISES 

1. Find the lines of curvature of the developable surface which is the 
envelope of the family of plan; s defined in rectangular coordinates by the 
equation 

z = exx + y<p(tx) + R Vl + a 2 <p 2 (a) , 

where a is a variable parameter, <p(a) an arbitrary function of that parameter, 
and R a given constant. 

[Licence, Paris, August, 1871.] 

2. Find the conditions that the lines x = az + a, y = bz + /3, where a, 5, a, (3 
are functions of a variable parameter, should form a developable surface for 
which all of the system of lines of curvature perpendicular to the generators lie 
on a system of concentric spheres. 



4. Consider the ellipsoid of three unequal axes defined by the equation 


x 2 y 2 z 2 
_ + L. + _ 

a 2 V 2 c 2 


0 , 


and the elliptical section E in the xz plane. Find, at each point M of E : 1) the 
values of the principal radii of curvature R\ and R 2 of the ellipsoid, 2) the rela- 
tion between Ri and R 2 , 3) the loci of the centers of curvature of the principal 
sections as the point M describes the ellipse E . 

[Licence, Paris, November, 1877.] 

5. Derive the equation of the second degree for the principal radii of curva- 
ture at any point of the paraboloid defined by the equation 


Also express, in terms of the variable z , each of the principal radii of curva- 
ture at any point on the line of intersection of the preceding paraboloid and the 
paraboloid defined by the equation 


x 2 y 2 

6-X 


= 2z — X. 

[Licence, Paris, November, 1880.] 


6. Find the loci of the centers of curvature of the principal sections of the 
paraboloid defined by the equation xy = az as the point of the surface describes 
the x axis. 

[Licence, Paris, July, 1883.] 


7. Find the equation of the surface which is the locus of the centers of cur- 
vature of all the plane sections of a given surface S by planes which all pass 
through the same point M of the surface. 

8. Let MT be any tangent line at a point M of a given quadric surface, 0 the 
center of curvature of the section of the surface by any plane through MT, 
and O' the center of curvature of the evolute of that plane section. Find the 
locus of O' as the secant plane revolves about MT. 

[Licence, Clermont, July, 1883.] 


9. Find the asymptotic lines on the anchor ring formed by revolving a circle 


about one of its tangents. 


[Licence, Paris, November, 1882.] 


10. Let C be a given curve in the xz plane in a system of rectangular coordi- 
nates. A surface is described by a circle whose plane remains parallel to the 
xy plane and whose center describes the curve C , while the radius varies in such 
a way that the circle always meets the z axis. Derive the differential equation 


the point makes with the trace oi the plane ot the circle on the xz plane. 

Apply the result to the particular case where the curve C is a parabola 
whose vertex is at the origin and whose axis is the x axis. 

[Licence, Paris, July, 1880.] 

11. Determine the asymptotic lines on a ruled surface which is tangent to 
another ruled surface at every point of a generator A of the second surface, 
every generator of the first surface meeting A at some point. 

12. Determine the curves on a rectilinear helicoid whose osculating plane 
always contains the normal to the surface. 

[Licence, Paris, July, 1876.] 

13. Find the asymptotic lines on the ruled surface defined by the equations 

x = (1 + u) cos v , y = (1 — u) sin u , z = u. 

[Licence, Nancy, November, 1900.] 

14*. The sections of a surface S by planes through a straight line A and the 
curves of contact of the cones circumscribed about S with their vertices on A 
form a conjugate network on the surface. 

[Koenigs.] 

15*. As a rigid straight line moves in such a way that three fixed points 
upon it always remain in three mutually perpendicular planes, the straight line 
always remains normal to a family of parallel surfaces. One of the family of 
surfaces is the locus of the middle point of the segment of the given line bounded 
by the point where the line meets one of the coordinate planes and by the foot 
of the perpendicular let fall upon the line from the origin of coordinates. 

[Darboux, Comptes rendus , Vol. XCII, p. 446, 1881.] 

16*. On any surface one imaginary line of curvature is the locus of the points 
for which the equation 1 -1- p 2 4* q 2 = 0 is satisfied. 

[In order to prove this, put the differential equation of the lines of curvature 
in the form 

(dp dy — dq dx)( 1 + p 2 + q 2 ) -f (pdy - q dx)(p dp + q dq) = 0.] 

[Darboux, Annales de VlZcole normale , 1864.] 
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Amsleri 201, 102. 

Amsler’s planimeter : 201, 102. 

Analytic extension : 385, 180. 

Analytic functions, curves, etc.: see 
Functions, Curves, etc. 

Anomaly, eccentric: 248, ex. 19; 406 , 
189. 

Apsidal surfaces : see Surfaces. 

Appell : 538, 258. 

Appell’s theorem : 538, 258. 

Approximate evaluation: see Evalua- 
tion. 

Archimedes : 134, 04. 

Arcsine, series for : 383, 179. 

Arctangent, series for: 382, 179. 

Area, of a curve: 135 , 64; 158 , 7G; 
see also Quadrature; of a closed 
curve: 187, 94; see also Integral 
Pdx + Qdy; of a surface : 264 , — ; 
272, 131 ; in oblique coordinates : 
191 , 95; in polar coordinates: 189, 
95. 


Assemblages : 140, 08. 

Asymptotic lines : 506, 242. 
Asymptotic value of V : 291 , 141. 
Average value theorem: see Law of 
the mean. 

Balitrand : 405, ex. 11. 

Beltrami : 87, ex. 21. 

Bernoulli , _D.: 411, 195. 

Bertrand : 63, 32 ; SO, ftn. ; 133, ex. 10 ; 

201, 101; 484 , 232; 485, 233. 
Bertrand’s curves : 485, 233. 

Bilinear covariants : see Covariants. 
Binomial differentials: 247, ex. 8. 
Binomial theorem : 104, 50 ; 383, 179; 

391, 182 ; 474 , 228. 

Bonnet : 414) 196. 

Bouquet : 4S0 , 230. 

Borda’s series : 133 , ex. 11. 

Bruno, Faa de : 34, ex. 19. 

Calculus of variations: see Variations, 
Cardioid, length: 154 > 80. 

Catalan : 262, ftn.; 294, ex. 9. 
Catenary: 220, 107; 292, ex. 1; 440, 
208. 

Cauchy : 7, 0; 29, 18; 91, 44; 106, 50; 

. 183, 91; 288, 140 ; 328, 150; 331, 
15t; 332 , 159; 335, 160; 347 , 165; 
352, 108; 359, 172; 378, ftn.; 391, 
182; 400, 187; 495, ex. 9 ; 535, 257. 
Cauchy’s test (series constant terms) : 
332 , 159; theorem (series constant 
terms) : 335 , 161 ; theorem (integral 
convergence test): 359, 172. 

Caustics : 432, 204‘; 536, 257. 



312, 150; triple integrals: 300, 145. 

Characteristic curve: 450, 210. 

C basics : 100, 83. 

Chasles’ theorem: 100, 83. 

Center of curvature : .sec Curvature. 

Cesarb: 40 <5, exs. 10 and 11. 

Complexes (algebraic, linear, cone of, 
etc.): 530, 258. 

Complex variable : 375, 

Conditional convergence: see Con- 
vergence. 

Congruences, line : 531, 255 ; linear : 
533, 255; of normals: 533, 250. 

Conies (as unieursal curves) : 315, 105 ; 
323, 108. 

Conjugate curves: 405, ex. 8; lines: 
511, 245; tangents: see Tangents. 

Conoid : 500, 243. 

Contact (of plane curves): 443, 211; 
(of skew curves): 480, 234; (of 
curves and surfaces) : 400, 230. 

Contact transformations: sec Trans- 
formations. 

Continuity (definition) : 3, 3 ; 13, 10 ; 
uniform : 144 , 70 ; 251, 120. 

Continuous functions : see Functions. 

Contour lines : 202, 126. 

Convergence : 327, 150 ; 350, 167; 354, 
109; 350, 171; see also Infinite series, 
Integrals, etc. ; absolute : 344, 104 ; 
351, 107 ; 355, 109; conditional: 347, 
105; interval of: 375, 177; of inte- 
grals: 300, 175; uniform: 56*7,174. 

Convex surfaces : 500, 239. 

Coordinates, elliptic: 2GS, 129; 307, 
147; orthogonal: see Orthogonal 
systems ; polar : 31, ex. 1 ; 00, 34 ; 
74, 38 ; 2GS, 129. 

Corner (of a curve) : G, 5. 

Cotes : 100, 100. 

Covariants, bilinear : 87, ex. 20. 

Cubic curves (unieursal) : 222, 108. 

Cubic forms : see Forms. 

Curvature, of a plane curve (center of) : 


(principal miters of) : /,.\ s’, 01 ; 50 1, 
240; (principal radii of): 138, 01; 
501, 210; 503, 21 1 ; 510, 210; lines 
of: 514, iM<>; 531, 250, 251. 

Curves, algebraic.: 331, 108; see also 
Functions, implicit; analytic: 407, 
102; 400, 103; deficiency of: 331, 
10H ; see also Curves, unieursal; 
plane: 5, 5; 03, 32 ; 03, 45 ; 4.07, 
102 ; 430, 201 IT. ; regular : 408, 102 ; 
skew: 5, 5; 51, 27; JfW, 193; 453, 
215 IT.; unieursal: 315, 105; 331, 
108. 

Curvilinear integrals: sec Integrals, 
line. 

Cusp: 113, 53; 400, 102. 

Cuspidal edge : sec Striction, line of. 

Cuts (for periodic function): 3 18, 153. 

(Jyclido (Dupiu’s): 534, ^52. 

Cycloid: 438, 207. 

D'Alembert: 131, 03; 301, 142; 333, 
150. 

D’Alembert’s test (series of constant 
terms): 333, 150; theorem: 131, 
03; 301, 142; see also Knots, exist- 
ence of. 

Darboux : 6, ftn.j 140, ftn.; 151, 7?; 
534, 251; 540, exs. 15 and 10. 

Darboux’s theorem : 151, 73. 

Deficiency: 231, 108; see also Inte- 
grals, Abelian, and Curves, unieursal. 

Definite integrals : see Integrals. 

J)c V Hospital : see L' Hospital, de. 

Density: 300, 143. 

Derivatives, definition of : 5, 5 ; 13, 11 ; 
1.7, 13 ; extensions of definition of : 
17, 13; 205, 127; of implicit func- 
tions : 38, 21 ; 40, 23 ; 42, 24 ; rules 
for: 15, 11. 

Descartes’ folium: 24O, ex. 2. 

Determinants, functional: see Func- 
tional determinants. 

Developable surfaces : sec Surfaces. 


Differential equations : see Equations; 
invariants : see Invariants; notation : 
W, Hff. ; parameters: 81, 43; S7 , 
ex. 21 ; 5W, 244. 

differentials, binomial: see Binomial 
differentials; definition of: 10, 14; 
higher orders: 20, 14; total: 22, 
15; 3 IS, 151 if. ; see also Integrals, 
line, and Integral Fdx -f Qdy. 
lii’furentiation, order immaterial : 13, 
11; of integrals: 154, 76; 102, 97; 
104, 97; 36S, 175 ; 370, 175; of line 
integrals: 104, 97; of series: 3G4 , 
174; 3 SO, 179 ; 405, 189. 

>irectiou cosines : 164, 81. 
direct path (for periodic functions): 
310, 153. 

Hrichlet : 250, 124 ; 308, 148 ; 347, 
165; 414, 190. 

Iriclilet’s integrals : SOS, 148 ; condi- 
tions : 414, 195. 
iscontinuity : 4, 4 ; G, ftn. 
iscontinuous functions: see Func- 
tions. 

ivision of series: 302, 183. 
ominant functions : see Functions, 
ouble integrals : see Integrals, double, 
ouble points, of a curve: 112, 53; 
221, 108; of involutions; 232, 112; 
of unicursal curves : 222 , 108. 
mble power series : see Power series, 
double. 

>uble series: 853, 109; 367 , 174; 
3SS , 182; see also Infinite series 
md Substitution of series. 
ihamel: 135, ftn. ; 151, ftn.; 340, 
108 . 

ihamel’ s test (series of constant 
■erms) : 840, 163. 

pin : 521, 251 ; 524 , 252 ; 535, 257. 
pin’s cyclide : 524, 252; theorem: 
v21, 251. 

lentric anomaly : see Anomaly. 

?e, cuspidal : .see Striction, line of ; 


• 248, ex. 19; length of: 234, 112; 
366, 174. 

Ellipsoid, area of : 294 , ex. 9; volume 
of : 285, 137. 

Elliptic coordinates : see Coordinates ; 
functions : see Functions ; integrals : 
see Integrals ; points : 500 , 239. 
Envelopes (of plane curves) : 42G, 201 ; 
(of skew curves) : 465, 223 ; (of sur- 
faces) : 459, 219. 

Epicycloid : 452, ex. 7. 

Equations, differential (developable 
surfaces, asymptotic lines, etc.) : see 
Surfaces, developable ; Asymptotic 
lines, etc. 

Equations, total differential: see Dif- 
ferentials, total. 

Equations, partial differential (classi- 
fication) : 73, 38 ; (Laplace’s) : SO, 
43 ; (reduction of) : 72, 38. 

Equations, intrinsic (of a curve) : 441, 
210; reciprocal : 234 , 118; solutions 
of: see Roots and D’Alembert’s 
theorem ; tangential (of a curve) : 
207, ex. 21. 

Error, limit of: see Remainder and 
Evaluation. 

Euler : 1S4, 92; 236, 113: 246, ex. 4; 

280, 134 ; 41% 105; 501, 240. 

Euler’s constant: 103, 49; integrals: 
184, 92 ; 280, 134; see also Function 
T ; theorem (surfaces) : 501, 240. 
Evaluation, approximate (of definite 
integrals): 197, 99; 109, 100; 201, 
101 ; 207, ex. 24 ; see also Pla- 
niineter ; (factorials) : 201, 141 ; 

(logT): 201, 141. 

Evaluation of integrals : 287, 140 ; 
254, 123 ; 297, 143 ; 311 , 150 ; 373, 
176. 

Evolute: 432, 204; 436, 206; 4S0, 
231 ; 516, 247. 

Existence of roots: sec Roots and 
Functions, implicit. 

Exponential, series for : 100, 48. 


253 ff. 

Fermat: 137 , 00. 

Finite functions : see Functions. 

Focal planes : 532, 255 ; points : 531 , 
255 ; surface : 531 , 255. 

Forms, binary cubic : GO, 30 ; in- 
determinate : see Indeterminate 
forms. 

'Formulae of reduction : see Reduction 
formulae. 

Fourier : 413, 107. 

Fourier’s series: 41S, 197 ff . ; see also 
Trigonometric series. 

Franklin : 257, 123. 

Frenet : J f 77, 220. 

Frenet’s formula} : 477, 229. 

Fresnel: SO, ex. 17. 

Fresnel’s wave surface : SO, ex. 17. 

Functional determinants : 43, 25 ; 52, 
28 ; 5S, 29 ; 265, 127 ; 304, 140. 

Functions, analytic : 407, 191 ff. ; 

B (p, q ) : 270, 134; continuous : 143, 
70; 200, ftn. ; 250, 120; 362, 173; 
37S, 178 ; 422, 199 ; see also Con- 
tinuity ; discontinuous : 4 3 161, 

79 ; 105, 98 ; 205, exs. 0 and 7 ; 
defined by integrals: 102, 97; 105, 
98; 221, 108; dominant: 386, 181; 
396, 180; elliptic: 233, 112; expo- 
nential : see Exponential ; T (o] : 183, 
92; 279, 134; 290, 141; SOS, 148;' 
313, 150; homogeneous : 20, 18; 
hyperbolic: 219, 100; implicit: 35, 
20 ; 45, 25 ; 399, 187 ; integrable : 
147, 72 ; 205, ex. 8 ; inverse : 41, 
23 ; 50, 20 ; 406, 190 ; logarithmic : 
see Logarithm ; monotonic ; 14s, 
72; periodic: 318, 153; primitive: 
see Primitive functions and Inte- 
grals; rational: 3, 3; 158, 77; 205, 
ex. 12 ; 208, 103 ; real variables : 2, 
2; 11, 10; (etc., see special titles); 
transcendental : 221, 108 ; 236, 114 ; 
422, 199 ; trigonometric : IOO, 48 ; 
220, 106; 23 6, 114; trigonometric 


Gamma function : see Function T(ct). 
Gauss: 100, 101; 201, 142; 344 , 103. 
Geometry of higher dimensions: see 
Higher dimensions. 

Gergonne: 535, 257. 

Goursat: 35, ftn.; 45, ftn.; 88, ex. 23. 
Graves: .166, 83. 

Graves’ theorem: 166, 83. 

Greatest limit : 328, 150 ; 335, 100 ; 

351, 107 ; 377, 177. 

Green : 262, 120; 288, 140; 309, 149; 

316, 152 ; 318 , 153. 

Green’s theorem : 288, 140 ; 300, 140 ; 
316, 152; 318, 153. 

ITadamanl : 378, ftn. 

JFalphen: 33, ex. 11; 86, ex. 18. 
Harmonic series : 103, 49; 347, 105. 
Haro’s series : 188, ex. 11. 

Helicoid : 500, 243 ; 510, 249. 

Helix: 482, 231; 483, 232. 
llermite : 07, 40 ; 171, 87; 205, ex. 12 ; 
236, ftn. 

Hessians : 58, 30. 

Higher dimensions : 310, 150. 

Highest common divisor: 211, 104. 
Hilbert : 171, 87. 

Hospital , de V : see L 1 Hospital, de. 
Ilouel : 219, 100. 

Hyperbola, area of : 218, 100. 
Hyperbolic functions : see Functions. 
Hyperbolic point : 500 , 239. 
Ilypocycloid : 242, 117; 452, ex. 7. 

Implicit functions : see Functions and 
D’Alembert’s theorem. 

Improper integrals : see Integrals. 
Incommensurable numbers : 142, ftn. ; 

171, 87; 249, ex. 21. 

Indefinite integrals : see Integrals. 
Independence of Path : 316, 152 ; see 
also Integral Pdx + Qdij; of sur- 
face ; 323, 155 ; see also Integrals, 
surface. 

Indeterminate forms :. 10 , 8 : 97. 47. 



Infinite limits : see Integrals, improper. 
Infinite series: 2, 1; 99, ftn.; 183 , 
91; 327, 15G ; alternating: IS 2, 
91 ; complex terms : 350, 167 £f. ; 
constant terms : 320, 157 ff. ; devel- 
opment in : 03, 4G ; OS, 48 ; 201, 101 ; 
375, 177; 404, 189; 4U, 195; 418, 
197; 423, 199; see also Taylor’s 
series, etc.; differentiation of : 364, 
174 ; 380, 179; 405, 189 ; division of : 
302, 183 ; dominant: see Functions, 
dominant ; Fourier’s : 41S, 197 ff. ; 
harmonic : 103, 49; 347, 1G5; of in- 
finite series : see Substitution of series 
and Double series; integration of: 
201, 101; 364, 174 ; 368, 174; Mc- 
Laurin’s: see McLaurin’s series; 
multiplication of: SSI, 158; 379 , 
178; iiositive terms: 2, 1; 329 , 
157 ff. ; reversion of : 407, 190 ; 
substitution of: see Substitution of 
. series; sum of: 99, ftn.; 329, 157; 
see also Convergence ; Taylor’s : see 
Taylor’s series; trigonometric : 4H, 
195 ff.; variable terms: 360, 173; 
see also Double series, etc. 
Infinitely small quantity : 19, 14 ; see 
also Infinitesimal. 

Infinitesimal: 19, 14; 150, 72; 252, 

120 . 

Integrable functions : see Functions. 
Integrals, Abelian : 215, 105; 221 , 108; 
226, 110; differentiation of : see Dif- 
ferentiation of integrals; definite: 
149, G8 ff. ; see also Evaluation of 
integrals; double: 250, 120 ff.; ellip- 
tic: 226, 110; 231, 112; 233, 112; 
246 , ex. G; functions defined by: 
see Functions ; hyperelliptie : 226, 
110; improper: 175, 89; 179, 90; 
183 , 01; 236, 140; 277, 133; 289, 
101; 359, 173 ; 369, 175; indefinite: 
154, 76 ; 208, 103 ff. ; see also Func- 
tions, primitive, and Evaluation of 
integrals; integration of: see Inte- 


theorein; logarithm: 245 , 118 ; mu 
tiple : 310, 160 ff. ; 358, 171; 36 ; 
174 ; Pdx + Qdy: 316, 152 ff. 
pseudo-elliptic : 234 , 113; 246, ex. £ 
247, ex. 7 ; surface : 2S0, 135 ff. ; 32;: 
155; triple: 296, 143; xdy -ydx 
ISO , 94; 191, 96; 206, ex. 14. 

Integraphs : 201, 102. 

Integration, of binomial differentials 
224, 109; of integrals: 256, 123 
mechanical: 201, 102; of series 
201, 101; 364, 174; 368, 174; sc 
also Integrals. 

Interpolation: 198 , 100. 

Interval : function defined in : 2, 2 ; 7 
5 ; of convergence : see Convergence 

Intrinsic equations : see Equations. 

Invariants : 59, 30 ; 70, 37. 

Inverse functions : see Functions. 

Inversion, of functions: see Func 
tions; transformation of: 66, 35 
69, 3G. 

Involutes : 432, 204; 436, 206; 480, 231 

Involutions: 231, 112; 234, 113 ; 24? 
ex. 7. 

Involutory transformations: 69, 36 
78, 41 ; 79, 42. 

Jacobi : 22, ftn.; 32, ex. 5; 40, ftn. 
68, ftn. 

Jacobians: see Functional determi 
nants. 

Jamet : 509, 243. 

Joachimsthal: 520, 250. 

Joaclii mstli al’s theorem : 520, 250. 

Jordan: 360, ftn. 

Kelvin, Lord : 85, ex. 10. 

Kepler : 4O6, 189. 

Kepler’s equation: 249 , ex. 19; 406 
189. 

Koenigs : 540, ex. 14. 

Lagrange : 5, 5 ; 7,6; 29, 18 ; 90, 44 
198, 100; 274, 131; 404, 189; 44& 


274, 131. 

Lame : 80, ftn. ; 55, 43; 565, ex. 10. 
Laplace: 73, 38; S4 , ex. 8; 189. 

Laplace’s equation : 75, 38. 

Laugel : 2^0, ftn. 

Law of the mean, for derivatives : 5, 
8; 25,11; 2d, ftn.; .95, 48; 255, 7G; 
£95, 127 ; for integrals (1st law) : 252, 
74 ; 253, 121 ; for integrals (2d law) : 
252,74; 205, ex. 13; generalizations: 
20, 8; .95, 48; 265, 127. 

Lebesgue : -£22, 199. 

Legendre: 33, ex.O; 65, 3G ; 173 , 88; 

666, 174; 50^, 184. 

Legendre’s polynomials : 33, ex. 9 ; 
173, 88; 201, 101; formula: 431 , 
203; integrals: 233, 112; 360, 174; 
394, 184; transformation: 68, 3G; 
77, 41. 

Leibniz : 7, G ; 10, ; 27, 17 ; 29, 18. 

Leibniz’ formula : 27, 17. 

Lemniscate : 223, 108 ; 234 , 112. 
Length: 161, 80; 164 , 80; etc. 

Lie : 65, ftn. 

X’ Hospital, de : 10 , 8. 

L’ Hospital, de, theorem: 20, 8. 

Limit : 2, 1 ; a lower : 140, 68 ; an 
upper: 91, ftn.; 140,% 2; greatest: 
see Greatest limit ; of error : see 
Evaluation ; of integration : see In- 
tegrals ; the lower : 142, 68 ; the 
upper: 141 , 62. 

Line complexes : see Complexes ; con- 
gruences : see Congruences ; inte- 
grals: see Integrals. 

Line of curvature : see Curvature. 
Line of striction : see Striction. 

Linear transformations : see Trans- 
formations. 

Liouville : 231, 111. 

Logarithm : 57, 28 ; 100, 49 ; 102, 49; 
3 82, 179. 

Loop-circuit: 319, 153. 

Lyon: 434, ftn. 


Mass: 296, 143. 

Maximum : 3,3; 116, 55 ff. ; 251, 120 ; 
see also Extremum. 

McLaurin’s series: 99, 48; 382, 179; 
see also Taylor’s series. 

Mean, law of the : see Law. 

Mechanical quadrature : 201, 102. 

Mertens: 352, 1G8. 

Meusnier : 497, 239. 

Meusnier’s theorem : 437, 239. 

Minimum : 3, 3 ; 226, 55 ; see also 
Extremum. 

Mobius’ strip : 280 , ftn. 

Mange : 29, 18 ; 44 , 24 ; 523, 251. 

Monotonically increasing functions : 
see Functions, monotonic. 

Multiple series: 310, 150ff. ; 555, 171 ; 
367, 174. 

Multiplication of series : see Series. 

Murphy : 373, ex. 1. 

Newton: 19, ftn. 

Normal sections : 497, 239 ; 502, 240. 

Normals, congruence of : 533, 256 ; 
length of: 30, 19 ; plane curves : 30, 
19; principal (skew curves): ^72, 
226. 

Numbers, incommensurable: 142, ftn.; 
272, 87; 249, ex. 21; transcenden- 
tal : 272, 87. 

Order of contact : see Contact. 

Ordinary points : see Points. 

Orthogonal systems, of curves: 275 , 
132; triple: 80, 43; 521, 251. 

Oscillation : 142, 69; 251, 120; 44S, 213. 

Osculating plane: 453, 215 ; 455 , 216; 
sphere : 492, 237. 

Osculation: 93, .45; 448, 213 ; 453, 
215 ; 455, 216 ; 4SS, 235 ; 402, 237. 

Osgood : 53, ftn. ; 252, ftn. ; 369 , ftn. 

Ostrogradsky : 309 , ftn. 

Ostrogradsky’s theorem : 309, 149. 


Painleve : 8S, ex. 23. 


nu, CA.. XU. 

Parameter of distribution : 528, 253 ; 
520, 254. 

Parameters, differential; see Differ- 
ential. 

Partial differential equations : see 
Equations, partial differential. 
r, cano : 456, ftn. 

Pedal curves: GO, 30; 207, exs. 21 
and 22. 

°cllet : 405, ex. 11. 

*eriodic functions : see Functions. 
Periods : 218, 1 53. 

* icard : 322, 154 ; 53 S, 258. 
d ammeter: 201, 102, 

*o incurd : 380, 181. 

’oint transformations : see Transfor- 
mations. 

'oints, ordinary: 110, 53; 40S, 102. 
’oints, singular: 110, 53; 114, 54; 
310, 153 ; 408, 192 ; 409, ftn. 

J oisson : 204, ex. 0 ; 325 , ex. 8. 

'olar coordinates : see Coordinates, 
'olar line : 473, 227. 

'olar surface : 473, 227. 
olynomials, continuity of : 3, 3 ; rela- 
tively prime : 211, 104 ; 214, 104. 
otential equation : see Laplace’s equa- 
tion. - 

ower series : 375, 177 ff. ; double : 
304, 185. 

rimitive functions : 139\ 67; 154, 70; 
see also Integrals. 

rincipal normals, tangents, etc. : see 
Normals, Tangents, etc. 
ringsheim : 840, 162. 
dsmoid : 285, 138; 310, 150. 
isinoidal formula : 285, 138. 

:’ojective transformations : see Trans- 
formations. 

ieudo-elliptic integrals : see Integrals. 
idseux : 484, 232. 

ladrature : 134, 64 ; 135, 65 ; ICO, 
78 ; see also Area, Integrals, etc. 


Kaa be’s test: 340, 163. 

Radius of curvature, of torsion: see 
Curvature, Torsion. 

Rational functions : see Functions. 

Reciprocal equations: see Equations; 
polars : see Transformations ; radii : 
see Transformations. 

Rectification of curves : see Length. 

Reduction formula: 208, 103 ; 210, 
104; 226, 110; 227, 110; 239, 115; 
240, 116 ; 244 } 118; 24S , exs. 15, 
16, and 17; 249, ex. 21. 

Regression, edge of : 463, 221. 

Regular curves : see Curves. 

Remainder (Taylor’s series): 90, 44; 
98, 48. 

Reversion of series : 407, 190. 

Riccati equations : 511, 244. 

Riemann: 140, ftn.; 309, ftn.; 347, 
165. 

Riemann’s theorem : 309, ftn. ; see also 
Green’s theorem. 

Roberts : 294, ex. 10. 

Rodrigue : 33, ex. 8 ; 517, 248. 

Rodrigue’s formula : 517, 248. 

Rolle’s theorem : 7, 7. 

Roots, existence of: 3, 3; 291, 142; 
321, 154; see also Functions, im- 
plicit, and D’Alembert’s theorem. 

Roulette : 207, ex. 23 ; 220, 107 ; 526, 
252. 

Rouquet : 495, ex. 4. 

Ruled surfaces : see Surfaces. 

Scheffer: 125, 06. 

Schell : 495, ex. 7. 

Schwarz: 11, 9, 

Schvvarzian : 88 , ex. 22. 

Sequences : 327 , 156 ; see also Infinite 
series. 

Series : see Infinite series, Taylor’s 
series, Double series, etc. 

Senet: 234, ftn.; 495, ex. 7. 

Serret’s curves : 234 , ftn. 

Simpson: 199, 100. 
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Steiner : 207 , ex. 23. 

Stokes: 282, 136. 

Stokes’ theorem: 282, 136. 

Striction, line ol : 529 , 253. 

Sturm : 174 , 88. 

Sturm sequences : 88. 

Subnormal : 30, 10. 

Substitution of series : 388 , 182 ; 397, 
180 ; see also Double series. 
Substitutions : see Transformations. 
Subtangent: 30, 19. 

Surface integrals : see Integrals. 
Surfaces: 75, 39; 407, 239 ff. ; ana- 
lytic: 410, 194 if.; apsidal: 86, ex. 
17; developable: 79, 42; 46 1, 221; 
464, 222 ; 505, 241 ; focal : 531, 255 ; 
parallel : SG, ex. 16 ; ruled : 285 , 138 ; 
509, 244; 526, 253; translation : 513, 
245 ; tubular : 524, 252 ; unilateral : 
280, 135 ; wave : 86, ex. 17. 

Tangential equations: 207, ex. 21. 
Tangents, asymptotic : 503, 240 ; con- 
jugate : 511, 245 ; length of : 30, 19 ; 
principal: 503, 240; stationary: 457, 
217 ; to curves (plane) : 5, 5 ; 63, 32 ; 
92, 45 ; 97, 47 ; to curves (skew) : 5, 
5; 51, 27; to surfaces: 16, 12; 39, 
22 ; 76, 39 and ftn. 

Tannery : 358 , ftn. 

Taylor’s series: 89, 44 ff. ; 98, 48 ff.; 

171, 86 ; 197, 51 ; 384 , 180 5 396, 185. 
Tchebycheff: 257, 123. 

Term-by-term differentiation : see Dif- 
ferentiation of series; integration: 
see Integration of series. 

Tests for convergence : see Conver- 
gence. 

Thompson, Sir Win . : see Kelvin, Lord. 
Tissot: 495, ex. 6. 

Torsion and Radius of torsion : 473 
and 474, 228. 

Total differentials : see Differentials. 


Transcendental numbers : 171, 87. 
Transformations, contact : 67, 36 ; 77, 
41; 78, 42; involutory : 69, 36; 78, 
41; 79, 42; linear : 59, 30 ; of coordi- 
nates: 55,34; 75,40; etc.; of curves: 
66, 35; of independent variable : 61, 
31 ; 70, 38 ; 74, 39 ; of integrals: see 
Change of variables ; point : 66, 35 ; 

68, 36 ; 77, 40 ; projective ; 66, 35 ; 

69, 37 ; reciprocal polars : 69, 36 ; 
78, 41 ; reciprocal radii : 66, 35 ; 69, 
36. 

Trigonometric functions: see Func- 
tions; series: 411, 195. 

Triple integrals : see Integrals. 

Triply orthogonal systems : see Orthog- 
onal systems. 

Umbilics : 505, 241 ; 520, 249. 

Uniform curves, continuity, conver- 
gence, infinitesimal: see Curves, 
Continuity, Convergence, Infinitesi- 
mal, etc. 

Unilateral surfaces: see Surfaces and 
Mobius’ strip. 

Upper limit : see Limit. 

Value, absolute: 3, 3; 375. 

Variable, complex: 375 . 

Variations, calculus of : 257, 123. 
Viviani : 286 , 139. 

Viviani’s formula : 286, 139. 

Volume: 254, 122 ; 384 , 137; 325, ex. 8; 
326, ex. 13. 

Wallis : 240, 116. 

"Wallis’ formula: 240 , 116. 

Wave surface: 86, ex. 17. 

Weierstrass : 6, 5 ; 153, 75 ; 200 , ftn. ; 

402 , 87; 422, 199. 

Weierstrass’ theorem: 422, 199. 

Ziwet : 406, ftn. 
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